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PREFACE 



This volume has been prepared as a companion to the First 
Course in elementary algebra, written by the same authors. As 
its title suggests, the Second Course is designed for students who 
have had the equivalent of the work given in the First Course. 
The First Course gives one year's work, including the topics 
now generally taught in the first year of the average high school. 
The Second Course reviews the topics treated in the First 
Course, amplifies the treatment in the latter by the addition of 
new matter where necessary, and extends the course to include 
all topics required for admission to college. 

In the preparation of this book, the authors have been guided 
by the same aims and educational principles as in the prepara- 
tion of the First Course. The distinguishing features of the 
latter will be found also in the present volume. 

The book contains a maximum of practice, abundance of drill 
being provided throughout. New principles and processes are 
adequately and psychologically developed, only one new difficulty 
being presented at a time, and these are finally mastered through 
plentiful application in drill exercises and problems. 

A fundamental aim here, as in the other books by the same 
authors, has been to lead the student to see the subjept, not merely 
as a system of exercises to be pursued for the purpose of mental 
discipline, although the authors are thorough believers in this 
feature of study, but rather as a scientific instrument for solving 
certain types of problems actually encountered in the world's 
work. To this end adequate use has been made of real applied 
problems of the various types encountered in practical life. These 
real applied problems lend intense interest, and motivate the work 
legitimately. Furthermore, it is through the application of the 
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iv PREFACE 

student's knowledge of algebra in the solution of these real 
applied problems that the knowledge is led to function. The 
old-time useless puzzles have been eliminated from the book. 

Algebra has been correlated with arithmetic ' and geometry. 
The principles of algebra have been applied to shorten arith- 
metical computations. See, for example, § 3, § 5, § 11, exercises 
of § 15, etc. Numerical problems have been given in many lists 
of exercises. See, for example, exercises pp. 16, 34, 35, 39, 40, 
41, 43, etc. Considerable use of percentage has been made in the 
solution of certain types of problems in business, etc. The facts 
of mensuration have been much used, and some knowledge of 
simple facts in geometry with which the student is familiar has 
been drawn upon in problems. 

Graphical methods have been used in a natural way through- 
out the book, both in the interpretation and illustration of alge- 
braic principles and in the solution of certain types of problems. 
See, for example, §§3, 11, 32, 51, 53, 68, 84, 85, 95, 98, 100, 109, etc 

Supplementary exercises have been given at the end of each 
chapter. They adapt the text to the use of schools with dif- 
ferent kinds of courses. These exercises, as a rule, are more 
difficult than those in the body of the chapters. They may be 
used for reviews or in classes wanting a more difficult course; 
or they may be omitted entirely without interfering with the 
subsequent work. 

The authors wish to acknowledge their indebtedness to all 

those whose timely suggestions and criticisms have helped in the 

preparation of this textbook. 

JOHN C. STONE. 

JAMES F. MILLIS. 
September, 1912. 
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ELEMENTARY ALGEBRA 

SECOND COURSE 

CHAPTER I 

THE FUNDAMENTAL OPERATIONS 

1. The principles and processes of algebra established in the 
First Course will be employed throughout the more advanced 
work. Some of the most important rules that were carefully 
established in the First Course will be restated in the following 
sections. Also, in connection with these rules, there will be intro- 
duced additional matter that was omitted from the First Course, 
either because it was not needed, or because it was too difficult for 
a first reading. 

2. Number Expressions. — In algebra and in other branches of 
mathematics, letters are used to represent numbers with unknown 
or unas&igned values. 

Thus, in *r 2 , winch expresses the area of a circle, r represents the length 
of the radius of any circle, which may have any numerical value, depending 
upon the size of the circle. Similarly, in a — b the letters a and b represent 
numbers to which may be assigned any numerical values whatsoever. 

A number represented by a letter is called a literal number, and 
any number expression in which one or more number symbols are 
letters is called a literal expression. 

• In any number expression the parts connected by the signs -f or 
— are called terms. An expression not connected to any other 
expression by either of the signs + or — consists of one term, and 
is called a monomial. An expression consisting of two terms is a 
binomial. An expression consisting of three terms is a trinomial. 

1 



2 ELEMENTARY ALGEBRA 

In general, an, expression consisting of two or more terms is called 
a polynomial. 

If numerical values are assigned to all of the literal numbers 
in any literal expression, a particular numerical value of the 
whole expression may be found by performing the operations 
indicated in it. 

In finding the value of an expression containing more than one 
term, the value of "each term must be found before the additions or 
subtractions indicated between the terms. 

EXERCISES 

1. How is the product of a numerical and a literal factor, or 
of two or more literal factors, indicated ? 

2. Express the product of 5 and n ; of x and y ; of 2, a, and b. 

3. How is the product of two polynomials indicated ? 

4. Indicate the product of t — 4 and 2 £ -f- 3. 

5. What is the meaning of a 2 ? Of n 3 ? Of (x - y) 4 ? 

6. In m 5 f what name is given to 5 ? Tom? To the whole 
expression ? 

7. In 8 x, what is the 8 called ? 

8. Name the numerical coefficients in 2 A, 12 x 2 , and 6 mn. 

9. Do 3a and a 8 mean the same? What are their values 
when a is 4 ? When a = 10 ? 

10. Tell how many terms in each of the following, and apply 
to each the appropriate name, " monomial," etc. : 4 irR? ; a 2 — b 2 ; 
2x-y + 7z; &-±AC\ a 2 + 2 a& + 6 2 -c 2 ; .05 F 2 ; (m + n) 
(m - w) ; JFfy - 2 tt^ 2 ; a 3 - 3 afy + 3 a*/ 2 -y 3 ; a 4 + a s + a 2 + a +1. 

11. Find the value of iV 4 when JV= 3 ; when JV= 4. 

12. Find the value of 5 afy when x = 2 and # = 3. 

13. Find the value of a 2 — b 2 when a = 5 and 6 = 3. 

14. Find the value oiA 2 -2AB + B 2 when A = 8 and B = 1. 

15. Find the value of 2 to 8 + v 8 when w = 3 and i; = 5. 
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i6. Find the value of (2 x + y) (4 x — 3 y) when x = 9 and y=4. 

17. Find the value of (R - atf when R = 16, a = 32, and t =£. 

18. The volume of a sphere whose radius is R is £ ir22\ Find 
the volume when R = 3 in. (Use w = 3.1416.) 

19. The area of a trapezoid whose altitude is h and bases b and 
and b' y respectively, is £ h (b + b*). Find the area when h = 12 
in., 6 = 7 in., and b' = 15 in. 

20. The cubic contents or volume of any frustum of a circular 
cone, such as a coffeepot, or wash tub, whose depth is H, radius 
at the bottom R, and radius at the top r, is £ irH (R*+ Rr + r 2 ). 
Find the cubic contents of a tub whose depth is 12 in., radius at 
the bottom 12 in., and radius at the top 16 in. 

3. Fundamental Laws of Addition. — In the addition of two or 
more numbers, it is evident that the value of the sum is the same 
in whatever order the numbers are added. This truth is called 
the Law of Order in Addition. 

In the case of two numbers the law may be expressed by 

It may be shown graphically as in the margin. 

It is evident also that if three or more num- 
bers are to be added, they may be combined 
or grouped in any way. In a + b+ c + d, in- 
stead of first adding b to a, then c to the sum, etc., we may first 
add b to a, then d to c, then add the sums. Or we may first add 
c to by then d to the sum, then this sum to a, etc. This truth is 
called the Law of Grouping in Addition. 

In the case of three numbers the law may be expressed by 

(jr+/) + z = jr + (/ + *). 
It may be illustrated graphically as follows : 

(x+s) + z 





-v*" 



¥ 



-^—JO- ^ 



X + (*•►£) 
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These two laws may be used to shorten arithmetical addition. 

Thus, 6 + 64-4 + 3 + 2 may be written 6 + 4 + 5 + 3 + 2, by 6 

the Law of Order, and then (6 + 4) + (6 + 3 + 2), by the Law of 5 

Grouping. Adding 6 and 4 gives 10, adding 5, 3, and 2 gives 10, and 4 

adding these sums gives 20. In practice, the numbers are written in 3 

a column, as in the margin. The change of order is made mentally, 2 

and the numbers that make 10 are grouped. 20 



EXERCISES 

Add by grouping numbers that make 10: 
1. 7, 8, 3, 2. 3. 3, 5, 4, 6, 1. 

2- 1, 6, 9, 4. 4. 5, 9, 2, 1, 3. 

Add by grouping numbers in each column : 

7. 492 8. 347 9. 827 

865 951 584 

628 763 276 

315 426 405 



11. Show graphically that a + b + c + d = b + a + d + c. 

12. Show graphically that a +'b +c+d=a +(b -+ c + d). 

4. Addition of Positive and Negative Numbers. — For the addi- 
tion of positive and negative numbers the following rules, estab- 
lished in the First Course, apply : 

(1) To add two numbers with like signs, find the sum of their 
absolute values, and prefix the sign common to both. 

(2) To add two numbers with unlike signs, find the difference of 
their absolute values, and prefix the sign of the one with the greater 
absolute value. 

Three or more positive or negative numbers may be added by 
adding two at a time, using rules (1) and (2). Or they may be 
added by the following rule, which follows from the Law of 
, Order and the Law of Grouping : 



5. 


8, 


6, 


2, 7, 4, 3. 


6. 


4, 


7, 


7, 6, 9, 3. 






10 


. 3526 
5982 
7192 
8304 
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(3) To add three or more positive or negative numbers, find the 
sum of the positive numbers and the sum of the negative numbers 
separately, then find the sum of the sums. 

EXERCISES 



Add: 












1.-2 


+ 7 


+ 3 


— 


4 -12 


+ 20 


~6 


±1 


-9 


+ 


6 +10 


-38 


2.-5 


3. -|-3 


4. 


-8 


5. +1 


6. -16 


+ 7 


-9 




-9 


-6 


+ 20 


+ 2 


-2 




+ 6 


-9 


- 4 


-8 


+ 6 




+ 8 


+ 7 


- 8 


-4 


7 




-2 


+ 5 


+ 14 



7. - 5, + 4, + 6, - 8, - 7, +2, - 1, + 12. 

8. Let the student make up other drills similar to these, until 
he is rapid and perfectly accurate in the use of the above rules. 

5. Addition of Similar Terms. — Terms which have like literal 
parts, as 5 n and — 7 w, or 4 V 2 and 6 F 2 , are called like or similar 
terms. They differ only in the numerical coefficients. Terms 
such as am, bm, and cm are sometimes spoken of as "similar 
terms in m." 

Similar terms are added by the following rule : 

To add two or more similar terms, add their numerical coefficients, 
and attach to the result the common literal part. 

For convenience, terms to be added may be written in a column. 

Terms that are not similar (called dissimilar terms) cannot be 
added, but their sum may be indicated by writing tliem in a line, 
connected by their given signs. 

EXERCISES 



Add: 








1. +7a 


2. — 9w 


3. -10 W 4. +8** 


5. -3 a 5 * 8 


-4a 


+ 2w 


- 5W + 4<* 


+ 5 0*0* 



8. -2a6 


9. Vt 


10. 


-9y« 


+ ab 


- Vt 




y 4 


+ 4a& 


-5Vt 




6.V 4 


-lah 


9Vt 




-5y* 
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6. -6iV 7. + 8 a 8 

+ 4iV + 4s* 

-7JT -9s 8 

4-3^ + 6s» 

11. - 3k, -9k, + 7fc, -A;, -12k, 16k, -2A;. 

12. Let the student make up other problems similar to these, 
until he is proficient in the work. 

Simplify by uniting similar terms : 

13. 3a--2a&-6 2 + 4a&-6 2 . 

14. 7*- 8+3x-f5— 4a?. 

15. ^1 8 -JB 3 +3^1 2 5-4^1 3 -4J5 8 . 

16. ^-6^-5^-8 + 2^-4^-2. 

Indicate the addition of : 

17. la, — 5 b, and — c. 

18. 3 to*, 2 wv, and —4 V 2 . 

By using the process of adding similar terms by adding their 
coefficients, give at sight the results of : 

19. 3 x 16 + 7 x 16. (Same as 10 x 16.) 

20. 8x52 + 2x52. 24. 124x65-24x65. 

21. 14x36 + 26x36. 25. 14x62-8x62 + 24x62. 

22. 92 x 48 + 8 x 48. 26. 81 x 3.1416 + 19 x 3.1416. 

23. 36x72-16x72. 27. 225x3.1416-205x3.1416. 

6. Addition of Polynomials. — Polynomials are added by the 
following rule : 

To add polynomials, arrange the similar terms in columns, and 
add each column. Hie sums of the columns, connected by their signs, 
form the sum of the polynomials. 

It follows from the Law of Order that polynomials may be re- 
arranged, if necessary, so that the similar terms are in columns. 
It follows from the Law of Grouping that the sums of the columns, 
connected by their signs, form the sum of the polynomials. 
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EXERCISES 

Add: 

1. 9a-56+ c 3. x 2 — 2« + l 
-2a + 36-4c ^4-5^-6 
__5 a _6&- c 32-80;+ 9 

2. a 2 -2a&4-& 2 4. a 3 - #» 
a 2+2a&4-& 2 3a 2 6-3a6 2 

a 2 -fr 2 a 3 4- a 2 &+ g^ + fts 

5. a 2 — 3 a, 5 a — 6, 2 a 2 + 9, and 8 a — 6 a 2 . 

6. 12-*, 7* + 3* 2 , -4*, and -2* 2 -fl6. 

7. — 2 ar* + # 2 , 3 xy — 4 # 2 , and 5 x 2 — xy -{- 6 y 2 . 

8. a 3 -l, a 2 -a& + 6 2 , and 3 - 4a6 + 2a 2 . 

9. 20--U 2 , 3v4-5, 3-y 2 , and 9v-4. 

10. ^ a — £ 6, ^ a -f 6, and a — f 6. . 

11. 1.5 x 2 - 0.6 a; + 1, 2.5 a 2 + 3.4 x - 1, and5-0.8<c. 

12. Simplify a 2 - 3 a + (5 a - 4 a 2 ). 

13. If ^l = ar ! -y 2 , B = x 2 + 2xy + tf, and C=5y 2 -4xy, find 
J.4-5 4-C. 

7. Subtraction of Positive and Negative Numbers. — For the sub- 
traction of positive and negative numbers use the following rule, 
established in the First Course : 

To subtract, first change mentally the sign of the subtrahend, then 
proceed as in addition. 

EXERCISES 



Subtract : 












1. -1-6 


-3 


+2 


-4 


-5 


+ 1 


4-8 


~7 


-5 


±1 


-9 


-6 


2. -12 


+ 2 


+ 3 


-7 


-4 


+ 5 


4-15 


-10 


±1 


±1 


-1 


+ 9 



8 ELEMENTARY ALGEBRA 

3. -24 +20 -12 + 4 - 8 +34 
_30 -16 -18 -36 -22 +27 

4. Subtract — 8 from — 6; + 3 from - 6; +15 from + 9. 

5. From + 12 take - 6, + 5, + 8, - 7, - 2, - 12. 

6. The temperature is +4° at noon, and falls 10° by mid- 
night. What is the temperature at midnight ? 

7. How many years is it from the year — 250 to the year 
-140? 

8. Cicero was born in the year —106 and assassinated in the 
year — 43. At what age did he die ? 

9. Julius Caesar was born in the year — 100 and assassinated 
in the year —44. At what age did he die ? 

10. What is the meaning of — 6 — (— 5)? The value ? 

11. Find the value of 8 -(- 4) ; -2 -(-8); -6-(+4). 

8. Subtraction of Similar Terms. — Since similar terms are sub- 
tracted by subtracting coefficients, 

To subtract a term from a similar term, change mentally the sign 
of the subtrahend, then proceed as in addition of similar terms. 

9. Subtraction of Polynomials. — One polynomial is subtracted 
from another when all of its terras are subtracted. Hence, 

To subtract one polynomial from another, arrange similar terms 
in columnSy and add to the minuend the subtrahend with tlie sign 
before each of its terms changed. 



Subtract : 




EXERCISES 






1. +8a 
-4a 


-27 
+ 7 V 

f 
-.V 2 


-16 a; 
-12a; 


+ 5* 2 
+ 9* 2 

3 Ww 
— Ww 


-18P 8 
+ 11P 8 


2. - 42 ao 
-30a6 


-422 
R 


4 ff i? 
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3. From — 8 n 2 take — 9 n* ; + 5 n 2 ; n 2 ; — n 2 ; — 8 w 2 . 

4. 7x-(-3x)=? -10<y-(+4*) = ? _24S-(-16£) = ? 

Subtract : 

5. a? — 4 a; + 2 6. 5 a — c 7. 4 a 2 - 9 
30? + 7s-2 7a-46 - 4 a - 10 

8. 2m — 5 w from — 4 m — n. 

9. - 6 3* + a? — 5 from 2 x* — 4*? + 9a. 

10. r 4 — i* + 1 from r 4 -h 2 r 2 + 1. 

11. A* - 1? from A* - 3 ^1 2 J5 + 3 ^1B 2 - -B 8 . 

12. 6 — 4 x from — 3 a 2 + 5 — 2a 3 . 

13. If .4 = a 2 - 1, B = a 2 - 4 a + 4, (7= 5 - 3 a 2 , find ^4 - B 
+ C. Find -4 + JB - C. 

14. 3 y — z — (y — 6 z) means what ? Find the value. 

15 . T-4-(6-57 T -2T 2 ) = ? 

16. a 2 -6 2 -(a 2 -2a& + & 2 )=? 

10. Removal and Insertion of Signs of Grouping. — When a sign 
of grouping is preceded by the sign -f , it indicates addition, a*id 
when preceded by the sign — , it indicates subtraction, H*?nce 
the rules : 

(1) A sign of grouping preceded by the sign -f may be. removed 
from an expression, without changing tlie signs of the tvrn*6 inclosed. 

(2) A sign of grouping preceded by the sign — may be removed 
from an expression, if the sign before each term inclosed is changed. 

Note. — When signs of grouping are inclosed within other signs of group- 
ing, it is best to remove the innermost sign first, then the innermost remain- 
ing sign, etc. 

By reversing the above rules, it follows thai 

Terms of a polynomial may be inclosed within a sign of grouping, 
when this sign of grouping is preceded by the sign -f-, without chang- 
ing the signs of the terms ; and when preceded by the sign — , by 
changing the signs of the terms inclosed. 
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EXERCISES 
Remove signs of grouping and combine similar terms : 

1. a — 6+(2a + b). 3. (m — n) — (m-f»). 

2. x + 2y-(3y-x). 4. t- [2a-(2 (-3a)]. 

5. [5 -(s 2 - 3 s)- 4 a;]. 

7. |8-(*-S)|-{8 + (*-3)|. 

8. a 2 -[2o6-^ 2 -a 2 |-2^]-6*. 

9. -Tr+(3(/-Tr)-}2>r+[(/-(TT-^)]}- 9 f. 

Leave brackets, but remove parentheses and simplify within 
brackets : 

10. [(a-26)+(3o-4 6)][(a-26)-(3a-46)]. 

11. [P+(Q-J*)][P_(Q--i?)]. 

12. [(x-a) + (5y + 2a)][(s-a)-(5y + 2a)]. 

Inclose those terms containing a and 6 within parentheses 
preceded by +, and all other terms within parentheses preceded 

by — : 

13. a*-b 2 -x*-2xy-y i . 

14. 2a6-a 2 -m 2 + n 2 . 

15. a 2 - a6+& 2 -2 32/--3 2 +y*. 

16. a 3 -6 3 + 3afy + y 8 -ar , -3a# g . 

17. 5 & — 2a— 3 r — 4 s + *. 

18. taV — 10 4 — v 4 + a 4 — b\ 

11. Fundamental Laws of Multiplication. — The product of two 
or more factors is the same, whatever the order in which the 
factors are written or taken. This truth is called the Law of 
Order in Multiplication. 

The law, as applied to two factors, may be expressed by 

jry=/jr. 
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x 



wsaa 



It may be illustrated graphically as follows : 

The area of the rectangle is the same 
whether we multiply %, the number of 
unit squares in each row, by y, the num- 
ber of rows, or multiply y, the number 
of unit squares in each column, by x, 
the number of columns. 

It is evident, also, that the product of three or more factors is 
the same, whatever way the factors are grouped. This truth is 
called the Law of Grouping in Multiplication. 

The law, as applied to three factors, may be expressed by 

(xy)z = x(/r). 

The Laws of Order and Grouping may be used to shorten 
arithmetical multiplication. 

Thus, 2x7x8x5 may be written 2x5x7x8, by the Law of 
Order, and hence (2 x 5) x (7 x 8), by the Law of Grouping. Multiplying 
2 by 5 gives 10, multiplying 7 by 8 gives 56, and multiplying these 
products gives 560. In practice, the change of order is made mentally, 
and factors whose product is easily found are grouped. 

There is a third fundamental law of multiplication. It is 
evident that if the sum of two or more numbers is multiplied 
by a given number, the result obtained is the same as when 
each of those numbers is first multiplied by the given number 
and then the products added. This truth is called the Law of 
Distribution. It is expressed in symbols by 

n (x +/) = nx -f- #i/. 
It may be represented graphically as follows : 




The area of the entire rectangle is n (i-f-y). But it is composed of 
two rectangles whose areas are nx and wy, respectively. 



12 
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EXERCISES 

By grouping factors to advantage, give at sight the products : 
1. 5x9x2x8. 5. 50x34x2. 9. 33J x 8 X 3 X 2. 

*. 2x6x8x5. 6. 96 x 25 x 4. 10. f x 42 x 16. 

3. 4x7x5x6. 7. 8 x 7 x 12£. 11. |x|x 21. 

4. 8 x 7 X 5 X 3. 8. 2\ x 9 x 4. 12. 12| x 70 x 4 x 5 

13. Show graphically that n (a + b + c) = na + rib -f- nc. 

14. Show graphically that ab = 6a. 

12. Multiplication of Positive and Negative Numbers. — The fol- 
lowing principles apply in the multiplication of positive and 
negative numbers : 

(1) The product of two numbers with like signs is positive. 

(2) The product of two numbers with unlike signs is negative. 

(3) Hie absolute value of the product of two numbers is the 
product of the absolute values of the numbers. 

From these principles the following rule is derived for finding 
the product of more than two factors : 

Find the product of the factors regardless of signs, and prefix + 
or — according as the number of negative factors is even or odd. 



Multiply : 

1. 4-6 

4-2 



3 
5 



EXERCISES 

+ 4 -7 

-8 4-2 



3 
9 



4-* 
-7 



2. (-2)(-4), (-7)(4-8), (4-5X-6), (+4)(+9). 

3. (~7)(+6), (_10)(-4), (4-12X4-3), (- 9)(+ 15). 

4. (- 2)(- S)(- 1), (- 4)(+ 2)(+ 2), (+ G)(- 2)(- 5). 

5. (_lX+7)(-9), (+4)(- 4)(- 4), (- 5)(- 5)(- 5). 

6. (- 1)(- 1)(- 1)(- 1), (4- 2)(- 2)(- 3)(- 5)(+ 6)(- 1> 

7. (- 2)*, (- 4) 2 , (4- 3) 2 , (- 1)3, (+ 2)3. 
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8. (- 1)«, (-2)*(- 3)», (- 5)\- 2)', (- 4)(- 3)*(- 1). 

9. Find the value of a 8 when a = — 2 ; of aftc when a = — 5, 
6 = — 1, c = + 4 ; of a 2 + 6 2 when a = — 6, and b = -f- 4. 

10. Find the value of (a + y)(%— y) when <c = — 4 and y = — 9. 

3. Law of Exponents in Multiplication. — In multiplying two 
powers of the same base, the exponent of the product is obtained by 
adding the exponents of the factors. 

In general symbols, 

a m xa" = a m+,, . 

This law follows immediately from the meaning of an exponent. 

Thus, 

a m means aaa - to m factors, 

and a n means aaa ••• to n factors. 

Hence, a m x a* = aaaa -tom + n factors = a"* + \ 

14. Multiplication of Monomials and Polynomials. — From the 
laws in the preceding sections we have the following rule : 

To mxdtiply monomials, find the product of the numerical coejfi- 
cients using the laws of signs, then annex to the resxdt the products of 
the like literal factors, using the law of exponents. 

It follows from the Law of Distribution that 

To multiply a polynomial by a monomial, multiply each term of the 
polynomial by the monomial, and add the jtartial products obtained. 

It follows also from the Law of Distribution that 

To multiply one polynomial by another, multiply the multiplicand 
by each term of the multiplier, and add all of the partial products 
obtained. 

In multiplying one polynomial by another, the similar terms among the 
partial products obtained should be arranged in columns to be added. 

For convenience, the terms of each of two polynomials to be multiplied 
should be arranged according to either the ascending or the descending 
powers of some letter, before multiplying. 
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EXERCISES 

Find the 'products of: 

1. a* x a? ; a*xa*; x 7 XX s ; n l *xn A ; P* x P 8 . 

2. yx^xy 3 ; ^xU^jl^x^xD; m*xra 10 xm 6 . 

3. 5a 8 x3o 2 ; 6 7 4 x5P; 92X22 5 ; 6 2 x76 2 x46«. 

4. (-3a*)(-4a s ); (+S x )(-5afi); (-2 iV 4 )(+ 6 N). 

5. (+6 a**)(-4 a& 4 ); (-9 m e n)(-2 mn 6 ) ; (+12^)(+4^ 6 ). 



Find the value of : 






6. a — b 


2m + 3n 


x*-3tf 


a 


ran 


— 4xy 



7. 12n 2 (3n-5); 8^1 4 (3^ 2 - 4 A +.1); x*(x* - xy + tf). 

8. 5* 4 (-3** + 7*-2); - 3 R\ttIP - 2 *RT+ttT*). 

9. (s + 3)(s-7); ( w 2 -5)(«r>-3); (.#-6)(iVr 2 -4 JVT+4). 

10. (a 2 -l)(a 2 + l); <jf» + l)(^-l); (t 4 - l^-l). 

11. (a 2 -a+l)(a 2 +a + l). 

12. (3-« + 4«»)(2tf» + 7*-5). 

13. (3a; 2 -8)(5-4ar I +2ar-ar ! ). 

14. ( J D2_4_ h4j D)(3_4Z> 2 ). 

15. (w — ^(n' + f^ + n + lH- n 4 ). 

16. (p + l)(l> + 2)(p + 3). 

17. (J. 4- 2) (4 - 2) (A 2 + 4). 

18. (3.y-5)(9 Z / 2 + 25)(5+3y). 

19. (s 3 + v 8 ) (v 6 -f a 6 ) (v 3 - a 8 ). 

Remove signs of grouping, and combine similar terms : 

20. a(2a-l)+2a(a + l). 

21. 5(6a?-3)-8(2a; + 4). 

22. 9x(y — 2x) — 5y(2x — 7y). 

23. (* + 5) (t - 1) + (* + 1) (* - 5). 

24. (n 8 -4)(n 8 +3n) + (n-5)(n 8 -l> 
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25. (4Q-l)(Q-4)-(2Q + 3)(3Q-2). 

26. (^-^(a^ + ^-^ + y 2 )^*^. 

27. (?)*=? (v 4 ) 5 =? (-x*) 4 =? 

28. (-5a^i^) 8 ==? (6mjV) 2 =? (-2J/V) 8 =? 

29. (a; + 3) 2 =? (a-6) 2 = ? (2a-3&) 2 = ? 

30. (3m + 5n) 2 =? (a + & + c + d) 2 = ? 

15. Special Products. — The products of certain types of ex- 
pressions may be obtained by special rules found by actual 
multiplication. 

By actual multiplication, (2 afy 3 ) 4 = 16 x™y u ; (2 mW) 5 = 
32 ?ft 10 n 25 ; and in general, 

Hence , to find any power of a monomial, raise the numerical 
coefficient to that power and multiply each exponent in the mono- 
mial by the exponent of the power. 

The above law also implies the form ((a m ) n y = a mn P. 
Also, by actual multiplication, 

(a + *)(a-*)=a 2 -* 2 . 

Hence, to find the product of the sum and the difference of the 
same two terms, take tfie difference between their squares. 

(/ + fl)(/ + J) = / 2 + (fl + J)/ + fli. 

Hence, to find the product of two binomials having a common 
term, take the square of the common term, plus the algebraic sum of 
the unlike terms multiplied by the common term, plus the algebraic 
product of the unlike terms. 

(a + b) 2 = a 2 + 2 ab + b 2 and (a - b)> = a* -2 ab + b*. 

Hence, to square a binomial, take the square of the first term, 
plus (or minus) twice the product of the terms, plus the square of the 
second term. 

(a + b + c)' = a 2 + b 2 + c 2 + 2 ab + 2 ac + 2 be. 
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Hence, the square of any polynomial equals the sum of the squares 
of all of its terms, plus twice the algebraic product of each term into 
each of the terms following it. 

EXERCISES 

Give at sight the value of : 

1. (2 2 ) 8 . 6. (2a*b) s . 11. (a*b*)\ 

2. (10 2 ) 2 . 7. (3a A b*) 2 . 12. (a#V)«\ 

3. (5 2 ) 2 . 8. (10 a*b*)\ 13. (2a i b)\ 

4. (30 2 ) 2 . 9. (20xfy. i4. ((a*b m yy. 

5. (2(F) 3 . 10. (30 xhfy. 15. ((2a 8 6)*) s . 

Give at sight the products : 

16. (n + 4)(n-4). 34. (R-7)\ 

17. (a -10) (a +10). 35. (5d-12) 2 . 

18. (i* + 1) (i* - 1). 36, (3z + 4:yy. 

19. {w — 6)(w + 6). 37. (15 m — 2 n)*. 

20. (3-0( 3 + 0- 38 - (I-** 2 ) 2 - 

21. (2a-36)(2a + 36). 39. (9 + 2 F) 2 . 

22. (6r + s)(6r-s). 40. (a + y-z) 2 . 

23. (7m-2n)(2n + 7m). 41. (4m-3n+p) f . 

24. (oj + 5) (a + 2). 42. (1 - 2 a? + a 2 ) 2 . 

25. T-4)(r-7). 43. (4a + 26-5c)*. 

26. (F+9)(F-4). 44. (a 2 -6*+a6) 2 . 

27. (y-7)(y.-6). 45. (* + y - z - w) 2 . 

28. (2 a + 3) (2 a + 5). 46. (16 * + 9)(9-4*). 

29. (5 x - 7) (5 x + 3). 47. (3iT-7i)(7X + 3 K). 

30. (12P+9)(12P-5). 48. (xy + 13)(sy - 11). 

31. (2 + 8 a) (7 + 8 a). 49. (8 3f 2 - 1)(3 + 8 M *). 

32. (x + y) 2 . 50. (16v<-s 2 )(16irf + * 2 ). 

33. (2n + 5)». 51. (M^-lXl+H^l 8 ). 
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Give at sight the products of the following, using the principles 
tf this section : 

52. 41 x 41; 72 x 68; 97 x 103; 65 x 65; 81 x 84. 

53. 109 x 101; 92 x 92; 64 X 56; 35 x 45; 79 x 79. 

16. Division. — Division is the inverse of multiplication. To 

divide a number M (dividend) by a number N (divisor) is to find 

a number (quotient) which multiplied by N will give M. In 

general, 

Divisor x Quotient =- Dividend. 

Hence, the principles and rules of division, deduced from the 
corresponding principles and rules of multiplication, are as 
follows : 

(1) If the dividend and divisor have like signs, the quotient is 
positive. 

(2) If the dividend and divisor have unlike signs, tJie quotient is 
negative. 

(3) In dividing powers of the same base, the exponent of the quo- 
tient is obtained by subtracting the exponent of the divisor from that 
of the dividend. Tliat is, 

(4) In dividing monomials, divide the coefficient of the dividend 
by that of the divisor, using the above laics of signs, and annex to 
the result the quotients of the literal factors obtained by the above 
law of exponents. 

(5) To divide a polynomial by a monomial, divide each term of tJie 
dividend by the divisor, and add the partial quotients obtained. 

EXERCISES 

Divide as indicated : 

-16 +24 -12 +32 -21 +63 
• _8 ' +4 : +6 ' -4 ' -7 ' -9* 

2. (_24) + (-4); (-42)+ (+6); (+ 72) -«- ( - 9). 
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3. a 7 + a*; t u + t 7 ; P*-*-F 16 ; H* + &-> n^-f-n 8 *. 

4. 16a*°-i-2a 4 ; 28P°-*-7P 5 ; 96y w -f-6y; 84 T 6 -s- 12 Z* 

6. (-26a ,4 )-r-(-2a 9 ); (+32K 16 ) -!- (-8 F 1 *). 

6. (+100xy)-f.(-20a?y 4 ); (-a w 6 2 ) -+- (-a&*). 

7. 4s 2 )16g 4 -8s 8 ; - 5 m*n ) 15 m 4 n - 10 mV + 20 mV, 

8. (4 a*b* - 12 a& 5 - 6 a 3 ** 8 ) + (-2a^). 

9. (21f 4 * 2 H-28rs a -35r 8 5 3 )-H(-7r« 2 ). 

10. (-56TP-49 W*V+63W 3 V 3 -21W*V*) + (-7W*). 

11. (42 x 4 if - 36 itV 1 - 48 z 6 // 2 ) -?- ( + 6 3t*f). 

12. (£ Jf 3 xV- J M *N* + J 3/xV 3 ) -*- (£ JOT). 

17. Division of One Polynomial by Another. — The method of 
dividing one polynomial by another, as shown in the First 
Course, is as follows : 

(1) Arrange both the dividend and divisor according to the de- 
scending or ascending powers of some letter. 

(2) Divide the first term of the dividend by the first term of the 
divisor to obtain the first term of the quotient. 

(3) Multiply the whole divisor by this term of the quotient, and 
subtract the result from the dividend. 

(4) Treat the remainder as a new dividend {having the terms 
arranged as before), and repeat the process, continuing until either 
the remainder zero, or a true remainder, is found. 

In arranging the terms for division, if terms containing powers of the let- 
ter of arrangement between the highest and lowest powers of that letter in 
the dividend are missing, spaces should be left for them in the written work, 
as shown in the illustration below. 



a 


i _ ab + 62 


a + b)a? 
a 8 


+ a 2 6 


+ &« 




-a 2 fc 
-a*b- 


+ & 8 
-aft 2 






a& 2 + &» 
a&2 + & 8 
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EXERCISES 

Divide : 

1# n a + 7n + 10byn + 2. 7. 1 - 25 N 2 by 5 N+l. 



„. a 2 - 12 a; + 32 by x -8. 8. 22 - 72 + R 2 by 1* - 8. 

3. 54 + 3 a — a 2 by 9 — a. 9. a 3 — 1 by a — 1. 

4. 4 * - 60 + t 2 by * + 10. 10. 27 + m 3 by m + 3. 

5. y 2 — 16 by y — 4. 11. 1 — x 4 by 1 — a?. 

6. 9 — v 2 by 3 + v. 12. a 3 + J 3 by s 2 - si + 1\ 

13. J. 4 + .41B 2 + & by yl 2 + .45 + £ 2 . 

14. 8 b 3 + 125 - 30 ab + a 3 by a + 5 + 2 6. 

18. Synthetic Division. — An abbreviated method of division, 
called synthetic division, may be used to advantage when the divi- 
dend in a polynomial is some letter, say x, and the divisor of the 
form x — a. 

Thus, the usual process of division of x 8 — 9 x 2 -f 27 x — 40 by x — 5, 

bringing down only such terms in each remainder as are immediately needed, 

is as follows : 

x 2 - 4 x + 7 

x - 5)xa - 9 x 2 + 27 x - 40 

a^-Sx 2 

- 4 x 2 + 27 x 

-4x 2 -f 20x 

7 x - 40 

7 x - 35 

— 5, rem. 

Observe that the coefficients of the terms in the quotient are the coeffi- 
cients of the first term of the dividend and of each of the remainders, taken 
in order. 

Since the first term of each partial product cancels the term just above it 
in the subtraction, the former need not have been written. 

Hence, if the dividend is written in descending powers of x, the first term 
of the divisor need not be written at all. 

If the sign of each terra of the partial products had been changed, this 
term might have been added to the term above it, instead of subtracted from 
it; The same result may be obtained by changing the sign of each term of 
the divisor, multiplying, and adding the partial products to the terms above 
them. 
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Hence, omitting all work that is unnecessary, writing the coefficients 
only, and raising all of the remainders into one line, the division may be 
written as follows : 

6)1-9 + 27-40 

4-5,20 + 86 

1-4+ 7- 6 

where 1,-4, and + 7 are the coefficients of the quotient, and — 6 the re- 
mainder. 

Thus we see that in synthetic division : 

The first term of the divisor is omitted, the sign of the second term 
of the divisor changed, and only coefficients of the dividend, partial 
products, remainders, and quotient, written. 

The first coefficient of the dividend is brought down for the first 
coefficient of the quotient 

This number is multiplied by the number in the divisor and added 
to the next term of the dividend for the second coefficient of the quo- 
tient, and so on to the last term. The last sum is the true remainder. 

Example. — Divide 3 7? - 7 x 2 + 13 hy x + 2. 

The 2 of the divisor is placed at the left, with its - 2)3 — 7 + + 13 
sign changed. Since the first power of x is missing — 6 + 26 — 52 

from the dividend, the coefficient must be supplied. 3 — 13 + 20 — 3D 

The first coefficient 3 is brought down for the first term of the quotient. Then 
(-2)(3)=-6; -7-6 = - 13; (- 2)(- 13)= + 26; + 26 = + 26 ; 
(— 2)(+26) = -62; + 13-62=-39. Hence the quotient is 3 x 2 - 13 x +26, 
and remainder — 39. 

If any power of x in the dividend is missing, its place must be sup- 
plied by a zero. 

EXERCISES 

Divide by the synthetic method : 

1. x^ + Stf-lx-Shy x-2. 6. ** + 2* 2 + 96 by <+-4. 

2. 2tf 4 -9s 2 +-3s-5bya;-4. 7. F*+3 V 2 + V-7 by F— 3. 

3. a 4 -3a 2 +-7a-l by a -2. 8. 2r s +-r 2 - 7 by r + 3. 

4. 3n 3 +-7w 2 -3n + 15by n+-3. 9. A 4 + 5A* + A-8 by A +4 
6. y A -7y 3 + 2y-12 by y + 2. 10. n A +3n 2 -9 by n+-6. 
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SUPPLEMENTARY EXERCISES 

Note. — These exercises and the supplementary exercises at the ends of 
other chapters may be used by all classes for reviews and for more difficult 
exercises than those contained in the body of the text. They may be omitted, 
however, without interfering with the continuity of the work. 

1. Express BBB ••• to n factors by use of an exponent. 

2. Express F without an exponent, 

By adding the literal coefficients of the like literal parts, find 
the sums of : 

3. an, bn, and en. 

Solution. — Indicating the addition of a, 6, and c, the sum is (a+b+c)n. 

4. ax, — bx, and ex. 6. 2 ay, — 3 by, and cy. 

5. mr*, m*, and — jw*. 7. kax*y, 9nx*y, and —5bx*y. 

8. ax + by + cz, bx + cy + az, and cx + ay + bz. 

9. From 5 m — 2 n subtract n — 4 p. 

10. From Ax — By subtract Cx + Dy. 

11. From 2 ax + 4 cz subtract 5 by — az. 

12. Simplify - 2 - [a + \5 - (3 a - 1) + a\ - 1] - a. 

13. Remove parentheses, leaving brackets, and simplify 

[(5* - y) + (2y - 4*)][(5* - y) - (2y -4*)]. 

Multiply : 

14. x*, x 4 *, and a 8 ". 19. T>* + *» T 2 * - **, T 4 * + 1*. 

15. a wil 6, a& n_1 , and a 2 6*. 20. x* • a" • x* ... to 8 factors. 

16. R a ~ 4 , 2 IP** 1 , and — 3 iff 5- ". 21. » n • x n . a* . . . to m factors. 

17. A* + 5* and .4* — 5*. 22. (#y)(#y) ••• to n factors. 

18. a" — b n , a n + 6", a- % + 6 2n . 23. (2a*6)(2 a n b) ••• toe factors. 

Divide : 

24. ]!£'• by Jlf; JS 8 ^ 1 by Br*. 27. JS* -3 N b + l + 2iV™ by JS* 

25. — 48 ar^y" by — 4 a"^. 28. sp 2 " — y 2 * by a?* — y\ 

26. 32 lF« +2 r o - 2 by 4 TF 6 F a ^. 29. <4* - JF» by ^ - 5-. 

SO. Simplify — n\a — n(3 a — n) — n 2 ] ,+ an. 



CHAPTER II 

FACTORS AND MULTIPLES 

19. Factoring, — Those expressions whose product is a given 
expression are called the factors of the given expression. The 
process of finding the factors of a given expression is called fac- 
toring. If a factor of an expression cannot itself be factored, it 
is called a prime factor. In general, to factor an expression means 
to find its prime factors. 

Ability to factor an expression depends upon recognition of 
the special type form of the expression. The methods of factor- 
ing expressions of certain special type forms that were discussed 
in the First Course are restated in §§ 20-23. 

20. Monomial Factors. — In factoring any expression, if it has 
a monomial factor, this factor should be found first, and the ex- 
pression written as the product of the monomial and a polyno- 
mial factor. The polynomial factor should then be factored if 
possible. To find the monomial and polynomial factors of an 
expression, 

Find, by inspection, the monomial of highest power that will divide 
each term of the expression. Divide the expression by tin's monomial. 
The divisor and quotient are the monomial and polynomial factors, 
respectively, of the given expression. 

Example. — Factor 3 m 4 n — 9 roV + 3 ni 2 n 8 . 
Dividing each term by 3 m 2 n, 

3 m*n - 9 w¥ + 3 w 2 w 8 = 3 m 2 n(m 2 — 3 mn -f w 2 ). 

EXERCISES 

Factor: 

1. 6 a 4 -18 a 8 . 3. 4 x 6 - 14 x A y* + 10 x*y*. 

2. 15 m*n + 12 raV + 9 mn*. 4. 2 itK? + 4 irRH. 

22 
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23 



5. 7 * 4 - 28 ft; - 14 «V. 

6. -A*-A 2 -A. 

7. _ a 2__2a&-& 2 . 

8. x Vz 6 + afyV 4- afyV. 

9. 4 tt/Z 2 + 4 Trr 2 + 4 irRr. 



11. 3 m^i — 6 mW + 3 m 2 n 3 . 

12. a" -fax*. 

13. a n b n — a n . 

14. *V +2 + *» + V. 

15. P* +1 +P W Q. 



10. 8^-16 F^* 8^3. 16. 5 ay- 1 + 10 v-y. 

21. Factoring Binomials. — To factor a binomial, see if it is of 
either of the following special forms, and determine the factors 
accordingly. 

I. A Binomial the Difference of Two Squares 

By multiplication, 

a 2 — 6 2 = (a + 6)(a — 6). 

Hence, the factors of the difference of the squares of two numbers 
are the sum and the difference of the numbers. 

Example. —64 V 2 - 81 T 2 = (8 V) 2 - (9 T) 2 

= (8 7+ 2)(8r-9r). 

II. A Binomial the Difference of Two Cubes 

By multiplication, 

a 3 - A* = (a - b) (a 2 + ab + A 2 ) . 

Hence, one factor of the difference of the cubes of tivo numbers is 
the difference of the numbers, and the other is the sum of their 
squares and their product 

Example.— 8 iZ 8 - 27 D 3 = (2 i?) 8 - (3 Z)) 8 

= (2 R - 3 Z))(4 R 2 + 6 RD + 9 D 2 ). 

III. A Binomial the Sum of Two Cubes 

By multiplication, 

a 8 + 6 8 = (a + b)(a 2 - ab + A 2 ). 

Hence, one factor of the sum of the cubes of two numbers is the 
sum of the numbers, and the other is the sum of their squares minus 
their product. 
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Example. — 64 n 16 + 1 = (4 »*) 8 + 1 

= (4 »* + 1)(16 »» - 4 n* + 1). 

A binomial may be one of the above forms, and then when 
factored, one or both of its factors may be some one of these 
forms. In such a case the factors should be factored. 

Example.— x 6 — l=(x») a -l 

= (*» + l)(*»-l) 

= (x + l)(a? - x 4- l)(x - 1)(* 2 + x + 1). 

EXERCISES 

Factor: 

1. 9^-16. 12. 3 s - 125V. 23. 48^ + 6y*. 

2. 4^-25. 13. 216 -T 3 . 24. tf*-l. 

3. l-49n 2 . 14. m 3 +27n 8 . 25. /-a 6 . 

4. 25s 2 -64 y*. 15. .4 3 +l. 26. .4* - B 8 . 

5. 81F 2 -1. 16. 8r* + l. 27. l-«". 

6. 4P 2 -9Q 2 . 17. 1 + 64P 3 . 28. m* + n*. 

7. 25 IP -16. 18. 125j»* + 8g». 29. x 12 -^. 

8. 36 V 2 - 49 to 2 . 19. 8TF 8 -1. 30. am 4 -an 4 . 

9. a 8 -8 6 s . 20. 27 -fa 8 . 31. p*(f+tf<f- 

10. JIP-.27. 21. 3a 2 -12 6 2 . 32. rrtf-irRH*. 

11. 1_64 ft 3 . 22. 5-40^. 33. 8^ -64 V* 4 

34. (a + fr^-c 2 . 37. (v +f) 2 -(w + «) 2 . 

35. (m-n) 2 -* 2 . 38. (Jf - j\T) 2 -(P- Q) 2 . 

36 . tf-( q - r y. 39. (2^H-5) 2 -((7-32>) s . 

22. Factoring Trinomials. — To factor a trinomial, see if it is 
of either of the following special forms, and determine the factors 
accordingly. 

I. Trinomials that are Perfect Squares 
By multiplication, 

(„ + bf = a 2 4-2 ab + b 2 and (a - A) 2 = a 2 - 2 ab +4 2 . 
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Evidently, a trinomial is the square of a binomial when two of its 
terms are squares and the other term twice the product of their square 
roots. 

To factor such a trinomial express it as the square of a 
binomial. It follows from the above identities that : 

To find the binomial of which a given trinomial is a square, take 
as the terms the square roots of the two square terms oftJie trinomial, 
and connect them by the sign oftlie other term. 

Example. — 26 M 2 - 30 MN + 9 N* = (6 M - SN)*. 

II. Trinomials of the Form or -f- ax 4- b 

Since, by § 15, the product of two binomials having a common 
term x must be of the form x* + ax + b, in which a is the 
algebraic sum of the unlike terms of the binomials and b their 
product, it follows that : 

To factor a trinomial of the form x* + ax+b, take as factors two 
binomials with a common term x and having for their other terms 
two numbers whose algebraic sum is a and algebraic product b. 

Example. — Factor IP — 4 B — 12. 

For the second terms of the factors we must find two numbers whose sum is 
— 4 and whose product is — 12. These are evidently — 6 and + 2. Hence, 

& _ 4 x _ 12 = (B-6)(R+ 2). 

III. Trinomials op the Form aa? + bx + c 

If a trinomial of the form ax 2 + bx + c has binomial factors, 
they are of the forms mx +p and nx + q. Of the various methods 
of factoring such a trinomial, there is none better than the follow- 
ing: 

Find by trial two binomials wJiose product is the given binomial. 

Example. — Factor 4 A 2 — 3 A - 27. 

The product of the first terms of the factors must be 4 A 2 . Hence, they 
must be either A and 4 A, or 2 A and 2 A. The product of the last terms 
must be — 27. Hence, they must have unlike signs, and must be either 1 and 
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— 27, — 1 and 27, 3 and — 9, or — 3 and 9. Hence, the possible trial sets of 
factors are : 

4 + 1 A- 1 4+3 4-3 24 + 1 

4 4-27 44 + 27 4 4_-l 44+0 2 4-27 et c. 

Only the fourth of these gives the right sum of cross products, —3 A. Heuce, 

4 4* - 3 A - 27 = (4 - 3) (4 A + 9). 

EXERCISES 

Factor: 

1. a 2 - 10 x + 25. 16. 64/> 2 +-48j)$+- 9g*. 

2. 4a* + 4a + l. 17. 3 W- 27 + 4IT 2 . 

3. 9f > -21f0 + 16tr'. 18. Z 2 + 5 Zw - 14 v 2 . 

4. 1 + 14 P + 49 P 2 . 19. w» 2 -3mn-54m. 

5. R* - 12 /?r + 36 r 2 . 20. 5 ns 2 + 10 nay 2 + 5 ny 4 . 
6 7i 2 + 7n+10. 21. 4aF 2 + 8aF-60a. 

7. a^-lla + lS. 22. 4 #n - 2 &ron - 20 ro 2 n. 

8. ^l 2 -^-56. 23. -5 8 -2B ! -5. 

9. u; 2 + 2tt7i>-35<y 2 . 24. 6 tfm* +- 17 h*m - 14 A 2 . 

10. T* - 7 Ttf- 30 tf 2 . 25. 5 r x f - 12 r x r 2 + 4 r, 2 . 

11. 8a 2 -10a + 3. 26. 36 - 30 D - 6 i) 2 . 

12. 2 7* + 7 F- 30. 27. tT % - 30 J7V + 225^. 

13. 153^-2^-8. 28. -4-24cT J -36(* 4 . 

14. 12 JP + 25 2Jr + 12 r» 29. 4 *■/? -f 28 * - 22 tt/Z. 

15. 10x 2 + 29xy-2ly. 2 30. 45 V x * + 12 Vf + mV x V* 

31. (<c + 6) 2 -5(a; + &) + 6. 

32. (m — n) 2 + 2 (w — w) (w + v) + (w +- v) s . 

33. 4(^ + £) 2 + 3C(-4 + jB)-27C r2 . 

23. Factoring Polynomials by Grouping Terms. — By grouping 
terms, some polynomials may be written in one of the special 
forms given in §§ 20, 21, and 22, and factored accordingly. 



FACTORS AND MULTIPLES 27 

I. Polynomials whose Terms may be grouped to give a 

Common Factor 

Chroup the terms of the polynomial to be factored so tJiat a factor 
may be divided out of each group, and that the expressions left in 
parentheses are the same in all of the groups. Then divide by the 
expression in parentheses, writing the divisor as one factor and the 
quotient as the other. 

Example 1. — Factor 2 « + v 2 — 2 10 — vvo. 

Grouping the first and second terms, and also the third and fourth terms, 
and dividing out the monomial factor of each group, 

2tf + tf 2 — 2w- vto = v(2 -f v) — to(2 + v) 

= (2 + v)(v-w). 

Example 2. — Factor « 2 — & 2 — ac -f be. 

Grouping the first two terms, and also the last two, and factoring the 

groups, 

a 2 _ 52 _ ac + 6c _ ( a + 6 ) ( a _ &) __ c ( a _ 5) 

= (a- 6)(a + b-c). 

II. Polynomials written as the Difference of Two 

Squares 

Group ilwse terms that form the square of a binomial, and express 
tJie polynomial in the form a 2 — b 2 . 

Example. —Factor 4 a 2 — b 2 + 6 be — 9 c 2 . 

Grouping the last three terms in parentheses preceded by the sign — , 

4 a 2 - b 2 + 6 be - 9 c 2 = 4 a 2 - ( 6* - 6 be + 9 c 2 ) 

= 4a 2 - (b-Sc) 2 
= (2a + [&-3c])(2a- [6 -3c]) 
= (2a + 6-3c)(2a-6+3c). 

EXERCISES 

Factor: 

1. a 2 -2ab + b*-c*. 5. xP-yQ-xQ + yP. 

2. a*-y*-2y-l. 6. 25 ^l 2 + 2 £<7 - £* - C 2 . 

3. an — 6n — am + bm. 7. ra 2 -f- w 2 — 2mn — v 2 — t* — 2vt. 

4. yt+xy-yz-xz. 8 . ^ - 4 AC - ^4 2 - 4 C*. 
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9. sP— 5s + 5t-tP. 14. 1— 66-f 4wm + 96 2 — » f -4A 

10. na-7tfc + a— 6. 15. £T 2 — 16 t* + ITw — 4 v*. 

11. T^-F — Vv+v. 16. 2a-26+ ad-&d + 2c + cd. 

12. iZ 2 — r 2 — r + i2. 17. am 2 + am + 6m 2 + 6m + a -h 6. 

13. l + 4y + 4y I — 2*. 18. a 2 — y^s 2 — to 1 — 2(a»-yw). 

24. Trinomials of the Form a 4 -h /ra 2 4 2 -h A 4 . — Some trinomials 
of the special form a 4 + na*b* + & 4 , which cannot be factored by 
the methods of §22, may be written in the form a 2 — b* f by the 
addition and subtraction of a term and by grouping terms as in 
§23. 

Add such a positive term to the middle term as will make the 
trinomial a perfect square, and indicate the subtraction of the term 
added. 

Example. — Factor 4 ae 4 - 16 a*y* + 9 y*. 

By adding and indicating the subtraction of 4 afy*, 

4x*-16at a y 2 + 9y* = 4«*-12xV + 9y*-4a;V 

= (2a:2_3 y 2 + 2ary)(2xa-3y«-2ay). 

EXERCISES 

1. n 4 + n *+l. 9. 36 A 4 - 76 A'T* + 25 T\ 

2. l+3a 2 + 4a 4 . 10 . 49 y» + 19 ^ + 4 ^ 

3. a^ + a^ + l. 11. 4 IF 8 - 16 JTW + 25 w 12 . 

4. * 4 + 2*V + 9v 4 . 12. 64a 4 & 4 + 12a ? 6 2 + l. 

5. V*-3V* + 9. 13. m 8 - 22 m*«Y + 9 a*y*. 

6. 4a 4 + 16a 2 & 2 + 25 6 4 . 14. 8irR*- 90,r/Pr 2 +50 ^-*. 

7. 4 3f 4 + 4 3f 2 1F + 25 JV 4 . 15. 4u 12 *-4<yV + 64** 

8. I* 4 - 15 iPr 2 + 9 ^. 16. 75 0*4-48 crW+ 12 a5V. 

25. Factoring by the Remainder Theorem. — A polynomial that 
cannot be factored by any of the methods in the preceding sec- 
tions may sometimes be factored by use of the following prin- 
ciple, called the Remainder Theorem. 
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If a polynomial in x be divided bj x — a, the remainder is the 
same as the dividend when x is replaced by a. 

x 2 + x + 5 

Thus, dividing x 8 - x 2 + 3 x + 2 by x — 2)x» - x 2 + 3 x + 2 
x — 2 gives a remainder 12. Now, if x 8 — 2 x 2 

x is replaced by 2, the dividend be- x* + 3x 

comes 8 — 4 + 6 + 2, or 12. Hence, x 2 - 2 x 



the remainder is the same as the divi- 5 x + 2 

dend when x is made 2. 5x — 10 

12, rem. 

To show that this principle is true in general, let any polyno- 
mial in x be represented by the general expression : 

Ax? + Bar- 1 + Co?-* H + Mx +- N. 

Let the quotient and remainder, when this is divided by x — a, 
be represented by Q and R respectively. Then since 

Dividend = Divisor x Quotient + Remainder, 

Ax? + Bx"- 1 + Cx"-* H + Mx +- iV=(aj - a)Q + R. 

Since a may be any number, this equation must be true when 
x = a. But when x = a, it becomes 

.4a" + Ba*- 1 +- Cot— 2 + ... + Ma + N=(a — a)Q +- R. 

Hence, since the term (a — a)Q is zero, 

Aa n +- 5a*- 1 +- Ca n ~* H h Ma + JV= i2; 

which establishes the general principle. 

Now, since x — a is a factor of the polynomial when the re- 
mainder is zero, the following factor theorem may be stated : 

If a polynomial in x becomes zero when x is replaced by a number 
a, then x — a is a factor of the polynomial. 

Example. — Factor x 3 — 5 x 2 + 10 x — 12. 

If x is replaced by 3, the polynomial becomes 8)1 — 5 + 10 — 12 
27 — 45 + 30 — 12, or 0. Hence, x — 3 is a factor. + 3 - 6 + 12 

Dividing the polynomial by x — 3 gives the quo- 1 — 2 + 4 

tient x 2 — 2 x + 4 for the other factor. 

'Now x 2 — 2 x + 4 is of the form x 2 + ax + 6, but cannot be factored. 

Hence, x^- 5x 2 + lOx - 12 =(x- 3)(x 2 ~2x + 4). 
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Observe that, in the above example, since the product of the 
last terms of the factors must be — 12, the only values that should 
be substituted for x in the given expression are divisors of — 12. 
In general, when an expression to be factored is written in de- 
scending powers of the letter of arrangement, only divisors of the 
last term should be used for the letter of arrangement in dis- 
covering the factors. 

When a binomial factor has been discovered by the Remainder 
Theorem, the quickest way to divide it out is by synthetic division, 
as shown in the above example. 

If a polynomial in x has more than one factor of the form 
x — a, these may all be found by trial before any division is per- 
formed, and the polynomial bo divided by their product to obtain 
the remaining factor. In some problems the division may not be 
necessary at all. 

Example. — Factor x 8 — Sxty — 8 xy a + 12 y 8 . 

The only values that may be substituted for x are y, — y, 2 y, — 2 y, 3 y, 
— 3 y, 4 y, — 4 y, 6 y, — 6 y, 12 y, or — 12 y. By trial it is found that when 
z is replaced by y, — 2 y, or 6 y, the given expression becomes zero. Hence, 
three factors are x — y, x + 2 y, and x — 6 y. It is evident that there can be 
only these three factors. Hence, 

x 8 -6x 2 y-8xy 3 + 12y 8 =(x-y)(x+2y)(x-6y). 

EXERCISES 

Factor by the Remainder Theorem : 

1. 2x 2 -a>-l. 4. 4w 8 + 7n-2. 7. 3 F 2 -13 F-10. 

2. 3 x* + 5x + 2. 5. 2t 2 ~9t + 9. 8. x* - 3 x* - 4. 

3. 2y*-5y + 2. 6. 3A* + UA + 15. 9. a 3 -21a-20. 

10. tf — 6y 2 + lly-6. 16. a 3 + 3a 2 + 3a + 2. 

11. #> + £2 __ 3 b _ 2 . 17. iZ 3 + 2 i£ 2 - 4 i? - 3. 

12. I*+7 F* + 7 P-15. 18. s 4 +7s* + lS^ + Ts-f 12. 

13. w 4 4- w 3 - 2 7* - 2. 19. s 8 - z 4 + * 2 - 1. 

14. 2v 3 + 3v 2 -50v + 24. 20. a 3 + 2 a 2 & - ab* - 2 6 s . 

is. 3r 3 -2r 2 + r-2, 21. 2^-3^ + y 2 . 
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22. 3 s 2 + 2a#-3/ 2 . 27. iV 8 - 7 a 2 iV - 6 a 8 . 

23. m s + 2m*y-my*-2y 8 . 28 Show that a -ft is a factor 

24. s 8 - 2 «V - 9 sy 2 + 18 y 3 . of a 20 - & 20 . 

25. f 3 + 4 t*d + *d 2 - 6 d 3 . 29. Show that a + b is a factor 

26. ^-S^B + S^B 2 -^. ofa 15 + 6 15 . 

26. Binomials of the Forms a" — L n and a" + A". — The factors 
of a* — b n when ?i is 2, and of both a" — b n and a n -f b n when n is 
3, have been found in § 21. The- factors of a* — b n and a* -f b n 
for all values of n may be found by the Remainder Theorem. 

In a* — b n , let a = b. Then a* — 6* becomes b n — & n or 0. 

(1) Hence, a — b is a factor of a — b n for all valves of n. 

In a* — b n , let a = — b. Then a* — b n becomes (— b) n — b n , 
which is when n is even, but not when n is odd. 

(2) Hence, a + b is a factor of a n — b n only when n is even. 

In a" + b* 9 let a = b. Then a* -f- b* becomes b n -h & n , which is 
not for any value of n. 

(3) Hence, a — b is not a factor of a n + b n for any value of n. 

In a n -f b n , let a = — b. Then a* + 6" becomes (— b) n + 6 n , 
which is when n. is odd, but not when n is even. 

(4) Hence, a -f b is a factor of a n -f b n only when n is odd. 

The polynomial factors of a* — b n and a* + b n for special values 
of n are found by division. Thus, by division, 

a 5 - 6 s = (a - 6)(a 4 + a 8 6 + a 2 & 2 + ab 3 + & 4 ); 
a 6 - b* = (a - 6)(a 5 + a A b + a 8 6 2 + oV + a& 4 + ft 5 ) ; 
a 7 + 6 7 = (a + b)(a« - a 5 & + a 4 b 2 - a 3 6 3 + a 2 6 4 - a& 6 + V); 
a 8 - b 8 = (a +• 6)(a 7 - a 6 b + a 5 & 2 - a 4 b* + a s b* - a 2 6 5 + ab« - ft 7 ) ; etc. 
In general, 

When the binomial factor is a — b, the signs of all terms of the 
polynomial factor are -f ; and when the binomial factor is a + b, 
the signs of the successive terms of the polynomial factor are alter- 
nately + and — . 
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In every polynomial factor the exponents of a diminish by 1 and 
tlie exponents of b increase by 1, as we proceed term by term from 
left to riglit. 

Example. — Factor x 10 — 32 y 6 . 

Indicating the powers of the factors in the terms, and simplifying after- 
ward, 
a;io-.32y 6 =:(a:«) 5 -(2y)fi 

= (** - 2 y) [(x*Y + (*s)»(2 y) + (z*)a(2 y)* + (* 2 ) (2 y) 8 + (2 y)<] 
=(** - 2 y)(z* +2 ofiy + 4 *V + 8 «V + W **)• 

EXERCISES 
Factor: 

1. a 7 -6 7 . 5. 1-h t . 9. i? 18 -^. 

2. a? + l. 6. o ,l -ft u . 10. 32 a? 5 + 243 y 5 . 

3. a 5 -32 V. 7. a 11 + 6". 11. 2 - 256 B 7 . 

4. I-* 5 . 8. R u + r*. 12. ro ,0 + N 5 . 

13. s' + jA 

Suggestion . — Write it as the sum of odd powers, thus : (x 2 ) 8 + (y 2 ) 8 . 

14. 1+a 10 . 16. n l4 + l. 18. 5 + HP 1 ". 20. a M + & 15 . 

15. a^+y 1 '- 17. i^-r-w 1 ?. 19. 4 -f 4 N*. 21. 1+y 25 . 

22. a 6 -l. 

Suggestion. — Write it as the difference of two squares, thus, (a 8 ) 2 — 1. 

23. x 1 * - y u . 25. 1 - t l *. 27. a 14 - 1. 29. w 12 - v°. 

24. m 10 -n 10 . 26. 256 -a 6 . 28. p 8 -^. 30. 1-/**. 

27. General Directions for Factoring. — In attempting to factor 
any given expression, 

(1) First see if there is a monomial factor, and if there is, factor 
the expression into its monomial factor and the corresponding poly- 
nomial factor. 

(2) Then, to factor the polynomial factor, see if it is of either one 
of the special type forms discussed in §§21, 22, 23, 24, and 26 ; and 
if so, use the method applicable to that special form. 

(3) If unsuccessful, try the Remainder Tlieorem. 
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(4) Factor each polynomial factor obtained, if possible, until the 
expression is resolved into its prime factors. 

MISCELLANEOUS EXERCISES 

Find the prime factors of : 

1. 21P-N-1. 27. l-16m 8 . 

2. ax 4 - 64 a 5 . 28. a 2 - 6 2 - 3 a + 3 6. 

3. 3 abn* + 2 abn — ab. 29, &cn + acn 2 + 6» 8 + an 4 . 

4. 4P 2 + 32 PQ + 39 Q 2 . 30. a 4 -2(6 2 +c 2 )a 2 +(^+c 2 ) 2 . 

5. &**-6& 2 * + 5* 3 . 31. a! 2 -(4a 2 +6> 2 *+4a 6 6 2 . 

6. 2V 2 -3VW+W 2 . 32. ?i 2 +(s-y)n-2 »(«+#). 

7. # + 3 a" -4. 33. 4 w 4 + 3 ie/V + 9 v\ 

8. xy + z 2 -xz-yz. 34. JLIB - £C 2 + ^ 2 C - C 3 . 

9. n 8 f3n 2 + 6»-fl8. 35. K s - K 2 -4 K-6. 

10. 4(a-&) 2 -(?/+ v) 2 . 36. w 8 -7» + n 2 -3. 

11. 91F-27i?r-f 207- 2 . 37. D 8 + 15 - 17 Z> + Z* 

12. B i + &C 2 +C 4 . 38. 432 + 2 P 8 . 

13. a^-Wasy + y 4 . 39. 1-2 a> + a? + 2 o6-& 2 -a 2 . 

14. T 6 +r s -42. 40. P« + P f +1. 

15. h 4 + 2 hV - 35 k 4 . 41. aa 2 + (ab + l)x + b. 

16. y* + 3y"-y*-3y. 42. 2* 2 -(2a + &)* + a&. 

17. 1 + 6* - (x 2 + to)* 2 . 43. 2 2P + (4a + &)jET+2a&. 

18. (« 2 +y 2 -« 2 ) 2 -4aj 2 y 2 . 44. oz 2 + (6 - o)z - b. 
19.' V 4 -2Vv*-v 4 + 2V s v. 45. zY + 9aaY+14a 2 . 

20. ay 2 +7ay-30a. 46. 220-2 F-2F*. 

21. ac + cd-ab-bd. 47. 20 c 3 - 60 ^ + 45 a 

22. p 4 -(i>-6) 2 . 48. l + 32G 5 n 10 . 

23. 72* 2 + 41*-45. 49. 1-d 9 . 

24. a 2 & 2 -a 2 -& 2 + l. 50. t/ 8 - 11 ^ + 31 y-21. 

25. 2z 2 + 5z*-12* 2 . 51. X 3 -6X 2 + llZr-6. 

26. 6a s N-a 2 N 2 -9a 4 . 52. y 2 - 9 z 2 + 25 a 2 - 10 xy. 
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53. 3(a-6) 2 -14(a-&) + 8. 60. P*-P*+ 12 PQ- 36 Q 2 . 

54. 7(a + 6) 2 - 11 c(a+&)-6cl 61. l-n + n«-« T . 

55. a^-^-lT^-f 5*4-60. 62. 289 g 7 - 83 g* + g*. 

56. a 3 — a 1 A" a + A. 63. a? 8 + x + y 8 + y. 

57. 2ro 8 & + 3m 2 &-8m&-12&. 64. M-N+3P-N*. 

58. a l0 -fa^ 9 . 65. 1 — a 21 . 

59. v 16 — * M . 66. 3 2 +4»+4-4a 2 +4ay-y 2 . 

28. Highest Common Factor. — Since the highest common factor 
of two or more expressions must contain all factors common to 
the expressions, and no others, 

To find tlie highest common factor of two or more expressions, 
find the prime factors of each. TJien form the product of all prime 
factors that are common to the expressions, using each factor the 
least number of times that it occurs in any one of the expressions* 

EXERCISES 

Find the highest common factor of : 

1. 24, 42, 54, and 78. 3. 216, 360, 504, and 576. 

2. 36, 84, 120, and 108. 4. 12 a 3 6 4 , 18 a 4 * 8 , and 24 a*b*c. 

5. 16 m 2 na A y 42 ma* } and 18 m*a 2 b. 

6. a?— 1, x % -Zx + 2 y andx 5 + x-2. 

7. F3-1, V*-2 V+l, andF 2 -3F + 2. 

8. a 5 + b 5 , a 3 + 6 3 , and a 2 — V. 

9. x 5 — xy 2 , and sc 8 -f x*y + a?y -h y 2 . 

10. 7^-2^ 2 -5 and 7 JV r8 +12JV r2 +10iV r + 5. 

11. p 2 + 3/>g + 2? 2 ,/> 2 + 52*7 + 4(7 2 , and^-6^-7^. 

12. 1-a 6 , 1 — 2 .X s + a^ 1 , and 1-foj-f x*. 

13. J R 2 _72* + 10, and 4 ^-25 IP + 20 22 + 25. 

14. 6v 2 * + 4?rf 2 -2* 3 , and 8 1* + 4 tft - 4 vA 

15. 4^ + 20^ P 3 -f4P a -5i > , and 4aP 2 -f-20aP. 

16. m 2 + m-6,m 3 -2m 2 -m-|-2,m 3 -f3m 2 -6m- 8. 
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29. Lowest Common Multiple. — The lowest common multiple 
of two or more expressions must contain all factors of the expres- 
sions, and no others. Hence, 

/ To find the lowest common multiple of two or more expressions, 
I find the prime factors of each. Then form the product of all of the 
I different kinds of factors, using each kind of factor the greatest num- 
\ber of times that it occurs in any one of the expressions. 

EXERCISES 

Find the lowest common multiple of: 

1. 18, 24, 42, and 54. 

2. 30, 45, 75, and 120. 

3. 32, 56, 63, and 112. 

4. 36 a l % 9 a 2 b\ and 16 a 3 6 2 . 

5. 25 ttIP(R - r)(2 R + r) 2 , and 45 wRr(2 R + r)\ 

6. s 2 -l, smdx 2 -2x-\-l. 

7. x* — y 3 , x* — xy 2 , and 2 x*y. 

8. -flP-l, N 2 4-3 N+2 y and N* + N-2. 

9. m 2 — ft 2 , m 3 — w 3 , and m 4 — n 4 . 

10. 1 - y\ 1 - F 4 , and 1 -F 8 . 

11. a' + 2a 2 -3a, 2 a 3 + 6 a 2 + 2 a + 6, a nd3a 3 — 3a s . 

12. /"-Q 4 , P 4 + 2P 2 Q 2 +Q 4 , and P 4 - 2 P 2 ^ 2 + Q 4 . 

13. w 2 — v 2 , w 8 + to 2 v — tew* — v 8 , and w 2 — icft; — wv? + v 3 . 

14. ^-13^ + 36, and tf-tf-t y 2 + y + 6. 

15. 27 T 3 - 8, 9T 2 -4, and 9 T 2 - 12 T+4. 

16. §M*-1 M 2 N-2MN 2 , and 3 3f 2 + Jftf - 4 .AT 2 . 

SUPPLEMENTARY EXERCISES 

Factor : 

1. l-z-a^ + ar 1 . 4. &«-y l \ 

2. 4(a-&) 3 -a + &. 5. 2 s * -32. 

3. 4c 3 -c 2 -8c + 2. 6. «Y-512. 
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7. a 3 " — cM". 

8. z*-x*-2. 

9. J 4 " + 3**V*-28v*\ 

10. p^-q*. 

11. ^--.B 4 *. 

12. aj** +1 — a^\ 

13. F*-l. 

14. nft 5 " — m 8 *. 

15. a 2 * — fc 2 " — a"c" -f fcV. 

16. 6 ft 2 * + 6V — 15 c*\ 

17. a?"-*-!/ 2 ***. 



18. ir/F* + (,rr + l)i2" + t\ 

19. F^+F^ + l. 

20. N** + l. 

21. 16* + 2.2«" + l. 

22. a 4 - 11 a%* 4- 6 4 . 

23. 4- + 3. 2» -f 2. 

24. a u + 6 u . 

25. 9"-4.3»-5. 

26. 4«-16 6 . 

27. 8--2T*. 

28. 2.3 , -9a~2tt*. 



Find the highest common factor of : 

29. D** - 1, and ZJ 3 - - 1. 

30. a 5 * — a"6*", and a 8 * + a 2 "6* + a n b n + ft 2 *. 

31. 2FHF , -6,and6P-7F < -3. 

32. iB 3 4-3ic 2 -7a;-21, and ar 1 4- 3 x* - 3 *- 9. 

33. 4aaJ — 6a? — 2ay + 3y, and4a 2 — 10a + 6. 

34. 2a 2 — 15a425, and a 3 — 5a 3 — o + 5. 

Find the lowest common multiple of: 

35. ar* - .y 3 , a? 4 y 3 , s 6 - tf, and x u - # u . 

36. ^-4, a?-7a?4l0, andaf J -5x 2 44a?-20. 

37. 9ty 3 -3ty 2 -42ty, and66 2 -266 + 28. 

38. a 2n - 6 2b , a 3 " - &**, and a 4 " — ft 4 ". 

39. 4P 2 *-4/'*4l, 4P*-1, and4P s *44P*4l. 

40. a n+l x — a n+l y — b n ~*x 4 ^"ty, and x 2 — 2 a?y 4 y 2 . 



CHAPTER III 

FRACTIONS 

30. Fractions. — A fraction is an indicated quotient of two 
number expressions. The dividend is called the numerator and 
the divisor the denominator of the fraction. The numerator and 
denominator are called the terms of the fraction. 

31. The Signs of a Fraction. — In an algebraic fraction three 
signs are involved : (1) the sign before the fraction ; (2) the sign 
of the numerator ; and (3) the sign of the denominator. 

Since a fraction is an indicated quotient, by the laws of signs in 

division, — ^ and — — are both positive and are equal, and ~ — 
+ — b -\-b 

and — — are both negative and are equal. Hence, 
— b 

+ a _ —a — a + q 

+ b~-b~~ +&"" -V 

It follows that to preserve the value of a fraction : 

(1) If the signs of both terms are changed, the sign before the frac- 
tion must be left unchanged. 

(2) If tlie sign of only one term is changed, the sign before the 
fraction must be changed. 

If the numerator is a polynomial, its sign is changed by chang- 
ing the sign of each of its terms. 

If the numerator or denominator is the product of two or more 
factors, its sign is changed by changing the signs of an odd 
number of factors, and it is left unchanged by changing the signs 
of an even number of factors. 

Thus, in \p^ — -— the denominator (x - 3) (x - 4) = x* — 7 x + 12. 

(z — 3)(x— 4) \ J\ J -r- 

If the sign of x — 3 is changed, by changing the signs of its terms, we get 

37 
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(3 — x)(x — 4) = — x 2 + 7 jc — 12. If the signs of both factors are changed, 
we get (3-3)(4-ac) =a? — 7z + I2. 

EXERCISES 

Write with positive numerators and denominators: 



1. -*. 

7 


'^ 


5. 


-2x* 




7. - 1 - 


2 - -9 


4 + 8 
4. ■ • 

-9 


6. 


Aab 
-5c* 




8 _lrr 
8> -B 


Write with denominators m 


— n: 




• 




9. ' ■ 


10 


— mn 




11. 


a-b 



n — m n — m n—m 

Write all of the fractions with the same denominator: 

3 4 „ l + 2m 3 m , 2-m 

12 - ^-^r 14 - m*-i~i^ + i3^ 

IS. • + 1 -5±1. 15. ^ f - * + £±* 

a? — 1 1 — a; 1 — a; i* — s* a* — r- r* — s 2 

Write with the factors of denominators in descending powers 
of a, the first term of each factor being positive : 

16. 17. 18. 

1 a 8 a+6+c+d 

(a — 6)(c — a) (a — b)(c — a)(d— a) (6 —a)(c — a)(d — a) 

32. Redaction of a Fraction to an Equivalent Fraction. — Multi- 
plying or dividing both terms of a fraction by the same expression 
does not change the value of the fraction. That is, 

? = ™ and ? = ^±A 
b nb b bs-n 

This principle may be illustrated graphically as follows : 

3. 
4 

r r r r ~p~] -h 

v - — 

6 
8 
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3 
If each of the 3 fourths in - is halved, they make 6 eighths. That is, 

4 

t = £ = ~ — 7 • Starting with - if each of the 6 eighths in r is doubled, they 

make 3 fourths. That is, - = ?= ^±1 . 

' 8 4 8-2 

Multiplying or dividing both terms of a fraction by the same 
expression is called reducing the fraction. 

33. Redaction of Fractions to Lowest Terms. — To reduce a frac- 
tion to its lowest terms, factor the numerator and denominator, and 
divide both terms by their common factors. 

The division may be indicated by cancellation of the common 
factors of the terms. 

Thus a*-ab* = 4<j>^6)(a + b) _ a + b 

' a*-ab* rf^-6)(a 2 + ab + b' i ) a* + a&4-& 2 ' 

EXERCISES 

Reduce to lowest terms : 

250 xf GaV 

X - ^ 3 - ^' 5 - 350- 7 - ^' 9 - 9^6° 



18 
24' 


3 42 

3 49' 




15 
45* 


4. — - 

72 


i 


x 2 -l 






x*-l 






a 3 4- b* 






a 3 + a 2 l 


> 




m* 


-rc 4 




m 4 + 2 


m 2 n 2 -f 


n 4 


t 2 -5t 


-14 




t* + 8 1 4- 12 




10p 2 - 


13 pq- 


-3^ 


8i> 2 - 


2pq- 


15 q 2 



11. ^ =• 16. 



12. 4-H^_. 17. 



630 8 A* 4 TriS 3 

1 + N* 



i3. . : ■ : — ;. is. 



14. ' ^ iZ. 19. 



15. ±^LL — n »H . 20. 



x y3 _ 4 n 2 - 5 JV 

— — ■ • 

F 5 + l 

(^4-l) 5 ' 

^l 2 -f AB -f B 2 
A* + A 2 1¥ + JB 4 ' 

a 2 -f an 4- cue -f nx 



a 2 -f- ««- — ay — ny 

34. Reduction of Fractions to a Common Denominator. — Two or 
more fractions may be reduced to equivalent fractions that have 
the same denominator, called their common denominator. The 
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lowest common denominator of two or more fractions is the low- 
est common multiple of their denominators. 

To reduce two or more fractions to equivalent fractions with a 
common denominator, factor all denominators, and form their lowest 
common multiple for the common denominator. Multiply both terms 
of each fraction by the factor or factors of the common denominator 
that its denominator does not already contain. 

EXERCISES 

Reduce to equivalent fractions with the lowest common denomi- 
nator: 

1. h i> i- 3. f f f 5. ^ &, &• 7. i, if $f- 

2- h h f 4 &> *> A- «• h &> If »• T>*> i, tV 

q 4 • 1 _I_. 10 * * *-• 11 ™ ^ W 

3 a 2 5 a 12 a 3 -br <r a* np mn mp 

1 1 x t t-l 

1-x' 1 + x 1-x 2 ' ' t*-9' * 2 -5* + 6" 

« a 6 ab lfi i? — 3 — 3 

a + &' a-6' a 2 + & 2 ' ' 1V-9H + U' ^-4' 

^ 3f 2 Jfy 17 ro-fn 2 yi 



18. 



19. 



3 5 7 

rf^-Ss^^' 2a? 2 4- 5* + 2' 2a 2 + 3a? + l' 

1 1 1 

(a-b)(a-c)' (b-c)(b-a)' (c-a)(c-6)' 

(y - »)(* - *) ' (y-z)(y- X y (z - x)(Z - y)' 

35. Addition and Subtraction of Fractions. — 7V> arfd or subtract 
fractions, reduce them to their lowest common denominator, then find 
the sum or difference of their numerators, and place the result over 
the common denominator. 

Before beginning to factor the denominators, it is best to 
rewrite the fractions, if necessary, so that the denominators axe 
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all arranged in descending or all in ascending powers of some letter 
of arrangement, with the first term of each denominator positive. 

Example. — Simplify h — — - • 

1 + n 1 — n n 2 — 1 

Rewriting the first two fractions, with denominators in descending powers 

of n, making changes of sign as in § 31, the expression becomes 

n . n , n 2 n . n , n 2 

t :i — ^ — r = r "t* r + 



n + 1 n-1 » 2 -l »+l »-l (n + l)(n— 1) 

» 2 -n . n 2 + » , n 2 

+ - — tttz r: + 



( n +l)(n-l) („ + i)( M _i) ( n + i)( n _i) 
3n 2 or 3n 2 



(n + l)(»-l) n 2 -l 

36. Redaction of Mixed Expressions to Fractions. — An expres- 
sion that contains no fractions with literal denominators is an 
integral expression ; one that consists of one or more fractions is a 
fractional expression ; and one consisting of an integral part and a 
fractional part is a mixed expression. 

A mixed expression may be changed to a fraction by the 
process of § 35, the integral part being written in the form of a 
fraction with the denominator 1. 

Example. — • Reduce m — n + to a fraction. 

m— n 

, 2 mn m — n , 2 mn 
t» — n + = — ; h 



m — n 1 w — n 

__ m 2 — 2 mn + n 2 . 2 mn 

m — n tn — n 
m 2 + n 2 



EXERCISES 

Simplify by adding or subtracting, as indicated : 

5. I,! 7 . i»+A + JL. 9. * 1 



a 2 2a be ae ab 1 — P t — 1 

6 . 1 + -=1-L. 8 . *±1 _■£=!. 10 . -«_+. 2 



* a 2 2* 2V-1 N+l t?-s s*+s 
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r* + 10r+16 t*+9r+14 r+3 F-3 9- F 2 

27r/e 2iri* %A a 2 1 

12. —r. — - -' 14. 



ttR + wH wR-ttH a 3 -& 3 6-tt 

1 1 

16- — .= — r~ + 



a& — ac — b 2 + be be — ab — c* 4* m 

16 1 , 1 1 

(a-6)(A-c) (6 — a)(a-c) (c-a)(e-6) 

J*f* iV* , P 2 

17. — -- _ — — -— r- zrr + 



(M-N)(M-P) (P-N)(N-M) (P-M)(N-M)* 
18. J— ^-+ * * 



/2 + r i*-r lt + 3r U-3r 

Suggestion. — First combine the first two fractions, then the last two, 
then add the results. This will save much multiplication. 

11 -J-+ * 1 1 



n — 4 7i — 5 n + 4 tt+5 
20. 2 _ 4 __2 4 



a— b c + d a + b c— d 
21. !--*<»- 9 



aj2_9 s* + 9 a?-l x* + l 
Reduce to a fraction : 

«.«. * 1 a* • 2mn 

22. .* 24. r — «• 26. m+ w • 

t a—b m+n 

23. ^ + 2. 25. 1-Jl + jf^ 27. , + » + 8 ^- 

28 - 1+ ?+^- 30 - -"t-^t" 1 - 

N M 2 a —b a — b 

29. rf + a p + jf+-J!!— 31. J'-. ^'-f , +£>+!• 

37. Multiplication of Fractions. — As in arithmetical fractions, 
Ttie product of two or more fractions is the fraction whose numer- 
ator is the product of their numerators and whose denominator is the 
product of their denominators. 
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In the multiplication of fractions, if a factor is common to a 
numerator and any denominator, the product may be reduced to 
lower terms by canceling this factor from the terms of the product. 
In such a case, work may be saved by factoring the terms of the 
fractions and canceling any factor common to any numerator and 
any denominator, before performing the multiplications. 



Thus, 



s 2 



-1 a a + 6 x + 8 = (gxpfr+l ) x ($jrf)(x+4) 

= (r + l)(a + 4) x 2 + 5 x + 4 
(x + 3; (jc + 7) ° F a: 3i + 10 a: + 21* 

Integra., mixed, or fractional expressions to be multiplied 
should first be reduced to fractions. 

Thus, • ( 0- u ^U--±-) = <3^&=*>x* 

— ran — n 2 . 

EXERCISES 
Find the product of : 

1. J X f - 3. 6 X I 5. f x f X f. 7. 9} X & X f 

2. |xf 4. 10 Xf 6. lAxtfX^ 8. 21 X MX A- 

cd o-eZ ore 2T & ^ ?rp ^r m 2 

12 ' ?^Ti x ^i' 17 ' ( 1 "^-)(F3Tr)- 

v + 2t it — r . \-d. 3 —r 1/ 

w'_4n— 45 rr-^-lzn— 45 \ a s —b 3 J 

ir irI? + *R H„ II on f 1 iVl -U * A 

,„ &»-l 6 S -1 „, A ,1 ,1V 1 \ 

16 - *+T x -jrrft+I- 21 - ( 1+ ^ + ^(^-n> 
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Multiply by the lowest common denominator : 

ae. JL_+_I_. 29. - 2 -^+_J L_ 

n~l% + l "■ **-l \K»+1 A'*-l 
■>, -d L ™ 2r + l 3 . 



28 -J tt±!£ 

32. 7 J , Q, and if are the volumes of the three rectangular solids 
shown in the figure. It is known from geometry that —="— 
and that ^ = ^. 

Q C 



38. Division of Fractions. — To find the quotient of two fractic 
multiply the dividend by the divisor inverted. 



For, the product of the quotient -x- and the divisor - equals 
the dividend -, by cancellation. 

If the dividend or divisor is an integral, mixed, or fractional 
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expression, it must be changed to a fraction, and the division 
performed by the above rule. 

Example. - (l - *) + *±i = t=* x -9L = 3Lr£ 

\ y 2 J xy y* x + y y 

EXERCISES 

Perform the indicated divisions : 

1. f + f 3. 12--f. 5. 21-t-f 7. #-t-31> 

2. -H-A- 4. f + 4. 6. S| + f 8. I|-h6f 
a 4 m 2 n- 6 n 2 , B m 9 — n* 4 m 2 4- mn — 5 n 2 



XAr* 


2+ P 


• 4-r* 


13. 


a 8 + 6 3 
2a& 


a 2 + a6 

*" 26 * 


14. 


* 2 -l 

* . 
• 


(i + o- 



5pq 2 q 2 6 m 2 + ww — ri* 6m*—5mn—4;n 2 

4,riP^2,r# A f\ P- Q 

10 - To^sa* 16> V 07 ^Q ' 

n . >Lzl + *±L. 17. («• + «& + *)+£=«£ 

21. If a conductor of an electrical 
current is divided between the points 
A and B into three branches with re- 
sistances r ly r 2 , r 8 , respectively, the total resistance of the con- 
ductor between A and B is 1 -s- ( — | 1 — \ Simplify this ex- 

pression. x * * s/ 

39. Complex Fractions. — Fractions one or both of whose terms 
contain fractions are called complex fractions. A complex frac- 
tion may be simplified by reducing it to a simple fraction or an 
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integral expression. Since a complex fraction is an indicated 
quotient, 

To simplify a complex fraction, reduce both terms to simple frac- 
tions, then perform the indicated division. 

A complex fraction of the special form indicated in the example 
below is called a continued fraction. To simplify such a fraction, 
begin with the last or lowest complex fraction, and simplify step 
by step. 

Example. — Simplify = — 

s + - 



1 
x — 

z 



Simplifying _, — = — = — jr . 

, x+ __ x + 

x-- 

X 



EXERCISES 

Simplify : 

x* 1 

1. ±. 3. a. 5. I. 7. 1 + 1. 

A 2 i * l 

A-B 

M 6 1 — x -j __ m 

8 * & 1 7" w 

* — — i -\ — 



N 3 



n 



£_« 2t + l ^±£ 2 + 1 + -2. 

9 . £_J. u. _•_. 13 . iL * 

1 + | - + 1 ^ + 1 + *, 

6 8 n' m* 

_«__ 1 a« + 6" 1 

10 . «±» 12 „ *-» .. . ' .+ 1 



a + 6 q«— qV + y ia.«±l 

a 4 +a 2 6 2 + 6 4 1 - a 



~n 1 9 

«-l 2+5 

a; 

17. If n equal electric cells are connected 

by wires in one way (parallel), so as to 

form a battery, the current strength produced 

E 
by the battery is • Simplify this fraction. 

R + r - 

18. It has been shown that v, the 4 
ratio of the circumference to the di- , 1 
ameter of a circle, is equal to the „ _i_ 9 
continued fraction in the margin. „ ■ 25 
Using only so much of the fraction „ 4' 
as is here written, find the value of „ 

■n approximated to hundredths. 2 ■ 

SUPPLEMENTARY EXERCISES 

Simplify: 

1 w' - 100 , w* + 10 » 2 nH + 3n t 
n»-»-90 ' rf + fln' 4n + 6 



48 ELEMENTARY ALGEBRA 

7 f a + b a + VU a c a 1 — 2a6 — eft 

\6 + c a-|-cy\a + 6 a — b a 2 — 6 2 / 

\ a + n a — nj\a n) \a nj \a nj 

to* 4- 1? W — V N/tG -f v\ . W 2 — 1 — V 2 



/w|4^ __ to — v \ /t o + tA , 
^to 2 — v 2 to + u/\ 2wv J 



w — v 



10 a * — ^ * a* — a? y a — a; a 2 — aa; -f- a? a 2 + 2 aa? + sc* 
a 8 + ar* a 2 -fas 2 a-f* a*+ax + a^ a 2 — 2aa?-ha* 

y ar 1 -! (y+1)* 



m m 2 



A + --A 

\» a — b J 



a — a? 
a — 



14. 



1 4-aa? 



15. 



1 + a(a-x) 
1-f aa? 

m 2 + ww -f- n 8 
m 8 4- ?i 8 
m* — n 3 





a* + tf 




16. 


a? + b 8 
a 8 - ft 3 






a 2 + 6 2 


a 2 -6* 


17. 


a 2 -&* 


a 2 + &* 


* • . 


a + 6 


a — b 



18. 



AB-B* A*-B * 
A'-AB AB~ 1 



A(A + B) - (A + Bf 

B{A-B) A*-B> 



CHAPTER IV 
LINEAR EQUATIONS IN ONE UNKNOWN NUMBER 

40. The Equation. — An eqiiation is the statement that two ex- 
pressions are equal in value. 

Thus, a 2 - 6 a =(a + b)(a - 6), and 2 N + 4 = 6 iV+ 1 are equations. 

The two expressions connected by the sign == are called the 
members of the equation. 

If an equation is true for all particular values of the literal 
numbers involved, it is called an identical equation, or simply an 
identity. In the work of the preceding chapters all of the pro- 
cesses really consisted of establishing identities. 

Thus, a 2 — ! .b 2 = (o + b)(a — b) is true when a = 2 and 6 = 1, when a = 6 
and 5 = 2, and for any values whatsoever that may be assigned to a and b f 
and hence is an identity. This identity was established in factoring. 

If an equation is not true for all particular values of the literal 
numbers involved, it is called a conditional equation, or simply an 
equation. 

Thus, 6f — 4 = 2 £ + 8 is true only when t is 4. 

It is by use of conditional equations that problems are solved. 
The unknown numbers, whose values are sought, are represented 
by letters, and the relations between the unknown numbers and 
the known numbers of the problems are expressed by means of 
equations. An equation is solved when the values of the unknown 
number are found that reduce the equation to an identity. 

41. Integral and Fractional Equations. — If no unknown number 
of an equation be involved in the denominator of a fraction, the 
equation is integral. If one or more unknown numbers of an 
equation be involved in the denominators of one or more fractions, 
the equation is fractional. 

Thus, 6 A 2 - 4 = 7 A is integral, and - — 1 = 8 is fractional, 

x y 

49 
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42. The Degree of an Equation. — The degree of an integral equa- 
tion is the greatest sum of the exponents of its unknown numbers 
in any one term. If an equation has only one unknown number, 
its degree is the largest Exponent of the unknown number in the 
equation. 

Thus, F+ 6 = 9 — 2 V is of the Jtot degree. 

afi + 7 x — 2 = is of the second degree, 
x* — xtf 2 =s 16 x + 2 is of the third degree. 
m 2 n 2 + 2 mn = 9 is of the fourth degree. 

An equation of the first degree is called a linear equation. 
One of the second degree is called a quadratic equation. 
One of the third degree is called a cubic equation. 

43. Solving an Equation in One Unknown Number. — If a condi- 
tional equation contains only one unknown number, the values of 
the unknown number for which the equation is true are called the 
roots of the equation, and are said to satisfy the equation. 

The process of finding the values of the roots of an equation is 
called solving the equation. 

As shown in the First Course, equations may be solved by 
applying one or more of the following principles, called axioms : 

I. If equal numbers are added to equal numbers, the sums are 
equal. 

II. If equal numbers are subtracted from equal numbers, the re- 
mainders are equal. 

III. If equal numbers are multiplied by equal numbers, the prod- 
ucts are equal. 

IV. If equal numbers are divided by equal numbers (not zero*), 
the quotients are equal. 

The use of these axioms in solving an equation may be compared with 
changing the weights on the two pans of a balance. Just as adding equal 

weights to both pans, removing equal weights 
from both pans, etc., when the instrument is bal- 
anced will keep it balanced, so adding equal ex- 
pressions to, or subtracting equal expressions 
from, both members of an equation, etc., -will 
preserve the equality. 
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• ? Example. — Solve 6E-5=4E+1. 

Adding 5 to each member, 6 E = 4 E f 6 Ax. I. 

Subtracting 4 E from each member, 2 E=6. Ax. IL 

Dividing each member by 2, E = 3- Ax, IV. 

EXERCISES 

Solve by use of axioms : 

I. n + 5 = 8. Q a _j. 

2 £-3 = 7. 6 

3. 4 7=6 + 3 7. 9. ! + 5 + aj=2. 

4. 3 a; + 2 = a; + 4. orro 

5. 7P-1 = 2P-11. 10 - -g r = 1 + ig- 

6. 20 A; — 5 = 5 A; + 25. 4?rt , m Q 

11. 12 -4--=2m. 

7. 7i\r+13=12iV-35+.Ar. 5 12 

44. Equivalent Equations. — Two equations that have the same 
roots are called equivalent equations. 

Thus, 2 1 — (5 1 4- 6) = 7, and 4t+l = i— 11 are equivalent, because each 
is satisfied when t = — 4, and ior no other values of £ . 

It is evident that the process of solving an equation by use of 
the axioms in § 43 consists of deriving from the given equation 
an equation equivalent to it, then deriving from the new equation 
a third one equivalent to the second, etc., until finally an equation 
equivalent to the given equation is obtained that shows the value 
of the unknown number directly. 

In general, if the same number expression is added to or sub- 
tracted from both members of an equation, an equivalent equation 
is derived. An equivalent equation is derived also if both mem- 
bers of an equation are multiplied or divided by any expres- 
sion that is free of the unknown number. But, if both members 
are multiplied or divided by an expression containing the un- 
known number, the equation derived may not be equivalent to 
the given equation. 
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Example 1. — Let n + 3 = 5. (1) 

Multiplying by n - 6, n 2 - 3 n - 18 = 6 n — 30. (2) 

Now, (1) is satisfied only when n = 2. But (2) is satisfied when n = 2 or 
when n = 6. Hence (2) is not equivalent to (1). 

Example 2. — Let t? — 6 1 + 4 = 2t - 2. (1) 

Dividing by % - 1, t - 4 = 2. (2) 

Now, (1) is satisfied when * = 1 or t = 6. But (2) is satisfied only when 
t = 6. Hence (2) is not equivalent to (1). 

The above examples illustrate the following principles : 

(1) If both members of an equation are multiplied by an expres- 
sion containing the unknown number, one or more extraneous roots 
may be introduced. 

(2) If both members of an equation are divided by an expression 
containing the unknown number, one or more roots may be lost. 

Hence, in solving an equation, if both members are multiplied 
by an expression containing the unknown number, all roots 
obtained should be tested to see if they satisfy the original equa- 
tion, and any root that does not should be discarded. And, to 
avoid losing roots, when the members of an equation are divided 
by an expression containing the unknown number, the roots 
obtained by equating the divisor to zero should be kept. 

45. Transposition. — In the equation 

a — b = c — dj 
by adding b, a = c—d + b; 

or adding d, a—b + d=c\ 

or subtracting a, — 5 = c — d — a; 

or subtracting c, a — 6 — c=— d. 

It is evident from the above equations that the effect of adding 
a term to, or subtracting a term from, each member of an equation 
is to make it disappear from its original position and to reappear 
in the other member of the equation with its sign changed. 

The mechanical process of changing a term from either member 
of an equation to the other and changing its sign, which is equiv- 
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alent to adding it to or subtracting it from both members, is 
called transposition. Hence, 

A term of an equation may be transposed from either member to 
the other member by changing its sign. 

46. Solution of Linear Equations in One Unknown Number. — To 
solve any linear equation in one unknown number : 

(1) If either member contains signs of grouping, remove them, 

(2) Transpose all unknown terms to the left member and all 
known terms to the right member, changing the sign of each term 
transposed. 

(3) Combine similar terms in each member. 

(4) Divide each member by the resulting coefficient of the unknown 
number. 

(5) OJieck the work by replacing the letter representing the un- 
known number in the original equation by the root found, and seeing 
if the two members have the same value. 

EXERCISES 

Solve : 

1. 5n-4 = 3n + 8. 6. 6t - (St -h 2) = 1. 

2. 9 7=1-7+9. 7. N- (6 - 2 N) = 9 (iV-1). 

3. 4(a-l)=3.(a; + l)-4. 8. 2(12 + y) - (y - 3) = 0. 

4. 7(3-4^4) = 5(4-3^1). 9. (P+ 2) 2 - F 2 = P- 5. 
6. 5(#-l)+3(/* + l) = 0. io. 5 -f (a - 3) 2 = (a + l) 2 . 

11. 7 (r + 2) - 6(r + 1) = 5 r - 8 (r -f 3). 

12. (x + S)(x - 2) = (x - 5)(x + 1) + 29. 

13. (K- 4)(JT - 5) = {K + 9)(/r - 8) + 2. 

14. (b - 6) 2 = b (b - 22) + 136. 

15. 2y(y-7) = (y + S)(2y-7). 

16. (l-4£)(3 J B + 7) = l + (45 + 3)(5-3J3). 
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47. Fractional Equations. — To solve a fractional equation it is 
necessary first to clear it of fractions. 

To clear an equation of fractions, multiply each member by the 
lowest common denominator of all fractions in the equation. 

Caution. — Test all roots by substituting in the original equations to see 
that they were not introduced by clearing of fractions. (See (1), § 44, and 
(5), § 46.) 



EXERCISES 



Solve : 



1 JL + i? = ? 4 4^ 3 

2a 8 a ' 2t + 6 4t-$* 

1 .2 Q 3 6 3 1 

2. --{ — = 3 — -. 5. - — - -=1. 

xx x o—lo+l 



3. 



ffl + 4 = 3 ?«-8 V g== 3 V 

3 m 4ro V+l V+2* 

2R + 1__2B-1 = 8 

' 2R-1 1 + 2/* 4JF-1* 

8 . f+i + ^-S.^. 



*-l l-* 2 1+t 



9. 



12 



a 2_3a_10 a 2 + a-2 a 2 -6a + 5 



1A A? 2fc + 10, 3&-1 



tf + Vk-15 4&-12 6& + 30 



11. 



05—1 x— 2 a; — 3 a — 4 



Suggestion. — Perform the subtraction indicated in each member, before 
clearing of fractions. 

r? — 2 n — 4 w — 6 n — 8 



w _8 w-10 n-12 n-14 
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13 W + 7 W+15 ^ W+13 W+ 9 
W+9 W+17 W+15 W+ll* 



x -, x __.« 



14. 



X— 1 x+ 1 



x +1 -2-+1 



a — 1 #-f- 1 



48. Literal Equations: Formulae. — If an equation contains 
other letters than the one representing the unknown number, it 
is a literal equation. A literal equation may be solved by the same 
process as the equations in the preceding sections. The root, or 
value of the unknown number, will be an expression containing 
the other letters involved in the equation. 

Many practical formulae are solved as literal equations. 

Example. — The formula G = -== is used in electrical work. Solve it 

R + nr 

for n. 

Clearing of fractions, CR + nCr = nE. 

Transposing, nCr — nE— — CR. 

Combining terms (factoring), (Cr — E)n = — CR, 

Dividing by Cr - E, n = ^^ or _™- 

EXERCISES 

1. Solve 5 mx + v? = m? for x. 

2. Solve P(n + 1) + P = n for n. 

3. Solve F 2 + l+d(l- V)=V(V+d) for F. 

4. Solve n = nx +v for a. 

a 

5. Solve - A + 4 = 4 + 1 ^ A 

J. £ (7 

6. Solve -^— g-- Li far*. 

a 2 — & 2 a — 6 4 a 4-4 6 

7. The area of a trapezoid is expressed by A = J ft (6 + 6'). 
Solve for 6. 



66 ELEMENTARY ALGEBRA 

8. The area of the conical surface of a frustum of a right cir- 
cular cone is computed by the formula S = vL(R + r). Solve for 

R\ for rj for L. 




9. The area of the entire surface of the solid in Ex. 8 is com 
puted by the formula S = vL (R + r) + v(R* +r 2 ). Solve for L. 

10. The volume of the solid in Ex. 8 is computed by the for- 
mula V= £ *H(& + r» + Rr). Solve for H. 

11. A formula for the use of lenses is — = — 

D F-d f 

Solve for F\ for/; forD; ford. 

12. A formula used in electrical work is 

= _-! 1 1 r _. 

R r x r 2 r s r t r 6 

Solve for R ; for r lf etc. 

13. In the formula H == KND(D - 1)(# + 2), for computing 
the horse power of gasoline engines, solve for K\ for N\ for 22. 

14. In the formula P= Hf—— 1 — - — — ^ Y for computing 

V460+T 460 -k/ 

the draft in a chimney, solve for H\ for T\ for J. 

yp = vi» 

273 + * 273 + «' 
tion between the pressure, volume, and temperature of gases, solve 
for F; for V 9 ; for P; for F) for t\ for £'. 



15. In the formula 0fyo t a = —— t — r , which expresses the rela- 



49. Problems. — Some problems may be solved by use of lineai 
equations in one unknown number. The procedure is as follows : 

(1) Let some letter represent one of the unknown numbers in the 
problem. 
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(2) Express in terms of this letter and the known numbers given 
or implied in the problem every quantity involved in the problem, 

(3) Express by an equation the relation between these quantities 
that is either directly stated or implied in the problem. 

(4) Solve the equation, and from the root found determine the 
values of all numbers sought. 

Example. — Two grades of coffee costing the dealer 20 cents and 28 cents 
per pound, respectively, are to be mixed so that the blend shall be worth 25 
cents per pound. How many pounds of each grade must be taken to make 
60 pounds of the blend.? 

Let n = number of pounds of 20-cent grade. 

Then 60 — n = number of pounds of 28-cent grade. 

20 n cents = cost of n pounds of 20-cent grade. 
28(60 — n) cents = cost of 60 — n pounds of 28-cent grade. 
Hence 20 n 4- 28(60 — n) cents = cost of 50 pounds of blend. 
But 50 pounds of blend cost 50 x 26 cents, or 1260 cents. 
Hence, 20 n +28(60 - n) = 1260. 

Solving, n = 18}. 

And 50-n = 31J. 

EXERCISES 

1. Find two consecutive even numbers whose product exceeds 
the square of the smaller by 48. 

2. How many pounds each of two grades of coffee costing 20 
cents and 28 cents, respectively, a pound, must a dealer use to 
make 100 pounds of a blend worth 25 cents a pound ? 

3. If one grade of coffee costs 24 cents a pound and another 
grade costs 30 cents a pound, how many pounds of each grade 
must be taken to make 9 pounds of a blend worth 28 cents a pound ? 

4. How many pounds each of tea worth 50 cents a pound and 
tea worth 80 cents a pound must be mixed to make 10 pounds of 
mixture worth 60 cents a pound ? 

5. A money drawer contains $ 2.40, consisting of nickels and 
dimes. There are 33 coins in all. How many coins of each kind 
are there? 
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, 6. A man made two investments together amounting to 
$10,000. On the first investment he made annually 6%, and 
on the other 5%. His total income annually from both invest- 
ments was $535. Find the amount of each investment. 

7. $ 25,000 is invested in two places, part at 4 % and the rest 
at r>\ %. The annual income from the two investments is $1135. 
How much in each investment ? 

8. I invested $ 12,000, part in 4 % bonds and the rest in a 
business enterprise that paid me 8 % annually. My annual in- 
come was $ 800. Find the amount of each investment. 

9. How many gallons of cream containing 26 % butter fat 
and milk containing 4 % butter ■ fat must be mixed to make 60 
gallons of milk testing 6 % butter fat ? 

10. How many gallons of cream containing 28 % butter fat and 
milk containing 4.5 % butter fat must be mixed to make 20 gal- 
lons of cream containing 25% butter fat? 

11. A certain solution contains 15 % alcohol. How many gal- 
lons of other ingredients must be added to 50 gallons of it so that 
the new mixture shall contain only 10% alcohol? 

12. Ordinary commercial alcohol is 95 % pure. How much 
water must be added to 20 quarts of it so that the diluted alcohol 
is only 80 % pure ? 

13. In an alloy of copper and tin weighing 24 pounds, 35 % 
is copper. How many pounds of copper must be added to this 
so that the new alloy is 40 % copper ? 

14. Tin appears to lose T V of its weight in air when immersed 
in water, and zinc appears to lose y 1 ^ of its weight in air when 
immersed in water. If I find that a mass of alloy of these two 
metals weighing 50 pounds in air appears to weigh only 44 
pounds in water, how many pounds of each metal in the alloy ? 

15. A man is 36 years old and his son 6 years old. In how 
many more years will the man bo only twice as old as his son ? 
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16. At what advance must a merchant mark an article costing 
him $ 12 in order that he may then sell it at a reduction pf 25 fy 
from the marked price, and yet make a profit of 20 % on it ? 

17. A milliner advertises a lot of hats that cost her $ 2.50 each 
for specipl sale at a reduction of 40 % from the regular marked 
price. At what advance must she first mark the hats in order 
that she may give this reduction and still make a profit of 20 % ? 

18. A teamster has one horse weighing 1200 pounds and an- 
other weighing 1500 pounds. If their draft power is proportional 
to their weight, how must he divide the 48-inch doubletree in 
order to justly distribute the load? 

Suggestion. — The draft power of one multiplied by the number of units 
from the end of doubletree to the point of division equals the draft power of 
the other multiplied by the distance to the same point • 

19. A messenger going 4 miles an hour has been gone 3 hours 
when it is found that the message is wrong. A second messenger, 
riding at an average of 6 miles an hour, is sent to overtake him. 
In how many hours will the second messenger overtake the first, 
and at what point? 

20. An automobile was driven 125 miles in 4 hours 20 minutes. 
Part of the distance was in the country at a speed of 30 miles per 
hour, and the rest in the city at a speed of 15 miles per hour. 
Find how many hours of the drive were in the country. 

■ ■ ■ » 

21. A bullet with a velocity of 10d0 feet per second is heard 
by the marksman to strike an object 2\ seconds after it is fired. 
Sound travels approximately 1100 feet per second. How far 
away was the object that was hit ? 

22. Find the time between 2 and 3 o'clock when the hands of 
a clock are together. 

Suggestion. — Represent by some letter the number of minute spaces on 
the clock face from the 12 o'clock point around to the point where the hands 
are together. 

33. Find the time between 3 and 4 o'clock when the hands of 
a clock are opposite each other. 
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24. Find the time between 8 and 9 o'clock when the hands of 
a clock are opposite each other. 

25. Find the time" between 7 and '8 o'clock when the minute 
hand is 15 minute spaces ahead of the hour hand. 

26. How long is it from the time that the hands of a clock are 
opposite each other until they are opposite each other again ? 

Suggestion. — Let t = number of minutes required. Show that' ^t 
— ilift = !• 

27. If a planet and the earth are on opposite sides of the sun, 

and in a straight line with it, the 
planet is said to be in opposition. 
Venus makes a circuit around the 

" sun in 225 days, and the earth 
makes a circuit in 365 days. If 
Venus is in opposition, how long 
will it be until it is in opposition 
again ? 
VuMUo Suggestion. — Let n = the number 
of days required. . . 

In ndays the earth will make- "-^evolutions and Venud — revolutions 
about the sun. 305 225 

But to be again in opposition Venus must make one more revolution than 
the earth/ 

Hence, — — =1. " 

1 226 366 

, 28. Marsr makes a circuit about the sun in 687 days. Mars 
was in opposition November 11, 1911. Find the date upon which 
it was again in opposition. 

3». Mercury makes a circuit about the sun in 88 days. How 
long is it from the time that it is in opposition until it is in oppo- 
sition again ? 

' 30. Jupiter makes a circuit about the sun in 4333 days* How 
long is it from the time that it is in opposition until it is in oppo- 
sition again ? It was in opposition February 28, 1909. Find the 
next date of opposition. 
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31. In a factory a large machine can turn out a number of 
articles in 6 days, and a smaller sized machine can turn them out 
in 9 days. If both machines are operated at once, how long will 
it take them to turn out the articles? 

Suggestion. — If n = the number of days required, show that 

1 = 14.1 
n 6 9 

32. There are two large machines and three small ones in a 
factory. To manufacture a given order of goods would take 
either one of the large machines alone 20 days, and either one of 
the small machines alone 35 days. If all five machines are 
operated, how long does it take to fill the order ? 

33. A water tank can be filled by one pipe in 5 hours and 
emptied by another in 8 hours. If both pipes are open, how long 
will it take to fill the tank? 

34. In a city waterworks plant are two steam pumps. One 
pump would fill the reservoir in 15 hours, and the other would 
fill it in 18 hours. If both pumps are operated at once, how long 
does it require to fill the reservoir ? 

36. An aviator flew to a point 75 miles away, and back in 5 
hours, * 30 minutes. His rate returning was 30 miles per houK 
What was his rate going ? 

36. An aviator made 30 miles per hour against the wind on a. 
trip of 40 miles. After he had gone 25 miles, the wind ceased. 
The entire time required for the trip was 1 hour 10 minutes. 
What was the velocity of the wind? 

37. A boatman rows 5 miles in £ hour with the current and it 
takes him If hours to return the same distance against the cur- 
rent. Find the rate of the current. 

, * 

38. Find a number such that if its pth part be added to it, the 
sum will be equal to the gth part of it plus r. 
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SUPPLEMENTARY EXERCISES 
Solve : 



1. 



2n+l 2n-l 8 



3. 



4. 



2 n -l l + 2n 4w*-l 

2A + \ 2A-1 17+9^1 =Q 

2^4-16 12 + 2^1 ^-2^1-48 ' 

x — 1 x — 2 __ x — 3 a — 4 

x—2 x—3 x— 4 x— 5 

a — 4 a; — 5 aj— 7 a; — 8 

x — 5 a? — 6 a; — 8 x — 9 



£-8 f + 1 * = *- 9 

t-6 *-l t-2 f-7*. 

6. Solve -^L-fa + — = 0fora!. 

6 — c« c 

7. Solve— ?__— A- i±l£=0forn. 

on — aft o* — on 2ab 

2T T 

8. The formula -B = — s — 77 expresses a law of 

2T 

science relating to matter, energy, and heat. Solve it for V\ for 
p ; f or E ; for T. 

9. A train leaves a station and runs at a speed of 35 miles an 
hour. Two hours later a second train leaves the same station and 
follows the first train at a speed of 45 miles an hour. In bow 
many hours will the second train pass the first ? 

10. A number is composed of two digits whose sum is 10. 
This number exceeds by 54 the number obtained by interchanging 
the digits. Find the number. 

11. An express train traveling 42 miles per hour started from 
the same depot 50 minutes after a freight train, which it overtook 
in 2 hours, 5 minutes. Find the velocity of the freight train. 
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12. A messenger was sent to carry a despatch. Five hours 
after his departure a second messenger was sent, who ought to 
overtake the first one in 8 hours. To do this he was obliged to 
travel 2| miles per hour faster. How many miles per hour did 
the first travel ? 

13. Two trains move in the same direction. The first starts 
from A at 2 o'clock in the morning, and travels 32 miles per hour. 
The second starts from B at 8 : 30 d'clock in the morning, and 
travels 42 miles per hour. The distance between A and B is 80 
miles. When and where does the second overtake the first ? 

14. A decimal, such as 0.343434 •••, in which certain figures 
repeat themselves indefinitely, is called a' repeating decimal. 
Every repeating decimal is equivalent to some common fraction. 
Thus 0.6666 ... is equal to f. 

Find the common fraction to which 0.272727 ...is equivalent. 

Solution. — The figures 27 repeat. Hence we separate the number into 
two parts, thus: 0.272727 •• =0.27+0.002727..-. It is clear that the 
second term is just ^ of the whole decimal. Hence, if v represents the 
value of the fraction sought, 

v 



v = 0.27 -f 
Solving v — 



100 
3 

■ • 

11 



15. Find the common fraction to which 0.5135135 ••• is 
equivalent. 



Suggestion. — v = 0.613 + 



1000 

Find the common fraction to which each of the following is 
equivalent : 

16. 0.0727272 .... 19. 0.123123 .... 22. 0.522522 .... 

17. 0.121212 .... 20. 0.818181 .... 23. 0.61716171 .••= 

18. 0.060606 ... 21. 0.432432 .... 24. 1.66666 .... 



CHAPTER V 

SYSTEMS OF LINEAR EQUATIONS 

50. Equations In Two Unknown Numbers. — A linear equation 
containing two unknown numbers is satisfied by an unlimited 
number of sets of values of the unknown numbers. For any par- 
ticular value that may be assigned to either one of the unknown 
numbers, one particular value of the other cau be found for which 
the equation is true. 

Thus, In 2 x — 3 y — 24, by assign ing values to y and solving for the cor- 
responding values of x, we find that when y = 0, x = 12 ; when jr = 1, 
X = 131 1 when f = 2, % = 16 j when y = 4, x = 18 ; when y = 9, x =81 ; 
when f =— 1, a= I0J ; when |r = — 2, x = 8 ; when J =— 4, a; = 6; etc 
The number of sets of values ma; be continued indefinitely. 

51. Graph of a Linear Equation in Two Unknown Numbers. — The 
relation between two unknown numbers which .is expressed by .an 

equation may be shown also 
by means of a graph. The 
construction of the graph of 
a linear equation in two un- 
known numbers was dis- 
cussed in the First Coubss, 
§124. 

Just as a point on the 
earth's surface is located by 
knowing its directions and 
distances from the prime 
meridian and the equator 
(longitude and latitude), so 
if two lines XX' and TT' 
are drawn at right angles od 
squared paper, the position 
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of any point P on the paper is determined by its directions and 
distances from these lines. The line XX' is called the jr-aila, 
YY' the y-axii, and their point of intersection the origin. The 
distance # (measured parallel to XX') of P from the jr-axis and 
the distance y (measured, parallel to YY') of P from the avaxis 
are called the coordinates of P. Distances measured to the right 
of YY' are positive, and to the left negative; and distances 
measured upward from XX' are positive, and downward negative. 
Thus, the coordinates of i'arei^+8 and y = + (i ; ot Q, % = — 6 and 
y= +1 ; of B, z = — 6 and j/ = — 8 ; and of S, a; = + 4 and j = — 12. 

To draw the. 'graph of a linear equation in x and y, a number of 
sets of values of x and y that satisfy the equation are found as in 
§ 50. Axes are drawn, and points are located, the coordinates of 
each of which correspond to one of the sets of values found 
for a; and y. A smooth line is drawn connecting these points. 
This line is the graph of the equation. 

Example. — Draw the graph of x — 3 y = 12. 

Assigning values to y and solving for x, the following seta of values of x 
and y are found : 



fc 


12 


lfi 


18 


9 


a 


3 





-3 


-6 


y 





1 


2 


~ 


-2 


-3 


-4 


-6 


-0 



Locating the points whose coordinates correspond to these sets of values of 
* and y, and connecting them, gives the straight line AB shown in the figure. 
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It may be shown that, 

The graph of every linear equation in two unknown numbers is a 
straight line. 

Hence, to draw the graph of such an equation it is sufficient to 
locate only two points of it, and draw the straight line through 
them with a ruler. The two points should be taken a good dis- 
tance apart for accuracy in drawing. 

EXERCI ES 

1. By assigning values to y and computing the corresponding 
values of x, find ten sets of values of x and y that satisfy 
3 x + 2 y = 24. Locate the ten points whose coordinates corre- 
spond to these values. Join the points. 

By locating two points of each, and drawing the straight line 
through them with a ruler, construct the graphs of the following: 

2. x — 2y = 8. 5. 2x + 5y = 15. 8. 10a> + y = 3O. 

3. 4« + y = 12. 6. 8s-3y = 32. 9. 4aj-7y = 20. 

4. 5»-y = 20 - 7 - « + 6y=18. 10. 3x + 24=y. 

11. If Cis the temperature as indicated on a Centigrade 
thermometer, and F the temperature as indicated on a Fahrenheit 
thermometer, then C= £(2^-32). Draw the graph of this 
equation. 

12. By using the graph in Ex. Jl, give at sight the Centigrade 
readings corresponding to the following Fahrenheit readings: 
40° F.; 12° F.; 18° F.; - 10° F.; - 20° F.; - 5° F. 

Give at sight the Fahrenheit readings corresponding to the 
Centigrade readings : 34° C; 15° C; 40° C; 8°C; -10°C. 

52. Systems of Equations in Two Unknown Numbers. — Two or 

more equations containing the same unknown numbers are called 
a system of equations. As shown in the First Course (§ 131), 
in a system of two linear equations in two unknown numbers 
there is, in general, one and only one set of values of the unknown 
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numbers that satisfy both equations. Such a set of values is 
ealled the solution of the system. 

Thus, in the system If in l he values a; = 4 and V = 2 satisfy both 

equations. Hence, the solution of the system is x — i, y = 2. 

53. Systems solved Graphically. — The solution of a system of 
two linear equations in two unknown numbers may be found by 
drawing the graphs of the 
equations, and observing 
the coordinates of the point 
where the graphs meet. 
Since this point is on both 
graphs, its coordinates must 
satisfy both equations. 

Example. — Solve 



U-» = 6. (2) 






The graphs of equations (I) 
and (2) are lines (1) and (2), 

respectively. They meet at a point whose coordinates 
Heuee, the solution is x = 8, y = 3. 


are * = 8, y = 3. 


EXERCISES 

Solve graphically : 

ix-y = 4, l5x + 4y = Zt, 


7. 


Us- 8y=29. 


lz+4^10, . j7x-2y=31, 
' I3s-y=12. ' l4a:+3y+3=0. 


8. 


i7x+y=42, 

\3z-y=». 


\x + y = fi, l3x+2y=12, 
" I2s+3 ff =12. " \4x-3y+l=Q. 


9. 


(a: + .,=30, 
\Zx-2y=25. 



10. By drawing the graphs of the equations, show that 
f*-2y-8, 
123-42 = 40, 
has no solution. What kind of lines are the graphs? 
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54. Systems solved by Elimination. — A system of equations 
may be solved by a process called elimination. This process, 
applied to a system of two linear equations in two unknown 
numbers, consists of combining the members of the two equa- 
tions so as to derive a new equation which contains only one 
unknown number. The new equation is then solved. By sub- 
stituting the value of the unknown number found in either of 
the original equations, and solving, the value of the other un- 
known number is obtained. 

; "fhe. three most common methods of elimination, as shown in 
the First Course, are as follows : 

ELIMINATION BY ADDITION OR SUBTRACTION 

' To eliminate one of the unknown numbers, multiply the members 
of each equation, if necessary, by such a number as will make the 
numerical coefficients of that unknown number the same in both of 
the resulting equations. Add or subtract (according to signs) the 
corresponding members of the resulting equations. ' 



Example. — Solve 


'2 Jf + 


5JV=16, 


(1) 




3Jf- 


4 JV=11. 


(2) 


Let us eliminate N. 




■ 




Multiplying (1) by 4 


« 


8^+20^=60. 


(3) 


Multiplying (2) by 5 


» 


15Jf-20JV=65. 


W 


Adding (3) and (4), 




23df=115. 




Solving, 




Jf=6. 


* 


Substituting 5 for M 


in (1), 


10 + 6iV=15. 




Solving, 




N=l. 





ELIMINATION BY COMPARISON 

Solve each of the equations for the value of either one of the un- 
known numbers, expressed in terms of the oilier , and write one of 
the values equal to the other. Solve the resulting equation. 

Example. -Solve | 9 , + 10| = Uf J 2 j 

Let us eliminate v. 

Solving (1) for v, v = l-±-5i, (3) 

6 
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Solving (2) for v, v = l2 - 10t . (4) 

tf 

1+5* ^ 12-10* 

6 9 

Solving, $ = f. 

Substituting | for t in (1), 6 v - 3 = 1. 

Solving, v = I. 



From (3) and (4), 



ELIMINATION BY SUBSTITUTION 

Solve one of the equations for the value of either unknown num- 
ber, expressed in terms of the other, and substitute this value in place 
of that number in the other equation. Solve the resulting equation. 

__ _. f 4 a- 6 6 = 26, (1) 

Example. — Solve \ n ._ ' • \' 

(3 a — 66 = 15. (2) 

Let us eliminate a. 

Solving (1) for a, a = 26 + 5 h . (3) 

4 

Substituting the value of a in (3) for a in (2), 

3(2« + 5fe)- 66 = i5. (4) 

4 

Solving (4), &=2. 

Substituting 2 for 6 in (1), 4 a — 10 = 26. 

Solving, a = 9. 

EXERCISES 

Eliminate by addition or subtraction, and solve : 

l3m-w = 8. ' I3a-4y = ll. ' J322-4r=6. 



2. 



\2A-B = 5, A fov-2* = 35, fi f8F=* + 34, 



15^4-2 5 = 14. 



l* + 4<y=25. 



I F+8* = 53. 



Eliminate by comparison and solve : 



7. 



I2p-q = 9, <3x-y = l, 

5p-3g = 14. I2x + 5y = 41. 



11. 



[ 2^-^=5, 
.0+2 2?= 25. 



8 |3Jf+2JV=.2, f 9 a- 5 6 =13, Jl0m+3n=174, 

Jf-JV=9. " I5a + & = 11' ' I3m+10n=125. 
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Eliminate by substitution and solve : 



13. 



14 



( 



a + & = 30, 
3a-26 = 25. 

4 w = 5 v + 26, 
3w-6v = 15. 



16. 



16. 



i 



3r + 7r' = 16, 
2r + 5r' = 13. 

72P + 4C=1, 
9F+4C=3. 



17. 



18. 



8.4 + 25=90, 
3.4-55=51. 

5; y + 11 2=102, 
y--3«+16=0. 



Eliminate by any method and solve : 



19. 



20. 



I 



7D-9T=13, 
5 Z)+2 7=10. 

18&-20s=l, 
15&+16s=9. 



21. 



22. 



8x+6y 

5s + 2y 

7a-46 
5 b. 



|7a — 
I8a = 



= 10, 
= 1. 

= 12, 



23. 



24. 



I 



*a-i& = 2, 
Ja-*& = 7. 

|m + |w = 13, 
im-f |w=5. 



26. 



26. 



27. 



Solve for x and y : 

ax — by = a* — &, 
bx — ay = a 2 — 6*. 

aa + &y = a 2 + ft 2 , 
foe + ay = 2 aft. 

a? — ay = a + b, 
ay 



ix—ay = a + b, 

\ ax — a y = a 2 + b. 



28. 



28. 



30. 



( 



x + ny = m } 
2x — my = n. 

f a+/> 2 y = 0, 
1 * - g*y = 1. 

aaj -h 6y = c, 
dx + ey =/. 



Eliminate before clearing of fractions, and solve : 



31. 



32. 



(2 
x 
5 

(4 
a 
3 
a 



1 

y 

3 

y 

3 

4 



9, 
14. 

1, 
6. 



33. 



34. 



5 2_ 1 

5 +^ = i, 

m n 
m w 



36. 



36. 



1-1 = 9. 



55. Systems in Three or More Unknown Numbers. — The process 

of elimination described in § 54 may be applied in the solution of 



Example. — Solve 
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a system of three equations in three unknown numbers, a system 

of four equations in four unknown numbers, etc. In any case, 

the equations of the system are combined so as to derive a new 

system in which the number of equations is one less than the 

number in the given system, and in which one of the unknown 

numbers does not appear. By repeating the process, a new 

system is obtained in which the number of equations and the 

number of unknown numbers is one less than before, etc. 

Finally a single equation is obtained which contains only one 

unknown number. 

2 a + 6- c+ 2d = 11, (1) 

2a-6 + 2c + d = 2, (2) 

a + b + c + 3 d = 5, (3) 

5 a - 2 b + c - d = 10. (4) 

Eliminating d between (1) and (2) gives 

2a-36 + 5c= -7. (5) 

Eliminating d between (1) and (3) gives 

4 a + b - 5 c = 23. (6) 

Eliminating d between (1) and (4) gives 

12 a - 3 b + c = 31. (7) 

Now (5), (6), and (7) form a new system free of d. 
Eliminating c between (5) and (6) gives 

6 a - 2 b = 16. (8) 

Eliminating c between (6) and (7) gives 

68 a - 12 b = 162. (9) 

Now (8) and (9) form a new system free of c and d. 
Eliminating b between (8) and (9) gives 

22 a = 66. (10) 

Solving (10), a = 3. 

Substituting 3 for a in (8), b = 1. 

Substituting 3 for a and 1 for & in (5), c = — 2. 
Substituting 3 for a, 1 for b, and — 2 for c in (1), d = 1. 
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EXERCISES 



Solve : 

1. 3a-6 + 2c = 7, 
,2a + 36-c = 5. 



2. 



3. 



4. 



5. 



6. 



7. 



x + y + z = 9, 

27a + 9y + 3z = 93, 

8«-h4y4-2« = 36. 

f23f-3JV-7P = 19, 
5 3f-8iVr+llP = 24, 
7Jf-llJV+4P=43. 

r + 2*-f 3«=14, 
4r-5s + 6* = 12, 
r + 15 s- 9* = 58. 

3^1 -f2C=6-25, 
^-55 + 66^=2, 
6^1-8 C=12. 

7-h« = 9, 
<e4-z4-6 = 0. 

[2a + 6-c=7, 

b — a = l, 
c - & = 1. 



Solve for a, y, and 2? : 

a;-fy-fz = 4a, 
13. x — y + 2z = 4:a + 2b, 
,2x+y — z=a + b. 



8. 



9. 



10. 



11. 



12. 



14. 



{x + y + z + w=*10, 
x—y — z + w = 9 
2x+y + 3z — w = 9, 
3x—y + z — 2w+4: =0. 

[2p-q-r + s = l3, 
j' + g — r — *=— 1, 
^— q + r — s + 5 = 0, 

l3jp + 2^-r + 2«=17. 

f4.E-tf + /f=0, 
7G-f2A r +//=0, 
4/r+//+8^ = 0, 
5 (? + 16#-J7=4. 



a 6 



*-«, 

c 



a b c 

1 + 5 + 1 = 31. 
a c 

f l + ? = 26, 

* .y 

X Z 

M = 65. 



aa + ty + ^ 
cte 4- ey +/z 
grc H- hy 4- & = 



r. 



56. Number of Equations and Unknown Numbers in a System. — 
If a system of linear equations contains just as many equations 
as there are unknown numbers; in general one and only one solur 



Thus, in 
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turn of the system can be found. Such a system is, called a 
determinate system. The systems solved in § 55 were determinate 
systems. 

If there are more unknown numbers than equations in a system, 
in general the number of solutions of the system is indefinitely 
great. Hence, such a system is called an indeterminate system. 

Thus. \ ^ 'is indeterminate. Some of its many solutions are 

. . ' j2aj— y+* = 3 f . . 

ac = 1, y = 2, 2 = 3; x = 3, y = 3, 3 = 0; a: = — 1, y = 1, 2 = 6 ; etc. 

» If there are more equations than unknown numbers in a system, 
in general no set of values of the unknown numbers exists which 
will satisfy all equations of the system. Hence, such a system is 
called an impossible system. 

to — n = 5, % .... 

to + 2 n = 14, the only values of m and n that satisfy the first 

2 to - 3 n = 4, 

two equation's are to =='8 and n =3. But these values do not satisfy the 
third equation. 

There are exceptions to some of the above principles in cases 
in which special relations exist between the equations of a 
system. 

Thus, the system . y ~~ ' is no* determinate. Any values of a 

[ 4sc = 6 + 2y 

and y that satisfy either of the equations satisfy the other also. The equa- 
tions are not independent. The second may be derived from the first by 
multiplying by 2 and transposing a term. .... 

Two equations in which all values of the unknown numbers that 
satisfy one satisfy the other also are called equivalent equations. 

2 x + 3 y = 14, 
The system 3 x — 2 y = 8, is not impossible, for each equation is satis- 
5s+ y = 22, 
fied when x = 4 and y = 2. The equations are not independent, for the third 
is derived from the other two by addition. , ...... 

05 + 6y = 3, 



The system 



, r has no solution. If the first is multiplied 
.2 x + 10 y = 15, 



by 2 and subtracted from the second, it gives = 9, which is absurd. ' Hence, 
ttie system is* not determinate. '■ < 
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Two equations which are not satisfied by any set of values of 
the unknown numbers are called inconsistent equations. 

EXERCISES 

1. Show that the equations x + y=7, 2x~ y = 8, « — 2y = l 
do not form an impossible system. What is the solution? 

2. Draw the graphs of the three equations in Ex. 1 upon the 
same set of axes. What do you observe about the points where 
they meet? 

3. Show that 3?n + n — 2 = and 3w = 6-9w are equivalent. 
How may the second be obtained from the first? 

4. Draw the graphs of the two equations in Ex. 3. What do 
you observe about them ? 

5. Show that the system x — 2 y = 7 and 3 x = 36 + 6 y has no 
solution. 

6. Draw the graphs of the equations in Ex. 5. What do you 
observe about them ? 

57. Problems solved by Systems of Linear Equations. — If a 

problem contains more than one unknown number, each of these 
may be represented by some letter, and from relations given in 
the problem, as many equations containing these letters may be 
formed as there are unknown numbers. By solving the system 
of equations thus obtained, the values of all unknown numbers in 
the problem are found directly. 

EXERCISES 

1. Of two partners, A and B, A has twice as much invested in 
a business as B. If the profits from the business are $ 3600, bow 
much should each receive? 

2. A man invested part of $ 10,000 at 5 % and the rest at 8 %. 
His annual income from both investments was $ 608. Find the 
amount of each investment. 

3. A man invested $ 24,000, part in municipal 4 % bonds, and 
the rest in railroad stock that yielded him 7%. His annual 
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income from the entire investment was $ 1230. Find the amount 
invested in bonds and the amount invested in stocks. 

4. A dealer wishes to mix coffee costing him 20 cents a pound 
with coffee costing 30 cents a pound so as to make a blend that 
will cost him 24 cents a pound. How many pounds of each grade 
must he use to make 50 pounds of the blend ? 

5. A tea merchant has one grade of tea costing 40 cents a 
pound and another grade costing 65 cents a pound. How many 
pounds of each grade must he use to make 20 pounds of a mixture 
costing him 50 cents a pound ? 

6. How much cream containing 22 % butter fat and milk con- 
taining 4% butter fat must be mixed to make 40 gallons of, 
cream containing 20 % gutter fat ? 

7. How much milk testing S\ % butter fat and cream testing 
24 % butter fat must be mixed to make 100 gallons of milk 
testing 4 % butter fat? 

8. A certain mixture contains 30% alcohol. Commercial 
alcohol is 95% pure. How many gallons each of the mixture 
and commercial alcohol must be taken to make 60 quarts of a 
mixture which contains 45 % alcohol ? 

9. A chemist has in his laboratory the same acid in two 
strengths. Six parts of one mixed with 4 parts of the other 
gives a mixture 86 % pure, and 4 parts of the first mixed with 
6 parts of the second gives a mixture 84 % pure. What is the 
per cent of purity of each acid ? 

10. When weighed in water, gold appears to lose 7 \ of its 
weight in air. Silver appears to lose -fa of its weight in air when 
weighed in water. An alloy of gold and silver that weighs 18 
ounces in air appears to weigh only 16^-f ounces in water. How 
much gold and how much silver in the alloy? 

11. Hieron, king of Syracuse, had a crown that weighed 2d 
pounds. The workman who made it claimed that it was of pure 
gold, but King Hieron suspected that it was an alloy of gold and 
silver. His friend Archimedes, the greatest mathematician of 
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antiquity, weighed it in water and found that it appeared to 
weigh only 1S| pounds. How much gold and how much silver 
did it contain ? (Use the data of Problem 10.) 

12. When weighed in water tin appears to lose \ of its weight 
in air, and zinc ^ of its weight in air. An alloy of tin and zinc 
that weighed 45 pounds in air appeared to weigh only 39£ pounds 
in water. Find the amount of each metal in the alloy. 

13. The relation between the readings on the Centigrade and 
the Fahrenheit thermometers is expressed by C = $(F— 32), 
where C and F are t}ie temperatures indicated on the Centigrade 
and Fahrenheit thermometers, respectively. Alcohol boils at a 
temperature that is 96° lower on the Centigrade than on the 
Fahrenheit thermometer scale. Find the boiling points of alco- 
hol on both the Centigrade and Fahrenheit thermometers. 

14. The temperature of boiling mercury is 312° higher when 
read upon the Fahrenheit thermometer than when read upon the 
Centigrade. Find the boiling point of mercury on each scale. 

15. Two men lift a weight of 216 pounds which is suspended 
from a 6-foot pole carried between them. If the weight is 2\ 
feet from one man and 3£ feet from the other, how much does 
each man lift? 

' Note.-** The equations for Problems 15 and 16 depend upon the principle 
that the amount lifted by one multiplied by the distance to the weight equals 
the amount lifted by the other multiplied by the distance to the weight. 

16. Two boys carry. a basket of groceries suspended on a stick 
between them. If the basket weighs 60 pounds, and is placed 
24 inches from one end and 30 inches from the other end of the 
stick, how much does each boy carry if one grasps each end of the 
stick ? 

17. An aviator flew to a point 30 miles away in 40 minutes, 
with the wind. It took 2 hours for him to make the return trip 
against the wind. Find the speed of the wind and what his 
ano'^d would have been if there bad been no wind. 
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18. A freight train is 715 feet long, and a passenger train 275 
feet long. They pass each other on parallel tracks. When going 
in opposite directions, it takes them just 9 seconds to pass ; but 
when going in the same direction, it takes them 45 seconds to 
pass. Find the speed of each train. 

19. A man said to his son : "I am now 4 times as old as you ; 
but in 20 years I will be only twice as old as you." Find the age 
of each. 

20. A pumping station contains two steam pumps. If both 
pumps are driven at once, they will fill the reservoir in 8f hours. 
If one is driven 10 hours and the other 8 hours, the reservoir will 
be filled. In what time can each pump alone fill the reservoir ? 

21. Two machines operated together can turn out a piece of 
work in 13 hours 20 minutes. After both have been operated for 
6 hours, one machine is stopped, and the other finishes the work 
in 16£ hours more. In how many hours could each machine 
alone turn out the work ? 

22. The perimeter (sum of the sides) of a triangle is 36 inches. 
One side is 3 inches longer than another, and the third side is 3 
inches longer than the longer of the other two. Find the length 
of each side. 

23. The sum of the two sides of a triangle which meet at one 
vertex is 28 inches, at another vertex 34 inches, and at the third 
vertex 38 inches. Find the length of each side. 

24. Three circles are drawn tangent to (touching) each other, 
and with their centers at the points P, Q, and R y respectively. 
The distance between P and Q is 12 inches, between P and R 
16 inches, and between Q and R 20 iuches. Find the radii of 
the circles. 

Note. — The lines PQ, QB, and PB pass through the points at which 
the circles touch. 

25. The sides of a triangle are all tangent to a circle. The 
sides of the triangle are 28 inches, 36 inches, and 40 inches re- 
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spectively. Find the points of the sides at which they touch the 

circle. 

Note. — Use the fact from geometry that the distances from any vertex 
of the triangle to the two points where the sides from that vertex touch the 
circle are equal. 

26. Three pumps together can fill a reservoir in 3^ hours, the 
two larger can fill it in 4^ hours, and the largest and smallest 
together can fill it in 4£ hours. In what time could each pump 
alone fill it? 

58.* Determinants. — If we solve the system 

ax + by = c, 

*■ + ey =/, 
ce—bf qf—cd 

ae — bd' ae — bd 

It is seen that the fractions expressing the values of x and y 
have the same denominator, ae — bd. This denominator may be 
written in the form 

d e 

This symbol is called a determinant. 

Its value is found by subtracting from the product of the upper 
left-hand and lower right-hand numbers the product of the upper right- 
hand and lower left-hand numbers. 



the solution is 



x = 



Thus, 



6 
5 



2 

7 



= 6x7-5x2=32. And 



-8 
4 



3 
1 



= -8-12= -20. 



Since the above determinant contains two rows and two columns 
of numbers, it is called a determinant of the second order. 



EXERCISES 



Find the value of : 














1. 


5 7 
2 8 


2. 


1 6 
6 1 


3. 


4 3 
3 2 


4. 


10 3 
8 6 


• 



* This and the following starred sections may be omitted without interfer- 
ing with the subsequent work, if desired. 
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5. 



6. 



-2 
4 

12 
1 



2 
1 



3 
1 


. 7. 


8 
3 2 


• 


9. 


12 
-9 


-2 
-1 


. 11. 


X X 

1 3* 


• 


8. 


- 
5 


2 
4 


• 10. 


a b 
c d 


• 


12. 


a 8 1 
1 1 



59.* Systems of Two Linear Equations solved by Determi- 
nants.! — It follows from the definition of a determinant in § 58 

that the solution of the system ax * ~~ c may be written in 

J \dx + ey=f J 

the form 



05 = 



c 


b 


/ 


e 


a 


b 


d 


e 



y = 



a 


c 


d 


f 


a 


b 


d 


e 



Observe that the numerator of x is obtained from the denomina- 
tor by replacing the coefficients of x that form the first column by the 
known terms in the equations, and that the numerator of y is obtained 
by replacing the coefficients ofy that form the second column by the 
known terms in the equations. 

Hence, instead of solving by the process of elimination, the 
solution of any system of two linear equations in two unknown 
numbers may be written down by determinants. 



E ™™,-soive(^: 4 3 £:; : 



A = 



1 -3 
6 -4 



4 -3 
3 -4 



14 

-7 



= -2, 



B = 



4 


1 




3 


6 


21 


4 


-3 


-7 


3 


-4 





= -3. 



t The determinant notation is an invention of modern times. It has been 
in use in solving systems of equations since about 1750. Leibnitz, a great 
German mathematician, first discovered the notation and wrote about it to 
a friend in 1693, but its general use did not come until much later. To-day 
determinants are extensively used in all fields of advanced mathematics. For 
a fuller treatment of determinants, see the chapter on determinants in the 
Stone-Mi lli8 Higher Algebra. 



80 



ELEMENTARY ALGEBRA 



EXERCISES 



Solve by determinants : 



1. 



|4a> + y = 6, 
U + y = 3. 



6. 



[2R+T= 



14. * IP+5Q = 9. 



2 |3Jlf-h2JV r =:12, {12v-* = 10, 
^=13. ' Uv + 7<=16. 



l2Jf+3 



10. 



9m-4»=20, 
6 m — n =s 16. 



3 (P + 5g = 8, 7 {-2aj + 5y = 4, |2F+l = 5a, 

I2p-g = 5. " l7*-y = 5. " I3a-4 = 6r. 

|8a-6*4, g J4A = 5-*, 

" I6a + 2fc = 14. * U+3 = 2fc. 



f 3 — n = 2 m, 
l4m + 2 = n. 



60.* Determinants of the Third Order. — Solving the system 

ax + by + cz=*p, 
dx + ey+fz = q, 
gx + hy + iz = r, 

~__ pei 4- Qhc + rfb — cer — flip — iqb 
aei + dhc + #/"& — ceg —fha — fYJft* 

aqi + drc + gfp — cqg—fra — ufp 
aei -f- dAc + g/6 — ccgi — fha — idb' 

__ aer + d/<p 4- gqb —.peg — flfta — rdb 
aei -f- dfo + gfb — ceg — fha — idb 

The denominator aei -f dfo + gfb — ceg —fha— idb of each frac- 
tion may be written in the form 



a b 


c 


d e 


f 


9 h 


• 

i 



This symbol is called a determinant of the third order. 
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It is seen that each term of the denominator is the product of 
three numbers, and that these three numbers are chosen so that 
one and only one is taken from, each row and one and only one from 
each column of the determinant It is seen also that if the num- 
bers of the determinant are connected by lines, as in the accom- 
panying figure, the three numbers on eacli of the three continuous 
lines form one of the positive 
terms, and the three numbers 
on each of the dotted Hues 

form one of the negative " a 

terms. 

These facts will enable 8 fb ; «<> 

one to write down the value 
of any given determinant of 
the third order. 

12 6 51 

Example. — 1 4 3=2x4x7+1x1x5+8x6x3- 



8x4x5-1x3x2-7x1X6=-! 



Find the value of: 



1 1 1. 

2 3 



II 
4. 2 



&2 
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61.* Systems of Three Linear Equations Solved by Determinants. 

— It f 0II0W8 from the definition of a determinant of the third 
order in § 60 that the solution of the system* 



ax + by + cz 


= P> 


dx + ey+fi. 


= ?f 


gx + hy + iz. 


= *> 



may be written in the form 



x = 



p b c 




ape 




a b p 


q e f 




d q f 




d e q 


r h i 


> y= 


g r i 


, * = 


g h r 


a b c 


a b c 


a b c 


d e f 




d e f 




d e f 


g h i 




g h i 




g h i 



It is seen thai the numerator of x is obtained from the denomina- 
tor by replacing the coefficients of x that form the first column by the 
known terms of the equations, and that the numerators of y and z 
are obtained in a similar manner. 

Hence, any system of three linear equations in three unknown 
numbers may be solved by merely writing down the solution in 
the form of determinants, and simplifying. 



Example. — Solve 



a-2y + * = 6, 
x + 3 y + 2 z == 13, 
2x — y + z = 13. 



x = 



6 


-2 


1 


13 


3 


2 


13 


-1 


1 


1 


-2 


1 


1 


3 


2 


2 


-1 


1 



18 - 13 - 52 - 30 + 26 + 12 _ - 48 
3-1-8-0+2+2 -8 



= 6. 



Similarly, y = 1, and z =■ 2. 
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Solve by determinants: 

a; + y + 2 = 7, 

1. 2a; + y— 2 = 7, 
3a;— y + 22 = 15. ' 

i-2B+C=2, 

2. 4^1 + B-2C=20, 
4 + 3B-5C=6. 

"3p + 2g + r = 5, 

3. 2p-3g-r=l, 
5p — g + 2r =^14. 

(Jf+2JV-P=-5, 
6Jf+5tf + P=2, 
2Jf-iV-8P=l. 

3a + 5ft+c = l, 
5. a-46-2c = 32, 
7a + 56-4c = 36. 



EXERCISES 



6. 



7. 



8. 



9. 



10. 



9 r - s + 2 * = 8, 
r + 3s — f=5, 
4r-s-3* = l. 

a; - 2 = y + 2, 
3a; + y = 2— 1, 
a; +2 = 4 — y. 

[12m-3n=4-2fc, 

m4-^ = 2-«, 

5 & — 4 n = 2 m + 1. 

^4 + 5 = 10, 

5+0=6, 
,-4+ C=8. 

fa;-y=2, 
y-2=3, 
x — z = 5. 



Solve : 



1. 



2. 



3. 



1 _1_ 7 - 5 



SUPPLEMENTARY EXERCISES 

8 



8 a 4 ft 16 ; 



4 a 2 ft 66 

2 +1=7 



5 m 2n 

1 + * 



x + l y+1 12' 

J *_ = I. 

« + l y + 1 12* 

2 1 _13 

a-2 &-2 15' 
1,2 11 



o-2 6-2 15 



5. 



6. 



7. 



2m+3 2n-3 



= 5, 



o + 



2m +3 2n-3 



+ 2 = 



1 + ^ + ^ = 2 , 



^-5 5-5 C-5 
4 8 + A = * 



.4-5 B-5 C-5 

3 1 L- = i 

^4-5 5-5 0-5 4 



2 

3x 


+ f, + i- 3 i- 




1_ 

a; 


3"7 + H»' 


. 


1 

2 a; 


2 1 _ 
3y 22 


ii 

12 
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8. In the equations — = —, and — = -:, eliminate R by multi- 

R a! Q b' 

plication. 

9. In the formula F= IH(B+ b + 4 M) and 4Jf=£+ b 

+ 2V2&, eliminate M, and thus derive a formula between V, H y 
By and 6. 

10. In the formula P x d x = Pjd, and Px+ P^^w solve for 
P! and P t . 

Solve each of the following systems for x, y 9 and z : 



11. 



13. 



x+y+z= 


:a, 




aaj -f ty = J>, 


x+y—z= 


6, 


12. 


cy + dz = g, 


x-y+z= 


:C. 




ex+fz = r. 


[M = 4, 
x y 






- + - = a, 

* y 


M = 3, 

a; z 




14. 




10 2 


- 




1 . 1 

-4-- = c. 



t' 



CHAPTER VI 
ROOTS, SURDS, AND IMAGINARY NUMBERS 

62. Roots. — The numbers whose square, cube, fourth power, 
fifth power, etc., are a given number are called the square root, 
cube root, fourth root, fifth root, etc., respectively, of the given 
number. In general, the number whose nth power is a given 
number is the nth root of that number. 

Thus, since (4 a 2 ) 3 = 64 a£, 4 x 2 is the cube root of 64 x*. 

A root of a number is indicated by placing before it the sign 
■y/, called the radical sign. Usually a vinculum is placed over 
the number to show how far the effect of the radical sign is to 
extend. Except in case of a square root, a little number called 
the index of the root is written above the radical sign to indicate 
what root it is. In the case of square root the index 2 is under- 
stood. 

Thus, the square root of x is written Vx; the cube root of n 2 + 1 is written 
Vn 2 + 1 ; the fourth root of a 2 — b 2 is written Va' 2 — fr 2 ; etc. 

63. Number of Roots of a Number. — Since (+ 2) 2 = 4 and (— 2) s 
= 4, V4 is either + 2 or — 2, usually written Vi = ± 2. Sim- 
ilarly, since (+3) 4 = 81, and (-3) 4 =:81, \/8T may be either 
4- 3 or — 3. In general, 

Every positive number has two even roots that may be expressed 
as positive or negative numbers, these roots having the same absolute 
value, but opposite signs. 

Since no positive or negative number raised to an even power 
can give a negative number, 
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A negative number has no even root that can be expressed as a 
positive or negative number. 

Since (+2) 8 = 8 and (-2) 8 = -8, \/8 = + 2 and\^8=-2. 
Similarly, since (+ 2) 5 = 32 and (-2) 5 = -32, \/32 = + 2 and 
\/^32 = - 2. In general, 

Any given number has one odd root that has the same sign as the 
given number. 

The indicated even root of a negative number is called an imag- 
inary number. All other numbers are called real numbers, for 
distinction. 

Thus, V— 9 and v^— 1 are imaginary numbers, and 3 and VE are real 
numbers. 

It can be shown that every number has two square roots, three 
cube roots, four fourth roots, etc., expressed in terms of real and 
imaginary numbers. 

Thus, the three cube roots of 8 are 2, — 1 4- V— 3, and — 1 — 

V — 3. For the cube of each of these is 8. The four fourth roots 

of 81 are 3, — 3, V— 9, and — V— 9. For the fourth power of 
each of these is 81. The six sixth roots of 64 are 2, — 2, 1 + 

V^S, l-V^, -l+V^S, and-l-V^lT 

64. The Principal Root. — The positive real even root of a posi- 
tive number, or the real odd root of a positive or negative number, 
is called the principal root. 

Thus, the principal square root of 9 is 3, the principal cube root of 64 is 4. 
the principal cube root of — 27, is — 3, etc. 

Unless otherwise stated, only the principal root of a number is to bt 
understood as indicated in an expression. 

Thus, in 1 + V3 only the principal square root of 3 is understood. Sim- 
ilarly, in finding the values of m and n that satisfy the equation y/m — Vn 
= 1, only the principal square roots of m and n are allowed to be used. 
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65. Root of a Monomial. — As shown in the First Course, 

To find the principal square root of a monomial take the square 
root of the numerical coefficient, and divide the exponent of each lit- 
eral factor by 2. 

To find the principal cube root of a monomial, take the cube root 
of the numerical coefficient, and divide the exponent of each literal 
factor by 3. 

Thus, since (3 m 4 n 8 ) 2 =9 m 8 n*, the principal square root of 9 m*n* is 3 m A n s , 
which may be obtained by the above rule. 

Since (2 xV) 8 = 8 &y 1 ' 2 , the principal cube root of 8 afy ia is 2 z 2 y*, which 
may be obtained by the above rule. 

Similarly, in general, 

To find the principal nth root of a monomial, take the nth root of 
the numerical coefficient, and divide the exponent of each literal factor 
byn. 

EXERCISES 

Find the principal square roots of : 

1. 25. 3. n 6 . 5. 16a 2 b\ 7. 100 mV. 9. 4/>Vr 4 . 

2. 81. 4. P 10 . 6. 36 VH\ 8. VZ1A*B U . 10. 9 a???. 

Find the principal cube roots of : 

11. 27. 13. A\ 15. 8ary. 17. 125 a u b 15 . 19. 8xhJW. 

12. 64. 14. *» 16. 27 P«Q . 18. 64 WW™. 20. 27 m 1 Wp 21 . 

Find the principal fourth roots of : 
21. 16. 22. 81. 23. a s b u . 24. 256 aty 16 . 25. 625 M*N U P*. 

Find the principal fifth roots of : 
26. 32. 27. 243. 28. x*y v \ 29. 32^4 W B 20 . 30. pVW . 

66. Square Root of a Polynomial. — As shown in the First 
Course (see § 135), to find the principal square root of a poly- 
normal : 
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(1) Write the given polynomial in descending or ascending powers 
of some letter. 

(2) Take the square root of the first term for the first term of the 
root, and subtract the first term from the polynomial. 

(3) Double the root found for the first trial divisor, divide the first 
term of the remainder by this, and write the quotient as the second 
term of the root. 

(4) Add this quotient to the trial divisor to obtain the true divisor, 
multiply the true divisor by thi second term of the root, and subtract 
the product from the preceding remainder. 

(5) If there is still a remainder, double all of the root already 
found, for a new trial divisor, and proceed as before. Continue this 
process until all terms of the root are found. 

Example. —Find the square root of a 4 — 10 a* + 29 a 3 - 20 a + 4. 

a 4 - 10 q» + 29 q a - 20 q + 4 [ q« - 5 q + 2 

& 

2 q* - 10 q a + 29 q' - 20 q + 4 

— 10 q» -|- 25 q* 



2q*-5q 

2 q a - 10 q 4 q* - 20 q + 4 

2q«-10q+2 |4qg-20q + 4 

The square root is a 2 — ha + 2. 

EXERCISES 

Find the square root of : 

1. ^-6^4-9. 4. 49 m 4 + 28 m 2 / 4- 4/1 

2. 4* 2 4-12*4-9. 6 . 36 a 2 - 48 ab 4- 16 b*. 

3. 1-10F+25F 2 . 6. 16si/+y 2 + 643 2 . 

7. n 4 -6n 3 + 13w 2 -12w + 4. 

8. l4-10fc4-29ft 2 4-20fc 3 4-4fc 4 . 

9. « 6 -4« 8 4-25* 2 4-44-20*-10* 4 . 

10. 16i2 4 4-30 22 8 -24i2 2 4-94-25i?-40 2P. 

11. a 4 -2a 8 b + 3a 2 b 2 -2atf + b 4 . 

12. 36a 2 4-12a&4-& 2 -24ac-46c4-4c 2 . 
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13. «* + 25^ + 6a*-10a#-30yz + 9sl 

14. v 6 -4^-24<u 8 + 33^ + 14v 4 -20'y + 4. 

Find the first four terms of the square root of : 

15. 1 — 4a>. 16. l+8.y. 17. 1 — a. 

Find the fourth root of : 

18. a^-^a^-f 54a*-108a; + 81. 

Suggestion. — Find the square root of the square root. 

19. m 4 -8m 8 n + 24m 2 n 2 -32mn s -hl6n 4 . 

67. _ Square Root of an Arithmetical Number. — An arithmetical 
number is in nature a polynomial. Hence a process similar to 
that in § 66 may be used for finding the square root of an arith- 
metical number. 

It is easily seen that, if the figures of an integer are marked off 
from right to left into groups of two, the number of figures in the 
integral part of the square root will be equal to the number of 
groups, any one figure that remains on the left being counted as 
a whole group 

Thus, marked off into groups, 42£79 becomes 4'25'79'. Hence the integral 
part of the square root will contain three figures. 

The similarity of the process of finding the square root of an 
integer to that of § 66 is shown in the following example : 

Example. — Find the square root of 119,716. 

Pointing off gives 11*97 ' 16. Hence the square root has three figures — 
hundreds, tens, and ones. The root lies between 300 and 400, because 300 3 
is less and 400 2 more than 119,716. That is, the value of the hundreds in 
the root is 300. 

The work is as follows : 

11'97'16' | 300 + 40 + 6 = 346 

90000 

2x300 = 600 



600 + 40 = 640 
2 x 340 = 680 
680+6 = 686 



2 97 16 
2 66 00 



4116 
4116 
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Explanation. —300 s = 90000. Subtracting this leaves 29716. Doubling 
300 gives 000 for the first trial divisor. Dividing 29716 by 600 gives approxi- 
mately 40, the value of the tens in the root. Adding 40 to 600 gives 640, 
the first true divisor. Multiplying 640 by 40 gives 25600. Subtracting this 
leaves 4116. Doubling 340, the value of the part of the root found, gives 680 
for the second trial divisor. Dividing 4110 by 680 gives approximately 6. 
Adding 6 to 680 gives 686, the second true divisor. Multiplying 686 by 6 
gives 4116. Subtracting this leaves no remainder. 

Hence the exact root is 300 + 40 + 6 or 346. 

If a number that contains a decimal is marked off into groups 
of two figures each, beginning at the decimal point and marking 
both to the left and right, the number of figures in the integral 
and decimal parts of the square root will equal the number of 
periods in the integral and decimal parts, respectively, of the 
given number. If the decimal part has an odd number of figures, 
add a zero to make it even. 

To find the approximate value, to any number of decimal 
places, of the square root of a number that is not a perfect square, 
mark the decimal point, annex zeros, and proceed as with a 
decimal. 

Example. — Find to two decimal places the square root of 8. 
We annex 4 zeros after the decimal point. 



8.'00W | 2 -|- .8 + .02 = 2,82 
4.00 00 



2 x2 = 4 

4+ .8=4.8 
2x2.8 = 6.6 
5.6 + .02 = 6.02 



4. 00 00 
3.84 00 



16 00 
1124 



EXERCISES 

Find the square root of : 

1. 2209. 4. 649636. 7. i.6129. 

2. 8464. 5. 2673225 8. 0.1849. 

3. 131044 6. 68.89. 9. 0.007396. 



J 
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Find to three decimal places the square root of : 

10. 12. 12. 20. ' 14. 1.61. 

11. 7. 13. 0.2. 15. 0.05. 

16. The legs of a right triangle are 48 inches and 64 inches. 
Find the hypotenuse. 

17. The hypotenuse of a right triangle is 14 inches and one 
leg 8 inches. Find the length of the other leg. 

18. A rectangle is 19 inches long and 11 inches wide. What 
is the length of the diagonal ? 

19. Find the radius of a circle whose area is 60 square inches. 

20. The boiler of an engine contains 96 flues or pipes, each 
3 inches in diameter. If the area of the cross section of the smoke- 
stack equals the combined areas of the cross sections of all of the 
flues, what must be the diameter of the smokestack ? 

21. Three drainage pipes, each 6 inches in diameter, empty into 
one larger pipe. If the carrying capacity of the larger pipe is 
equal to the sum of the carrying capacities of the smaller pipes, 
what must be its diameter ? 

Suggestion. — Consider that the area of a cross section of the larger pipe 
must equal the sura of the cross sectional areas of the three smaller pipes. 

22. The area of a triangle whose sides are a, b, and c equals 

V«(« — a)(« — b)(js — c), where 8 is one half of the sum of the 
three sides. Find the area of a triangle whose sides are 12 inches, 
16 inches, and 18 inches. 

23. Find the area of a triangle whose sides are 46 feet, 30 
feet, and 24 feet. 

68. Roots of Numbers found Graphically. — If y represents any 
number and x the square root of that number, then a? = Vy. By 
assigning values to y and computing the corresponding values of 
x } we get the following sets of values of x and y that satisfy this 
equation : 
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y 





I 


4 


9 


1(1 


25 


30 


4!> 


«l 


Z 





1 


2 


3 


4 


5 


6 


' 


8 



Locating the points corresponding to these 
sets of values of x and y, we get the graph in 
the margin. 

By means of this graph we can read off the 
square root of any number between and 64, 
approximated to tenths. 

Note. — If desired, the student may make such a 
graph on a larger piece of squared paper and with 
a larger scale, say 1 space to the unit along the p-axis 
and G spaces to the unit along the x-aiis. Tim larger 
graph could be used for getting the roots of larger 
numbers, and for getting the roots with greater pre- 

Slmilar graphs may be constructed for finding the 
cube roots, fourth roots, etc., of numbers. 



Find to tenths, by use of the above graph, 
the square roots of: 

1. 10. 3. 20. 5. 40. 7. 60. ,.9. 2.5. 

2. 15. 4. 28. 6. 52. 8. 6.5. 10. 12.5. 
11. By constructing the graph of x = y/y, 

a curve is obtained for finding the cube roots 
of numbers graphically. By assigning to y 
the values 0, 1, 8, 27, 64, 125, 216, get the 
corresponding values of x, and draw the graph. 

12. Use the graph in Ex. 11 for finding to tenths the cube roots 
of 12, 20, 45, 100, and 150. 

69. Surds. — An indicated root of any number is called a radical. 
Thus, v'i", vT0, Vi 2 — y*, are radicals. 
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Any expression containing one or more radicals is called a 
radical expression. 

If the exact value of a radical which is real cannot be com- 
puted, that is, cannot be exactly expressed by a whole number or 
common fraction, it is called a surd. 

Thus, V3, V\2, VI - x* are surds. 

The index of a surd indicates the order of the surd. A surd 
whose index is 2 is a surd of the second order, or a quadratic sard. 
A surd whose index is 3 is of the third order. In general, a surd 
whose index is n is of the nth order. 

Thus, Vb is of the second order; y/2xol the third order; Va + b of the 
fourth order ; etc. 

Mote. — Although the exact value of a quadratic surd cannot be computed, 
it can be represented graphically by a line of definite length. , See First 
Course, § 143. 

70. Simplest Form of a Surd. — The form of a surd may some- 
times be changed without altering its value. 

If a surd contains under the radical sign a factor of whicti the 
indicated root can be extracted, this factor may be removed from 
under the radical. 

Thus, y/cfib = a 2 y/b, and \/48 = 4\/3. 

If a surd contains a fraction under the radical sign, this frac- 
tion may be removed. 



Thus, J? = 1 ve, and ^™ = 1 </ssr 

^3 3 *» 8 n 



If the index of a surd and the exponents of all factors under 
the radical sign have a common divisor, the surd may be changed 
to lower order. 

Thus, v / o2ft* = #aP, and \^9 = VS. 

Removing a factor or fraction from under the radical sign, or 
reducing the order of a surd, is called simplifying the surd. 
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A surd is in its simplest form when the expression under the 
radical sign is integral, contains no factor of which the indicated 
root can be extracted, and the exponents of its factors and the 
index have no common divisor. 

71. Simplifying a Surd. — To simplify a surd by removing from 
under the radical sign a factor of which the indicated root can be 
extracted, use is made of the following principle : 

The nth root of a product equals the product of the nth roots of its 
factors; that is. 

tyad = Vfl V4. 

This principle is true because (y/a -y/b)* = (tya)*(y/b) n = ab. 

Example.— Simplify y/'S2 a*&c 7 . 

Separating 32 a A bPc 7 into two factors so that the fourth root of one can be 
extracted, 

\/3iTaW = \/(10a 4 6»c*)(2c 8 ) = \'16aWe l v'27= 2 a6 2 c\'2c*". 

To simplify a surd containing a fraction under the radical sign, 
first multiply both terms of the fraction by such an expression as 
will give a new denominator of which the indicated root can be 
extracted, then write the new fraction as the product of two fac- 
tors, and apply the above principle. 

8 /itt 
Example 1. — Simplify -%/ — 

Multiplying both terms of the fraction by 5, 

3 /16" 8 /80 3 /~8 ^7 J/T" 3y — 8/ — 

Example 2. — Simplify -\/ — 

*2 n 

■%PI = -$£?= ^-J-x40n» = -iOI ^iiM? = -L Mol?. 
>2n '!»»« »l«n« »16»< 'in 
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To simplify a surd by reducing it to lower order, use is made of 
the following principle : 

The value of a surd is not changed by dividing the index «>f the 
surd and the exponents of all factors under the radical sigh by the 
same number. That is, 



ya"*A** = va"*". 



To prove this principle, let S/a m *b pm = r. 
Then a**b** = r"*, by definition of a root. 

Hence, -f/arb** = y/r~, or, a n b" = r-(§ 65). 

Hence, Va"6 p = Vr" = r. 

Therefore, **\/a nx b p *= y/a*b p , because each equals r. 

Example 1. — Simplify vo*P. 
Dividing index and exponents by 4, 

y/0W= y/ab*. 



•r, 



Example 2. —Simplify v 126. 

A surd sometimes may be simplified by applying both of the 
above principles. 

Example. — Simplify v044 x*y 8 . 

\/144 &y* = VW&& = V12 ry = V(4x*y*)(3a:) = 2 ay* >/3x. 

EXERCISES 

Reduce to the simplest form : 

1. VS. 5. #16. 9. a/32. 13. VJ. 17. \/|. 

2. V27. 6. #24. ,10. </l62. 14. Vf. 18. #f 

3. VI2. 7. "#72. 11. #64. 15. V^. 19. #J. 

4. V72: 8. -#250. 12. #224. 16. #£. 20. </&. 
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21. V^>. 31. y/ZIurv*. 41. J?L±*. 

\a_fc 



a-b 
42. 



22- VSTS^ 3*. ^32 i»Q». 

23. vsiy: ** *i«>y**. 

24. -&^i. **■ \J- ^— 



43. JIEZ<1. 
M A 1 A 



25. ^16 ^V. Afv»* f= 

— 45 3 *VF^ 

2«. ^32.4*2?. 36 - \^- * y * 

27. V80^y. 37. ^/^. • 2 M 27 " 

28. ^5W. 38. ^. 47 - h^h-lt* 1 ' 

29. ^rtT*. 39. ^Z. «• V 4-8V3. 

8/ 2^ 49. Vi?_3/?V5. 

30. ^16?y. 40 V/— , 

* A»49**' 50. V(a-6)(a 2 -6 2 ). 

72. Addition and Subtraction of Surds. — Two terms containing 
the same snrd factor may be added or subtracted by adding or 
subtracting the coefficients of the surd factor. 

Example. — 4V§ + 3v^ = 7 \/2. 

Terms containing surd factors that are not of the same form 
may sometimes be added or subtracted by first reducing the surd 
factors to the same form. In such cases, all of the surds should 
be reduced to the simplest form. 

Example. — Simplify V32 + V60— V& 

V§2+ V60- V8 = 4^2 + 6^2 -2^2 = 7^5. 
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EXERCISES 

Simplify : 

1. VI8-V8+V32. 7. VJ + VJ. 

2. V76-V3-VI2. 8. V|-Vf. 

3. V20+V45-V80. 9. 4^/|-^/|. 

4. V294 + V486 - V24. 10. 9^$+-^}. 

5. </TE-</5i + 2</2. 11. V32+\/324. 

6. 2^/3 + ^24 + 5^192. 12. V75 - ^1728: 

3. V4w + V9n"+ V16 7t - V26n. 

4. \/^-^l25^-^? + 6v^64?: 

5. ^a 1 - 2 a</a* + 3 atya 1 - VcF. 

6. 5m v (m — ?4.) 3 + v/(m — n) 8 + n^(m — n) 8 . 

7. 3V4m 3 -4m 2 n- Vmr?^?+ V^m^^y^wT+w^ 

8. ^(^ + 5) 4 +(^-5)^+£ + ^^ 2 + 2AB + #. 

*q-q q * p + q 



20 



73.. Changing Surds to the Same Order. — It follows from the 
second principle in § 71 that 

The value of a surd is not changed by multiplying the index of the 
surd and the exponents of the factors under the radical sign by the 
same number. That is, 

By use of this principle surds of different orders may be 
changed to surds of the same order, without altering their values. 
The lowest order to which two or more surds may be changed is 
the least common multiple of their given orders. 
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Example 1. — Reduce to the same order y/iPt* and y/vH*. 

Tlie 1. c. m. of the indices is 12. Multiplying index and exponents of Virt 3 
by 3 and index and exponents of y/vW by 2, 

tfftJ = \/tW and vW= vW. 

Example 2. — Reduce to the same order V2 and yVs. 

v^= 1 v^= VS and #3 = W= ^9. 

EXERCISES 

Reduce to the same order : 

1. Vtf, Vn 3 , W. 6. V2, \/§: 

2. VT; A/V 1 , </V*. 7. VS, </6, V2. 

3. V2^, VS^, \^2l?. 8. A/3N*, y/2N~\ 

4. V3~?, V2?, V*. 9. V|, V|, VJ. 

5. Vo^, Va*^ v'ofc'. 10. VStfz, Vft/?, Vf^. 

Determine which is the greater : 

11. VI6 or V6. 

Suggestion. — Change them to the same order. 

12. V\l or VS. 13. V3 or </6. 14. V48 or V§4. 

74. Multiplication of Surds. — It follows from the first principle 
in § 71 that 

The product of two surds of the same order is equal to the surd of 
that order of which the number under the radical sign equals the 
product of the numbers under the radical signs in the given surds. 
That is, 

Example. — y/i y/b = #20, and y/aflVt* = y/affi = tVat. 
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The product of two surds of different orders may be obtained 
by first changing them to surds of the same order as in § 73, then 
applying the above principle. 

Example. — Find the product of y/2n, V3n a , and y/t?. 

Hence, y/^n y/Ztf Vn> = y/Slt* V9~w* \ZnT 

= #72^, or nVWn*. 

To multiply two polynomials involving surds, proceed as in 
multiplication of polynomials in Chapter I. 

Example. — Multiply 2 V6 + 6 V2 by 3 \/b - 4 V2. 

2V6 + 6V2 

3\/5 - 4V2 
6>/26 + 15VI6 

- 8vl0~20\/4 
30+ 7v'l0-40, or7>/lU-10 

A term consisting of a surd factor with a coefficient may be 
expressed as an entire surd by changing the coefficient to the form 
of a surd and then multiplying. 

Example. — Write as an entire surd 3 vT. 

We may write 3 = \ffi = v^27. 

Hence, 3 #4 = V27 v'i = vT08. 

EXERCISES 

Find the product of : 

1. V5 V7. 3. V8 V2 V8. 6. -J/21 </49. 

2. V2 V3 V6. 4. -s/'\) \ 7 6. 6. </2 </S </5. 
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7.1/9</4b. 12. V2\/3. 17. ^5?V2y^3p. 

•• VJ VJ. 13. V? ^3. . 18. </2V*</3V^/V. 

9 - V| V|. 14. V2n ^5n*. - 19. Va Va-6. 

10. V| V| V|. 15. V3? V2~* ^7. 20. -Vm — n Vm-fn. 

11. VJ V| Vf 16. V2 V.3 </l. 21. Vs + y Vs'-y*. 

22. (V3 -f V2)(V3 - V2). 

23. (5V2 + 2V3)(V2 + 3V3). 

24. (V8 + VB)(V2-VS). 

25. (1 + VZ+ V3)(l-V2 + V3). 

26. (VS+V3+ V5)(V2 + V3-V5). 

27. ( Va -f V6)( Va + 2 V&). 

28. (my/n — Vmn -f n Vm)( Vwi — Vw). 

29. (Va — Va?y + V.y)(V» + v'aty + V#). 

30. (V^l + 3)(Vn^I + 5). 

31. (Vo 7 - ^afc + \/&*)(Va + ^5). 

32. (Vp+Vg + Vr) 2 . 

Simplify : 

33. (£ i?V2 + V2)(4 i2V2-V2). 34. ^/F-Q-izV^ V2) 2 . 

Express as entire surds : 

35. 2V3. 37. iV2. 39. i^/3. 41. <*V2*. 

36. 5V7. 38. 2^2. 40. aVafc. 42. 4 mn Vn 2 . 

43. «J- 44 ^^ffl. 45. *£^Z1 

6^a- 44, 2* 2 *27v 2 fc M6C 2 
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75. Division of Surds. — The division of two surds, or of two 
expressions involving surds, is most easily performed by first in- 
dicating the division in the form of a fraction, and then multiply- 
ing both dividend and divisor by such an expression as will free 
the divisor of surds. 

This process is called rationalizing the divisor. The multiplier 
used is called the rationalizing factor. 

When the divisor is a monomial, the rationalizing factor is a 
monomial. 

Example. —Divide 24\/2 by Vl2. 
Multiplying both dividend and divisor by V§, 

24V2 __ 24 VS = 24V5 _ d ^g 
Vl2 y/m 6 

When the divisor is a binomial of the form Va + V&, the 

rationalizing factor is Va — VS. And when the divisor is of the 

form Va — V&, the rationalizing factor is Va + V&. The product 

of Va -f- V& and Va— y/b is a — b. 

Two expressions of the forms Va 4- V& and Va — V^ are 
called conjugate expressions. 

Example. — Divide 2V6 + 3 V2 by V6 + V2. 
Multiplying by y/E — \/2, conjugate of VE + \/2, 

2V5 + 3V2 _ (2\/5 + 3v^)(V5- V2) = 4+ v / lQ _4 1 ^ ■ 
V6+V2 (V6+ >/2)(V6- y/2) 3 3 3* 

When the divisor is a trinomial of the form Va ± V& ± Vc, 
although it may be rationalized by a single multiplication, it is 
easier to perform two multiplications in succession. By multiply- 
ing by the trinomial obtained by changing the sign of one term of 
the divisor, a new divisor is obtained that contains one less surd 
than before. 
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Example. — Divide 2 by y/h + y/2 - VS. 
Multiplying by VS + V* + V3, 

2 2(>/6 + Vg + V3) 

V6-f V2- V3~(V6 + V2- V3)(v4S + V2 + \/3) 

_ 2(V5 + V£ + y/Z) Qr >/5+ V2 + V5 
4 + 2V10 ' 2+VlO 

Now multiplying by 2 — VIu, 

^+V2^V3 = ^3V^2^3~V^ = ^, iV 3^ iVH5 
2+ VIO ~ tt 

Evidently, a similar process may be used when the divisor is a 
polynomial of more than three terms, if the surds are of the 
second order. More complicated problems are not given here. 

EXERCISES 

Perform the indicated divisions : 

7 . vg. 10. J£ is- ^L- 

V24 \/18 V6T 



1. 


2 

V3 


2. 


V2 
V5 


3. 


8 
V6 


16- 


36 


n/3 + 1 


17 


10 


x 1 • 


1- V5 


1ft 


V5* 



4. 


12 

Vl8 


5. 


9 
V2l 


ft 


V8 



8. ^-z- 11. -XJ*. 14. -j7zz~ 

V2 Vn -v' 2 y* 

9 . • . i 2 . ™±. 16 . v*. 

V10 </3 V2r V* 

19 . Vg + 1 22 . _1 . 
V3 — 1 Vm — Vn 

20 . V2WL 23. °- & • 
2 V2 + V3 Va + V6 

31 6V7-5V6 M x 8 -^ . 

1 + V2 2V7+3V6 VI?- vV 
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25 . i-yg" . 27. y* - yg + yg, 

l + VS+Va V2+V3 + V5 

26 — ' *<*. — — — =• 

V7-V5+V3 V;p+Vg + Vr 

29. The volume of a frustum of a pyramid whose altitude is 2/, 
lower base B> and upper base b is 

$II(B^/B-b^b) 
VB- V6 

Show that this may be written in the simpler form 

%H(B + b+ VBb). 

76. Powers of Surds. — Powers of surds are obtained by use of 
the principle 

(va) = Vtf w - 



This principle follows from § 74, thus : 

(Va) n = Va V« Va ••• to n factors 



= Va • a • a • • • to n factors 

= VoX 
Example. —Raise 2 «\^2a 2 6 to the fourth power. 



(2 ay/2 a'by = 16 a*y/{2 a*6) 4 = 16 a 4 #16 o 8 6* = 32 a 6 6V2a*6. 

77. Roots of Surds. — Roots of surds are obtained by use of the 
principle 

m /"n/^ win/— 

-^ Va = va. 

This principle follows from the fact that the mth root of the 
nth root of a number is one of the m equal factors of one of the n 
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equal factors of the number, which is one of the mn equal factors 
of the number. 

Example. —Find the fifth root of \/Szty. 

EXERCISES 

Simplify,: 

1. (V3) 8 . 9. (2abVab)\ 17. VJ/M. 

2. (V5)*. io. (6 *>V*y. 18 ; #^ 

3. (2V2)*. 11. (10m'<W)<. ^ ^^ 

4. (4^2)*. 12. (.^V^V) 5 . 2 o. VfMif. 

5. (3^5)«. 13. <(2V5^6*)*. 21. ^W^". 

6. (^3) f . 14. ^V£ 32. V49i¥W^, 

7. (a/F*) 8 - 15 - ^v^- 23 ' V </(a 2 -& 2 ) a . 

8. (t</iy. 16. V^f. 24. \Z^V^. 

78. Imaginary Numbers. — Imaginary numbers have been de- 
fined (see § 63) as the indicated even roots of negative numbers. 
By means of more advanced mathematics, any imaginary num- 
ber may be expressed in terms of imaginary numbers of the 
second order. Hence the discussion is limited to the latter. 
Imaginary numbers will be involved in the roots of equations in 
the next and succeeding chapters. 

A binomial consisting of a real and an imaginary term is called 
a complex expression. 

Thus, 2 — V — 5 is a complex expression. 

79. Typical Form of Imaginary Numbers. — By applying the 
same process as that of simplifying a surd by removing a factor 
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from under the radical sign, any imaginary number may be 
reduced to the form nV — 1. 

Thus, V^4 = V4 V^T= 2 V^l ; V^"lO = VlO \^1. 

When an imaginary number is expressed in the form nV — 1, 
it is said to be in the typical form. 

The factor V — 1 of any imaginary number expressed in the 
typical form is called the imaginary unit. It is represented 
usually by the more convenient symbol t. 

80. Addition and Subtraction of Imaginary Numbers. — Imaginary 
numbers to be added or subtracted must first be reduced to the 
typical form, and then combined as in the addition and subtrac- 
tion of surds. 



Example. — Simplify V - 16 + v^9 — V— 26. 

V^16+ V^~9- \^T"26 = 4t-+3i-5* 

= 2i, or2V r ^T. 

To add or subtract two complex expressions, combine their 
real terms and combine their imaginary terms. 

EXERCISES 

'■ : •- i! 

Reduce to the typical form : ? 

1. V 11 "^. 4. V - 100. 7. V-12. 10. V^l. 



2. V^64. 5. V^625. 8. V-20. 11. V-a 4 6 2 . 

3. V^8l. 6. V^H. 9. V^. 12. V-16m 2 7i 6 , 
13. V-a 2 -2a6-ft 2 . 14. V24 xy - 9 tf - 16 f. 

Simplify: 



15. V39-V- 4+^/^36; 18. V : ^-2V^+V" =: T21. 

16. y/^si + V :=: ioo - V 11 !. i9. VHK Vh[ + V^. 

17. V"^64 — V^4 - V^l6. 20. aV-a 2 -h V^?-ha 2 V^. 
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21. Add aj -h 2 y V^T and 2 a — yV — 1. 

22. Add 10-3f and6-f 5>. 

23. From 3 m — 2 ni take m + 3 ni. 

24. Simplify (8 - 5 V^9) - (12 + 2 V^16). 

25. Write in the form of a complex expression (a — M)— (c f rli) 

81. Powers of i. — The successive powers of i are : 



% =V-T=t: 



t»=(V-l) 2 = -l 



i s = (V-l) 3 = txi , = -t 



i 4 = (V-l) 4 = i x t 8 = -i 2 = -f 1 



t 5 = (V-l) 5 = ix/ 4 = t 

#<6 — v — * 

etc. 



i-= (V :r i) 6 = i x e = i*= - 1 



Hence 9 the successive powers of i hace only the four different values, 
i, — 1, — i, + 1, repeating in regular order. 

It follows that the value of any power of i may be determined 
by expressing it in terms of the four lowest powers. 

Thus, t" = (F)(P) = (i*)*{C) = (+ 1) 2 (- =- i ; 

,™ = (il)4 = (+l)* = +l. 

82. Multiplication of Imaginary Numbers. — The principle 

Va \/b = Vab, used in the multiplication of surds, does not hold 
for the multiplication of imaginary numbers. 

Thus, by that principle, y/^T \/^D = V30 = 6. 

But, V^4 V^H = 2 t x 3 i = fi i 2 = - 6. 
Hence, use of the principle gives the wrong value. 
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Imaginary numbers to be multiplied should first be reduced to the 
typical form, and then the product formed by using the values of the 
powers of i in § 81. 



Example 1. — Simplify V^16 V-9 V— 26. 



vCTie y/Z7y v/- 26 = (4 i)(3 t)(6 i) 

= 60 i 8 



= -60i, or _60V-^I. 



Example 2. — Multiply V - 16- 1 by V- 9 + 2. 



V^l6 - 1 = 4 i — 1 ; \/^9 + 2 = 3 i + 2. 

4i-l 

3 i + 8 

12i*-3i 

-h 8 i — 2 



- 12 + 6 i - 2, or 6V- 1 - 14. 



EXERCISES 



Find the value of : 



1. 


ft 


3. 


i 19 . 


5. 


i 38 . 


7. 


ft 1 . 


2. 


*» 


4. 


i 21 . 


6. 


i« 


8. 


i 57 . 



Simplify : 

9. V^^ V=l. 11. V 11 ^ V^ 11 !^. 13. V-100 V^ 
10. V :r 9 V^16. 12. V^^ST V^^Gl. 14. -y/^a 1 y/^T*. 

is. V^^To v^o. is. V^ V^8l V^m. 

16. VT* V :r 9 V^^^B. 19. V^s V^ V^"2. 

17. V-16 V^^ V^J. 20. V 11 ^ V^? V- n 5 . 

21. V^^25 V^4 V 1 ^ V'^4$ V^l. 

22. V^-Tg V^9 -y/^25 V^8l V^ V^2". 

23. (1 + V^2)(l - V^2). 

24. ( V^ + 3)( V^ - 3). 
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25. ( V^9 - V=T$)( V^4 4- V"^l). 

26. (V^ + V^)(V^-V-~ 3). 

27. (2v^ + 3V^)(2y^4 + 3V^9). 

28. (V^+ V^6)( V^a — V - b). 



29. (xV^~z— y V^y)(aV — * — y V^y). 

30. Show that the product of two complex expressions of the 
forms a + bi and a — ftt is real. 

83. Division of Imaginary Numbers. — In division involving 
imaginary numbers it is best to first reduce each imaginary num- 
ber to the typical form, then multiply both dividend and divisor 
by such an expression as will make the divisor real and free of 
radicals. The process is similar to that in the division of surds. 



Example 1. —Divide 6 by V— 4. 

V^l 2i 2f» -2 . 
Example 2. — Divide 2 - V^9 by 3 + V- 16. 



2 - V Z ^~» = 2-8< = . (2-3Q(3-4Q = -6-17< == 6 17 . 
3+V^lO 3 + 4* (3 + 4i)(3-40 26 25 25*' 



EXERCISES 



Simplify : 



5 n £ 



V-l V^w V-9* 2 i + V-*.> 



2 . _?_. «. *J^. 10 . »V-25* 14. 1+ V ~ a 

2V^I V-4 3V-16a* l-V^Hi 

„ 10 _ V^JG lt > V-25^ „ 3-V^5 

V-4 V-9 V-49* 6 $ + V^l 

4. » 8, >0» 12 . V^g. 16 . 2 + V~6 

V-9 V-25 V-l* 4 . l-V^ 
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20. Show that the quotient of two complex expressions of the 
forms a + bi and a — bi is a complex expression. 

84. Graphical Representation of Imaginary Numbers. — Imagi- 
nary numbers were so named centuries ago because when first 
discovered they had no meaning, and were for centuries unin- 
terpreted. It is now seen that they are truly numbers, and that 
they may be represented graphically. 

All positive and negative real numbers may be represented, as we have 
seen before, by means of distances measured to the right or left of a starting 
point O on a line XV. 

If the line QA, which represents + 7, is 
revolved counterclockwise about 0, It may 
be made to take tbe position of OB, OO, 
OD, or any other line through O. 

Now, multiplying + 7 by > gives +1 i. 
Multiplying again by i gives —7, which is 
represented by OC. Hence multiplying + 7 
twice by i gives the same result as revolving 
OA into the position OC. Therefore, mul- 
tiplying + 7 once by i may be interpreted as 
revolving OA only half as far, is. into the 

position OB. Hence, + 7 i is represented graphically by OB. Similarly, 
multiplying + 7 three times by 1 would revolve it into the position OD. 
Hence, — 7 1 is represented graphically by OD. Tbe same interpretation 
would hold in case of any other real number that might be chosen in place 
of + 7. Hence, the following principle : 

If all real numbers are represented by distances measured along 
the line XX 1 from 0, positive numbers to the right and negative 
numbers to the left, then all imaginary numbers will be represented 
by distances measured from along ike line TT' perpendicular to 
XX 1 , those with positive coefficients above 0, and those with negative 
coefficients below. 

Example. — V^§ = 8 i. Hence V— 8 is represented by a distance of 3 
spaces measured upward on 77' from 0. 
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Graphical Representation of Complex Expressions. — Since a 
complex expression is composed of a real 
term and an imaginary term, it may be 
represented graphical ly. 

Thus, to represent 6 + v'-iV, or 5 + 7 i, we 
measure the 5 real units along OX and the 7 
imaginary units along OY. As in other graphical 
work, this locates the point J*. The point P 
represents graphically the complex expression 
6 + V^lO. 



Represent graphically : 

1. V^4. 4. -V^26. 7. 8 + V^9. 10. -6 + ^/^25. 

2. V^M 6. -V^81. 8. 12->/^16. 11. -4-V^81. 

3. V^36. 6. -V=U. 9. 7 + V^100. 12. -12-V^3&. 

SUPPLEMENTARY EXERCISES 

Find to three decimal places the square root of : 

i j 



Suggestion. — Either change a common fraction to a decimal, or rational- 
ize the denominator, before extracting the square root. 

2. f 3- A- *■ lV »• I- «■ A- 7. if 

Simplify : 

8. Va u b>". 10. "+-i/A* ,+ *B" 1 . i2. VjJ»_3 Jf\/K 

9. V^Y. 11. x</x*. 13. (Va~ Vb) 1 . 

14. Does -3 +VIf satisfy «* + 6* -2 = 0? 

15. Does 4- V3T satisfy n ! -8m- 1=0? 
ie. Is -£-r-$V^3acuberoot of 1 ? 
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17. Is — £ — £V- 3 a cube root of 1 ? 

18. Find the square root of 7 + 2\/10. 

Solution. — Since ( Va ± Vft) 2 = a ± 2Vab + 6, the square root of any 

expression of the form x ± 2 Vy may be found, if it can be written in the 

form a ± 2y/ab + ft, by taking the sum, or difference, of the square roots of 
the terms a and b. 

Now, 7 + 2 VlO may be written 6 + 2 y/b x 2 + 2. Hence its square root 

is V6 + V2. 

Find the square root of : 

19. 1&-V84. 

Suggestion. — This may be written 10 — 2V2I, or 7 — 2V7 x 3 + 3. 

20. 11 + 2V30. 22. 13-V48. 24. 26 - VbTRT 



21. 14 + 2V45. 23. G+V32. 26. 18 + V308. 

Rationalize the denominators of : 

3 * 

26. 29. 



2-V-3 V-3-V2 



27. 2 —=. 30. <L£l2£z* 

V3 + V-1 aj_ y V-l 



28 2-V-3, 31 fl + tV-1 



Simplify : 

32, (-^-^V^SX-i-iV^S) 8 . 



33. (2V3-f3v-7)(5V3-4V^ =: T). 



CHAPTER VII 
QUADRATIC EQUATIONS 

86. Quadratic Equations. — Every quadratic equation (see § 42 
■for definition) in one unknown number whose unknown number 
is denoted by x can be written in the form Ax*+ Bx + (7=0, by 
simplifying, transposing, and combining similar terms. 

Thus, (5 x - 2) (2 x + 1) = 7 x 2 — 4 x may be written 8 x 2 + 5 x - 2' = 0. 

If a quadratic equation, when reduced to the above form, con- 
tains a term involving the first power of the unknown number, 
it is called a complete quadratic equation. One that does not con- 
tain a term involving the first power of the unknown number is 
called a pure quadratic equation. 

Thus, 5 x 2 — 7x-f2 = is a complete quadratic equation. And 2 JV 2 +9 = 
is 9k pure quadratic equation. 

EXERCISES 

Express each of the following equations in the form Ax 2 + Bx 
4-0=0, and determine whether it is a complete or pure 
quadratic : 

1. a(2a?-3) = 10-3a;. 4. 10(F- 1)=3 V 2 + 2. 

2. 5n(n + 2)=w 2 + 2. 5. (2a-l) 2 = 3a- 5. 

3. 12t* = 7(t-3). 6. (y + 2) 3 = (y - l) 8 . 

7. (6r-5)(r + 2) = (2r + 7)(2r-l). 

8. (2P+l)(2P-l) = (3P-2)(3P + 2). 

9. ( a -l)(a-2)(a-3)-(a-fl)(a-h2)(a + 3) = 0. 

r-l r + 1 T T+2 

112 
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87. Quadratics solved by Factoring. — Some quadratic equations 
may be solved by factoring, as illustrated in the following 
example. 

Example. — Solve 2 P + t = 10. 

Transposing, 2* 2 + t-10 = 0. 

Factoring, (2 1 + 5) (t — 2) = 0. 

Now, this equation is satisfied by any value of t that will make either o u 
the factors 2t + 5 or t — 2 zero, since then their product would be zero. 
Such values of t may be found by setting each factor equal to zero, and solv 
ing the resulting linear equations. Setting each factor equal to zero, 

2t + 5 = 0; whence t = -%b. 

t — 2 = 0; whence t = 2. 

To solve a quadratic equation by factoring : 

(1) Write the equation in the form Aa? + Bx +(7=0, 

(2) Factor tJie resulting first member, 

(3) Set each of the factors equal to zero, and solve the resulting 
linear equations. 

Since a quadratic equation that can be solved by factoring is 
equivalent to the two linear equations to which it leads, and each 
of these has always one root, the quadratic equation has two 
roots. It can be shown that in general, 

Every quadratic equation has two roots. 

EXERCISES 

Solve by factoring : 

1. n 2 -5n-f 4 = 0. 7. 10 ft 2 = 31 k + 14. 

2. ft* = 12 ft - 32. 8. 81 iV+ 24 = 60 iV*. 

3. P 2 + 6P=16. 9. ar(s + 2)=4<c + 15. 

4. 2A' = A + 3. 10. 5(p + 25)=6p>. 

5. ov + 6 = 4v*. n. (4d-l) 2 = 10d* + 31. 

6. l$t* + 61t = 7. 12. (aj + 6) 2 =(3a-2) 2 . 



J 



1 


- a - 7 i 


24 + 
5-5 


a 


2a- 


-2 a + 1 ' 


a*' 


a^ + a+l^x 2 — 
x + 1 X- 


s + 1 
-1 


2 
3 


5 


2 


6 
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13. (n - l)(n + l)(n - 2) = n*(n + 2) - 103. 

14. (2/*-3)(fl + 4)=(3 2*-14)(2 2* + 3)+iP-6. 

15. 6-i = — • 18. 

y* y 
16 . A±iU^_. 19 . 

/i + 15 /i + 8 

17. 2Z> + 1=^=-1 20. 

D + 2 </ + 5 g + 2 g + 23 

88. Quadratics solved by Square Root— Any pure quadratic 
equation may be solved by square root. 

Example 1. — Solve 4 n 2 - 1 = 0. 
Transposing, 4 n 2 = 1. 

Dividing by 4, n 2 = J. 

Now since n 2 = J, n must be the square root of J. 
Hence, n = ± J. 

Example 2. — Solve 2 V 2 -I- 3 = 0. 
Transposing, 2 V 2 = — 3. 

Dividing by 2, F 2 = - f . 



Taking square root, V = ± \/-§, or ± JV-6, imaginary roote. 

To solve a pure quadratic equation by square root: 

(1) By transposing, etc., solve for the square of the unknown 
number. 

(2) Find the square roots of the value obtained. 

EXERCISES 

Solve: 

1. 5y 2 -20 = 0. 4. 16^ = 9. 

2. 12F 2 -125 = 7F 2 . 5. 3^-7 = 0. 
3 k* = 63-6tf. 6. 8T 2 + 1 = 0. 
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7. 5n 2 + 6 = 0. ifi 6n 2 -5 n--2 == n + 2 

8. 12G 2 + 3 = 0. ' n 2 -4 n + 2 n-2* 

9. 76 2 -21 = 0. 17 l±9__9l±l = o 

10. 16 + 5/* 2 = 0. " 9< + l * + <J 

11. s(*-2)=9-2*. 18 3 g | 2 fo+ 4 )( 4 «-3) =a 

12. (JV r +3)(2iV r -f-5) = ll(Ar+4). 2a + 3 

13 -J_ = ^l2 19. *±I ? :1. 

a + 2 12 ' 5 ^-2 

14 "IT""" 3 - 2 4^3 + 4^3 **" 



15. 



^1 + 1 , A-l 



+ z+i- if 2i - sr-^B+ih 



Find approximate to hundredths the roots of : 

22. a ? =G. 26. 3D 2 = 28. 

23. 4Jf 2 -7 = 0. 27. 8« 2 -16 = 0. 

24. 15 t 2 - 9 = 0. 2g ff + 5 7 =1 

25. l-5* 2 = 0. 6 U + l 

89. Complete Quadratics solved by Completing the Square. — A 

trinomial that is a perfect square of a binomial can be written 
in either the form a 2 + 2ab'+b 2 or a 2 -2ab + b 2 . (See § 15.) 
Hence, if we have given either a 2 4- 2 ab or a 2 — 2 ab 9 it is made 
a perfect square by adding 6 2 , i.e. toe square of one half of the 
coefficient of a in the term 2 ab. 

This process is called completing the square 

Thus, to complete the square of k~ — 12 k, we add the square of | of 12, 
or 36. This gives jfc 2 — 12 k + 36, which is the square of k — 6. 

By use of this process of completing the square, any complete 
quadratic equation can be solved. 

Example. — Solve 4 y 2 = 6 y - 3. 
Transposing, 4 y 2 — 6 y = — 3. 

Dividing bv 4, y 2 — J y = — }. 

Adding square of J of - }, y 2 -iy + & = : — ft. 
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Taking square root, y—\=± JV— 3. 

Transposing, y = -} ± JV— 8. 

To solve a complete quadratic by completing the square : 

(1) Reduce the equation to the form sb* -h jxe = g, where x is the 
unknown number. 

(2) Add to each member the square of one half the coefficient of 
the term in the first power of the unknown number. 

(3) Take the square root, attaching the double sign to Hie second 
member. 

(4) Solve the resulting linear equations. 

EXERCISES 

Solve by completing the square : 

1. n 2 +10n = 24. 19. (3x-4y-(x-2y = l. 

2. 4^ + 11^3. 20 1 + _J 3 = 

3. 3z*=20-7<c. » 2'+» 4 

4. 6v 2 = 49r-8. 2 1. 3»-l 4u-l = 1 

5. 122^+31 r-15 = 0. * + 2 v + 3 

6. 3y> + 8y + 4 = 0. 22. JL±* + » * 

7. 6^2=* • 2a ~ 1 a ~ 4 3 

8. 7fc = 10* 2 -12. 23. _JL_-^4h-^ = 0. 



9. 7Z> 2 =12Z>+3. 



m + 2 4m + 3 5 



10. 4*>-3 = ll S . 24. _-2 = — ^-^ 

11. io*-». + io = a v + 5 2y _ 8 _ 8f 

12. 12# 2 -14//+3 = 0. **' 3r^ + 2^~" y " 

13. G* 2 +6 = 13*. . 5 2 3 

26. -f-r + 



14. 2 22 2 H-i2 = l. iV^-2 tf-4 6-iV 

15. 3F 2 = 17F+28. 2? 2 } 8 { 7 _ 

16. 9m*-26 = Gm. . " 2«-6 8-3* ^3" ' 

17. 5 + G = 6G>. 28. a *~ 7 x + 2 = x + 12 . 

18. 2#-7 = 3£?. ^-h9» + 8 »-l* 



QUADRATIC EQUATIONS 117 

Find approximate to hundredths the roots of : 

29. a 2 + 8 a + 4 = 0. 31. 2n , -n-2=:0. 

30. F 2 -f5F+l = 0. 32. 6Z>* + 32) = 5. 

90. Quadratics solved by Formula. — Any quadratic equation 
whose unknown number is x may be written in the form 

Ax* + B x + C = 0. 

If this general equation is solved by completing the square, 
the roots obtained are 



-fl±V0»-4Jg 

M — > — — _ • 

2 A 

Now, the roots of any given particular quadratic equation may 
be written down at once, without performing all of the steps 
in the solution by completing the square, by substituting for 
A, B, and C f in the above formula for the roots of the general 
equation Ax* + Bx + C, the particular values which they have in 
the given equation. 

Example. — Solve 2 ar 2 = 1 — 5 x. 
Transposing, 2o5 2 + 5ac— 1=0. 

Now, comparing this equation to Ax 2 + Bx + C = 0, it is seen that A = 2, 
B = 6, and C = — 1. Substituting these values for A, B, and C in the 
formula for the roots, we get 

4 

« 

= -}±}V33. 

The student should master this formula as thoroughly as the 
multiplication table, because by it the roots of complete quadrat- 
ics can be obtained much more quickly than by completing the 
square. - 
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EXERCISES 

Solve by formula : 

1. <?-8Q+15 = 0. 22 y-l^y+1 L 

2. 2 8 -22-63 = 0. + 1 y- 1 

3. a* + 16a + 48 = 0. 2 3. - + ?=!*. 



4. 2aj*-3a-5 = 0. 







5. 6<y* + 37 i> + 6 = 0. 24. *-l= 3 -|. 

6. 6 N*+ 17^=14. „ „ „ A 

7. 156* = 8-26. Z6 - j^T4 + ]^p3- a 

8. 21^ = 43,-20. 2e 3^4. 

9. **_7* + 2 = 0. 26 + 1 

10. 82F+I? = 5. 27 . //=!_!. 

11. 12w-7 = 2w 5 . H 

12 . 20 F» - V- 13. «• ^ + f±i = 2 -^^. 



13. 3F-8 = 2?. 



29. g =J— Jg-H^ 1 



14. llfc + 3A?-4 = 0. 5(c-2) 2 + c c*-4' 

16. 9/P-7S-6=0. 30 2r+3 7-r = 7-3r 

16. (*-6)(* + 2)=6. " 4r ~ 2 2 + 2 *" 4-3r" 

17. *(a; + 8)+8(a-8) = 0. 31 8 + ^ . 4-2F _8 

8-F 4 + 2 F~~3* 

18. (l>-4)>=(3- i >)(l + 2 1 >). T* 1 

19. w 2 -fw + l=0. 32. \ + 1 3 



20. n 2 -n + 1 = 0. 



33. 



8 4(n + l) 2w 2 -2" 
.4 + 3 A 1 



21. v 2 = 2u • 2^1 + 8 1+A 18 

34. 5Q-^l?=2Q + ~^ 
Q-3 v ^ 2 

36 ?"" g 80 = * 4 s ~l3 
8 + 3 ^-9 2 3-s' 
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Find approximate to hundredths the roots of : 

36. /* + 6/4- 5 = 0. 39. 6w* + 5n = 2. 

37. 2£ 2 -/S r -2=0. 40. -s* + 4s-f-6 = 0. 

38. 5v 2 = 2v + 2. 41. -2 2*- !T+4 = 0. 

91. Literal Equations : Formulae. — If a literal equation, or 
formula, is of the second degree in the number solved for, it may 
be solved by one of the foregoing methods,. 

Example. — Solve V 2 + 2 aV = b 2 + 2 ab for V. 
Transposing and grouping, V 2 + 2 aF- (b 2 + 2 aft) = 0. 
Using the formula, ^ = 1, B = 2 a, and C = - (6 2 + 2 aft). 

Hence, F = " 2q * V4 a * + 4( b ' 2 + 2a6 > 

2 

_ -2ff±(2q + 2 6) 
2 

t 

= &, or — 2 a — &. 

EXERCISES 

1. Solve aw 2 — a 3 = for v. 

2. Solve x 2 — nx = 2 n 2 for # ; for n. 

3. Solve or* — ax + b = for x. 

4. Solve v 2 + 2 sw + * = for v. 

5. Solve 7tt 2 — aw — bm + ab = Q for m. 

6. Solve t 2 — (2 m — ri)t = 2 ran for f. 

7. Solve y 2 + 2b+b 2 =2by + 2y for y. 

8. Solve P 2 + 2 P + l=wP 2 + nP for P. 

9. Solve — 2- •+ r lZl? = 2 for n. 

a — n a 



10. Solve g + 2 «*« S8 ,g + *. for B. 

m—n n 2n 
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XX. Solve °*±*-«=« = for t. 
bt + a dt — c 

12. Solve -^--h- iL - + - £ - = 0forr. 

r + m r + n r-hp 

13. Solve (-~ + wY - ( — —. - »V = for V. 

\n + l J \n-l J 

14. Solve ^--^_=/ for N. 

d + N a — N 

•TWliR 

15. The formula E* — is used in electrical work. Solve 

t 

for K 

16. H = 0.24 C 2 Itt expresses a law of heat. Solve for C 

17. 2£ = expresses a law of sound. Solve for L. 

9 

F cP 

18. — = — expresses a law of attraction between two bodies. 

Solve for D. 

19. The horse power of automobile engines is computed by 
the formula H = KND(D -1)(R + 2). Solve for D. 

20. The elevation of a point above sea level is obtained by use 
of the formula II = 513 1 + t\ Solve for t 

21. The area of a ring is computed by the formula 

A = n(r*-r'*). 
Solve for r; for ?•'. 

22. The volume of a frustum of a cone is computed by the 
formula F= £ H(R? + r> + Rr). Solve for R- y for r. 

92. Problems solved by Quadratics. — In solving problems by 
means of quadratic equations, since the roots of such equations 
may be fractions, negative numbers, surds, or even imaginary 
numbers, the nature of the roots obtained must be observed, and 
roots that do not conform to the requirements of the problems 
must be discarded. 
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EXERCISES 

1. Separate 30 into two parts so that the square of one part 
exceeds the square of the other part by 160. 

2. The hypotenuse and longer leg of a right triangle are to- 
gether 18 inches long. The shorter leg is 6 inchep long.\Find 
the hypotenuse and longer leg. . V 

3. . The area of a rectangle is 192 square inches. ^The length 
is 4 inphes lhore than the width. Find the length and width. 

4. ' The area of a triangle is 240 square inches. The altitude is 
4 inches less than the base. Find the altitude and base. 

5. One side of a rectangle, is 8 inches longer than the other. 
The diagonal is 40 inches. Find the area. 

6. When the sides of a square arc increased 4 inches, the area 
is increased 176 square inches. Find the side of the square be- 
fore it is increased. 

7. A rectangular piece qf tin was twice as long as it was wide. 
A 4-inch square was cut from each corner and the sides and ends 
were turned up so as to make a box containing 1536 cubic inches. 
Find the dimensions of the piece of tin. 

8. The length of a rectangular prism containing 240 cubic 
inches is 10 inches. Its entire surface is 248 square inches. 
Find the other two dimensions. 

9. It is 180 rods around a rectangular field containing 11J 
acres. Find the dimensions. 

10. A room is 6 feet longer than it is wide. If the diagonal is 
30 feet, find the length and width of the floor. 

11. It is shown in geometry that if from a 
point P without a circle a tangent PA and a 

secant PC be. drawn as in the margin, P,A 2 = 
PB x PC. If PA = 10 and BC = 4, find,, 

.,,,,,12 Using 4000 miles for the radius of the earth, and making 
use of the principle stated in Problem 11, find ho.w far a man can 






•• £ 
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see over a smooth body of water when standing in a boat so that 
his eye is 10 feet £}bove the level of the water. 

13. It is shown in geometry that if two chords, 
AB and CD, intersect at 0, OA x 0B = OP x 
07). If OC = 2 inches, OD = 7 inches, and 
AB = 8 inches, find the lengths 
of OA and OB. 

14. A window 5 feet wide is 
to be surmounted by a circular stone arch, cut 
to an arc of a 12-foot circle. Find the rise by use 
of the principle stated in Problem 13. 

Suggestion. — 0D= rise. AO = OB. DC = 12 feet. 

15. A farmer has a field of wheat 40 rods wide and 80 rods 
long. How wide a strip must be cut around the field in order to 
have one half of it cut ? 

16. A tree 100 feet high is broken off by a storm so that the ' 
top reaches the ground 30 feet from the foot of the tree. Find 
the height of the part standing. 

17. By increasing the edges of a cube each 2 inches, the volume 
was increased 1016 cubic inches. What was the length of the cube 
before it was increased ? 

18. A rectangular field is 3 times as long as it is wide. If its 
width is increased by 20 rods, its area is doubled. Find the area 
of the field. 

19. A farmer sold his crop of oats for $600. If he had held 
them for 4 months, he could have gotten 10 cents per bushel more 
for them, in which case he could have received as much for them 
and have had 300 bushels left. How many bushels had he ? 

20. A man bought a farm for $12,600. He then sold all but 
40 acres of it at a gain of $20 per acre over cost, receiving the 
entire cost of the farm. How many acres did he sell ? 

21. A party engaged a yacht for two weeks for $168. Had 
there been two less, the cost to each would have been $2 more. 
How many were there ? 
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22. A tree was broken over by a storm so that the top touched 
the ground 50 feet from the foot of the stump. The stump was 
| of the height of the tree. What was the height of the tree? 

23. A tree which stood at the edge of the bank of a stream fell 
with its top in the water. The tree was 60 feet high, the bank 
on which it stood was 15 feet above the water level, and :fche body 
of the tree passed under the surface of the water at a point 20 
feet from the bank. What portion of the tree was under water ? 

24. The hypotenuse of a right triangle is 4 inches longer than 
one leg and 2 inches longer than the other. Find the sides of 
the triangle. 

25. One pipe can fill a cistern in 6 minutes less time than is 
required for another pipe to fill it. The two together can fill it 
in 10^ minutes. Find the time required for each pipe alone to 
fill the cistern. 

26. One of two pipes can fill a tank in 28 minutes, and the 
time required for the other pipe to fill it is 19$ minutes longer 
than is required for the two pipes together to fill it. Find the 
time required for the two pipes together to fill the tank. 

27. Two trains on the same road start at the same time from 
stations 225 miles apart. One takes f minute longer than the 
other to run a mile, and they meet in 3 hours. Find the speed of 
each train. 

28. A teamster having 12 miles to drive increased his speed 
one mile an hour after he had traveled 2 miles. He thus 
finished the distance in half an hour less time than it would have 
taken had he not increased his speed. How long did it take to 
drive the 12 miles ? 

Suggestion. — Let his first rate be x miles an hour. 

29. A merchant bought a certain number of mirrors for $36, 
••mil, after breaking one, sold the rest for 50 cents apiece more 
than they cost him, thus making $2.50 by the transaction. How 
many did he buy ? 
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30. The rate at which a man can row in still water is twice 
the rate of the current of a river. He rows 6 miles down the 
river and back in 4 times as many hours as he could row miles 
per hour in still water. Find the rate of the current and the 
rate of his rowing in still water. 

31. The number of square inches in the area of a square ex- 
ceeds the number of inches in its perimeter by 32. What is its 
area? 

32. The side of a square is the same as the diameter of a circle. 
The area of the square exceeds that of the circle by approximately 
3.4336 square inches. Find the diameter of the circle. 

33. The base of a triangle exceeds its altitude by 2 inches, and 
its area is 112 square inches. Find its altitude. 

34. What is the area of a square field whose diagonal is 10 
rods longer than one of its sides ? 

36. By adding a border to a rug 6 feet by 9 feet its area is in- 
creased 34 square feet. Find the width of the border. 

93. Character of the Roots of a Quadratic. — In the use of the 
formula 

m -B±^B>-4;AC 

x = . 

2A ' 

in § 90, it was observed that the character of the roots depended 
upon the expression under the radical sign. This expression, 
B 2 — 4 AC, for that reason, is called the discriminant of the equa- 
tion Ax* + Bx + C = 0. 

A study of the formula shows that : 

(1) When the discriminant is positive and not a perfect square, 
the roots are real, unequal, and involve surds. 

(2) When the discriminant is positive and a perfect square, the 
roots are real, unequal, and free of surds. 

(3) When the discriminant is zero, the roots are real and equal. 
V*) When the discriminant is negative, the roots are imaginary. 
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From these observations we can determine the character of the 
roots of any given quadratic equation, when desired, without solv- 
ing the equation. 

Example. — Determine the nature of the roots of P 2 + 2 P 4- 5 = 0. 

Here A = 1, B = 2, C = 6. Hence, B* - 4 AG =— 16. Hence, the roots 
are imaginary. 

EXERCISES 

By use of the discriminant, determine the character of the roots 
of the following : 

1. n 2 -5n+4=0. 8. 9r 2 = 4r+5. 

.2. a* + 6a-l=0. 9. 4 3*= 12 a -9. 

3. t* + t + 3 = 0. 10. 7a-ll=4a> 2 . 

4. 3x* + 2x-l = 0. 11. 21T 2 + 9ii=4. 

5. 2^1 2 -7^-f8 = 0. 12. 1662 + 25 = 406. 

6. 12p* + 5i> + 2 = 0. 13. 2P-6/2 + 6 = 0. 

7. 3F 2 = 4F-2. 14. n(n-4) = n-2. 

For what values of c will the following have equal roots ? 

15. ca^-f 3x — 5 = 0. 

Solution. — The discriminant is 9 + 20 c. For equal roots, 9 4- 20 c = 0. 
golving, c=- &. 

16. ca 2 -6a>=4. 19. 3^1 2 -2^1 + c = 0. 

17. 4s 2 + ca; + 25 = 0. 20. 2n 2 + 8n + c = 0. 

18. 2t 2 +ct + 32 = 0. 21. 3 F 2 + 10 F+c + 3 = 0. 

Determine the relation between m and n for which the follow- 
ing will have equal roots : 

22. ma? + 5x + n = 0. 24. * 2 + m* + n = 0. 

23. mtf—ny + t^Q. 25. tlP 2 — 2mP + 8 = 0. 

94. Relation between the Roots and Coefficients. — By dividing 
both members of the general quadratic Ax* + Bx + C = by A, it 
may be written in the form x* -f px -f q = 0. 
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Solving this equation by the formula, and calling the roots r, 
and r 9 we get 

Adding these roots, r, -h r t =—p. 

Multiplying them, r t r a = q. 

Hence, if an equation is written in the form x* + px 4- q = 0, 

(1) The sum of the roots is the coefficient of x with Us sigi\ 
changed; 

(2) The product of the roots is the term free ofx. 

The principles (1) and (2) enable one to write down the quad- 
ratic equation whose roots are given. 

Example. — Form the equation whose roots are 7 and — 3. 
The sum of the roots is 7 — 3, or 4, and their product is — 21. 
Hence, the equation is x 2 — 4 x — 21 = 0. 

In testing the roots of an equation to see if the solution is 
correct, especially in case the roots obtained are imaginary or in- 
volve surds, so that substitution of the roots in the original equa- 
tion is not convenient, it is advantageous to use principles (1) 
and (2). 

Example. — Solve and check 7y 2 — 2y + 3=0. 



By the formula, y = 7 ± \V— 20. 

The sum x>f these roots is f. Their product is (y) 2 — ( 7 V— 20) 2 , or J. 
Hence, since the equation may be written in the form y 2 — T y + 7 = 0, the 
roots check. 

EXERCISES 

Form the equations whose roots are the following : 

1. 6, 2. 3. - 5, - 3. 5. - 7, 6. 

2. 9, 1. 4. 8, - 2. 6. - 12, - 2. 
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7. 10, --5. 10. \,\. 13. -fc-f 

8. -3,-20. 11. J, -|. 14. a, 3 a. 

9. 9,-11. 12. |, —J. IB. —2n,5m. 

16. 1 + V5.1-V5. 18. 1+V^6,1-V=6. 

17. -4 + V3, -4-V3. 19. -3 + V^4, -3-V^4. 

Solve and check by use of principles (1) and (2) r 

20. w' + ,.-6 = 0. 24. N(N-S)=l. 

21. t*_5J + 7 = 0. 26. 2H-5(r-5) = 0. 

22. 3a'-2a-5 = 0. 26. (A + 3)(A-2) = 3. 

23. 5P=r-l. 27. ff'-ax + Sfi^O. 

95. Graphical Interpretation of Roots. — Any value of x which 

satisfies both equations of the system 

(y = A>? + Bx+C, (1) 
U-0 (2) 

satisfies the equation ^x 9 -\- Bx + C 
= 0. 

The graph of (1) is some kind of 
curve, and the graph of (2) is the 
x-axis (see § 51). Hence, since the 
coordinates of the points where the 
graphs of (1) and (2) cross must 
satisfy both (1) and (2) (see § 53), the 
roots of At? + Bx + 0= may be ob- 
tained by observing the ^-distances of 
the points where the graph of (1) 
( rosses the x-axis.* 
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Example. — Solve graphically x* - 11 x + 24 = 0. 
Let y = sc 3 - 11 x + 24. 

By assigning values to x, and computing the corresponding values of y, 
the following sets of values are obtained : 



V 



24 


14 


2 



3 



6 


7 


10 


11 


-6 


-4 


14 


24 



Locating the points whose coordinates 

and connecting them <•» »•■ ,: — -«- 



sets of values of as and y, 
. , gives the curve on the preceding page- 
It is seen that this curve crosses the 
avails at two points, A and 2, whose ^-dis- 
tances are 3 and 8, respectively. Hence, 
the roots of ■*— 11k + 24= are 3 and 8. 

If the roots of a quadratic are 
equal, the graph of (I) will just touch 

the x-axis at one c ' ' 



e point. 



s+49 



Example. —The roots of x 3 - 
= are each + 7. The graph of y = ** — 
14* + 49 Is the curve (a) in the figure, 
which just touches the z-axis at a point 
whose K-distanee is the root + 7. 

If the roots of a quadratic are »»- 
aginary, the graph of (1) •will not 
cross or touch, the x-axis at all. 

Example. — The roots ofi«-4*; + 8 = nare2±2f. The graph of y = 
? — 4a; + 8 is the curve (ft) in the figure, which lies entirely above the 



Solve graphically : 

1. «*-12a+35 = < 

2. a? + x — 72 = 0. 
S. s* + 14 a; + 48 = 



4. 2 a? -23 a; + 56 = 0. 

6. 3aJ+14a»=40. 

6. 5 a? + 3 a: -110 = 0. 



QUADRATIC EQUATIONS 129 

Find, by the discriminant, the nature of the roots of the follow- 
ing, and give their graphical interpretation : 

7. 4x 2 -33a; + 8 = 0. 10. x* + x + 5 = 0. 

8. 2a s + 3s = 54. 11. 9a> 2 -a + 2 = 0. 

9. «* + 16a: -j-64 = 0. 12. 4 a? + 25 = 20 x. 



SUPPLEMENTARY EXERCISES 

If ri and r 2 are the roots of Ax 2 + Bx + C = 0, then 

xH^x + ^^-Cni r 2 )x + nr 2 = (a: - n)(x - 1*), 

by § 04. Hence, 

.dx 2 + Bx + C = -4(x- n)(x - r 2 ). 

Therefore, the three factors of an expression of the form Ax 2 + Bx + C 
are i, x- n, and x — r 2 , where r\ and r 3 are the roots of the equation 
formed by putting Ax 2 + Bx + C equal to zero. 

Hence any trinomial of the form Az 2 + Bx + C may be factored, if factors 
containing surds or imaginary numbers are accepted. It sometimes is desir- 
able to find such factors of a trinomial. 

Evidently, by use of the discriminant B 2 — 4 AC we can tell whether the 
factors of such a trinomial are real or imaginary, or free of surds. 

Find the nature of the factors of : 

1. a 2 -15a + 54. 6. x* — 0x + 3. 

2. 24* 2 -*-10. 7. 4a 2 + 2s + l. 

3. 3n 2 -9n + 28. 8. 6a 2 + lla-40. 

4. 2y* + # + 3. 9. 10R 2 -R + 2. 

5. 2T + 5F-7. 10. 6# 2 -J£-35. 

Factor: 

11. 2a 2 +2o:-5. 
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Solution. -=- Let 2 x a + 2 * - 5 = 0. 

Solving, x=-i±lvTf. 

Hence, 2x 2 + 2z- 5 = 2(x + i + lvTT)(x + i - JvTT) 

12. 2^-5 + 2. 16. n 2 + 2n-143. 

13. 5P 2 + 3P+4 17. 10y 2 + lly~8. 

14. 3&*-&-l. 18. 7 4* -.4 +16 

15. 9d 2 + 4d + l. 10. 2T+ 15 | 7" 



CHAPTER VIII 

HIGHER EQUATIONS 

96. Higher Equations. — In preceding chapters we have worked 
out general methods of solving any linear or any quadratic 
equation in one unknown number. General algebraic methods of 
solving any equation of the third or of the fourth degree also 
have been worked out by mathematicians. But in elementary 
algebra we shall undertake to solve only two special kinds of 
equations of degree higher than the second. 

97. Higher Equations solved by Factoring. — Some equations of 
higher degree than the second may be solved by factoring. The 
method is the same as that of solving quadratics by factoring. 

Example 1. — Solve n 8 -f 1 = 0. 

Factoring, (n + l)(n 2 - n + 1) = 0. 

This equation is satisfied by any values of n that will make either of the 
factors n + 1 or n 2 — n -f- 1 equal to zero, for then their product would be 
zero. Hence, equating each factor to zero, we get 

n -f- 1 = and n 2 — n + 1 = 0. 

Solving, n + 1 = 0, n = — 1. 



Solving, n 2 — n+1 = 0, n = J ± i V^3. 

Example 2. —Solve tf> = 04. 

Transposing, < 6 — 64 = 0. 

Factoring, (« + 2)(t - 2)(« 2 + 2 1 + 4)(« 2 - 2 t -{- 4) = 0. 

131 
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Putting each factor equal to zero, 

1 + 2 = 0, £-2 = 0, <* + 2* + 4=0, f 2 -2i+4=0l 

Solving each of these, 



t = - 2, 2, — 1 ± V— 3, or 1 ± v^~8. 

Example 3. — Solve A* + 5A=6A 2 — 12. 
. Transposing, 4»- 6 4 1 + 6 A + 12 = 0. 

Factoring by remainder theorem, 

04 + l)Oi-3)(4-4)=0. 

Putting each factor equal to zero, and solving, 

4=-l, 3, or 4. 

As appears in each of the above examples, so it may be shown 
in general that 

The number of roots of an equation is equal to the degree of the 
equation. 

To solve any equation in one unknown number by factoring, 

(1) Transpose all terms to the left member 9 making the right mem- 
ber zero. 

(2) Factor the resulting left member, and equate each factor to 
zero. 

(3) Solve the resulting equations. 

EXERCISES 

Solve : 

1. w 3 -l=0. 3. F* = 27. 5. ^-81=0. 

2. a 6 - 1=1. 4. a 4 -1=0. 6. P-Bt? + 4 = 0. 

7. #-16 = 0. 9. 8s 3 -27 = 0. 

8. J\r 4 -2JV^ 2 = 15. 10. 64^ 8 + 125=«0. 
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11. 20 4 = 5gi 2 + 12. 17. T*+T=3T* + 3. 

12. m 6 + 7?» 3 = 8. 18. a 8 + 5a 8 =4a + 20. 

13. 4^=20^-21. 19. J R 4 + 47S 3 + J R + 4 = 0. 

14. 9c 4 +18c* + 8=:0. 20. 7i 5 + h* = h* + 1. 

15. af , + 2s , = x + 2. 21. 3P 4 + P S +2P 2 -|-24P=0. 

16. 2 3 -2 2 -42-f 4 = 0. 22. n 4 -3n 3 -f3n ! -n = 0, 
23. Find the three cube roots of 64. 

Suggestion. — Let n be the cube root of 64. 

Then n 8 = 64. 

24. Find the four fourth roots of 81. 

25. Find the six sixth roots of 1. 

26. Find the six sixth roots of 64. 

98. Higher Equations written in the Form of Quadratics. — Some 
equations of higher degree than the second may be written in 
the form of quadratics, and solved by the methods of solving 
quadratics. 

Example 1. —Solve r* - 13 r 8 + 36 = 0. 

This has the form of a quadratic in r 3 . Solving for r 2 by the formula, 



r3= 13 ±V169-144 
2 

= 9 or 4. 
Now, solving, r* = 9, r = ± 3. 

Solving, r* = 4, r = ± 2. 

Hence, the four roots are 2, — 2, 3, — 3. 

Example 2. — Solve -^— + ?i*+ii = 3. 

k + 1 # 

Putting n for — - — , the equation may be written 

n + ^ = 3. 
n 
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Solving, n = 1 or 2. 

Hence, the given equation is equivalent to the equations 

** =1, and -£■ =2. 



k + I k + 1 



J* 



Solving j^j. = 1, * = J ± J VS. 

Solving -^- = 2, t = liv1. 

* + 1 

Example 3. —Solve 2 v a + 2 1> -f 1 = — -- . 



This may be written 2(t? 9 + v) 4- 1 = 10 



«' 2 4- 
Putting n for v 2 + «» 

2» + i=25. 

n 
Solving, n = 2 or — J. 

Hence, the given equation is equivalent to the equations 

v 2 -f v = 2 and v 2 + v = — J. 

Solving these, v = 1, - 2, - J + j v^T, - } - j V^T. 

EXERCISES 

Solve : 

1. x 4 + 2s 2 = 48. 5. 8^ = 37^ + 216. 

2. Ga 4 + a*=15. 6. tf-2y A + 1 =0. 

3. 21F 4 =F*+10. 7. (aj»-l/ + 24 = ll(« , --l). 

4. ?* 6 + 9?i 3 + 8 = 0. 8. (t* + 2t) 2 -2(t* + 2t)=*3. 

9. (n» - nf - 8(?»* - w) + 12 = 0. 
10. (2/* + 7P) 2 -3(2P 3 +7P) = 10. 



fc 
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4 n m i 2 m 2 + 1 o •■ ~ -» • -% 2 



d» 2d + l /^+3.//+l 

17. 4n 2 -10n + 3= — -I r- 

27i 2 — 5w + 1 

18. (2t*+6v) 2 = l-(t* + 3t>-2). 

19. (/P - 1* + 4) 2 + (/?-.#)= 2. 

20. (6 2 --3& + l)(& 2 -3& + 2)=12. 

21. (1^ + 5 W- l)(W* + 5 W 4- 1)4-1 = 0. 

22. /'3 + ?Y + /' a j + § > \=42. 

23 . ( H _5J_( n _^30. 



24. a 3 + a + i + i = 4. 

a a* 



1 / l 2 

Suggestion. — a 2 + 2 H — = [ « + I \ . 

a- \ a/ 



25. * ft + 3y»-2y 1 -3y + l»0. 



Suggestion. — Divide by y 2 , and arrange as in Ex. 24. 



26. 2> 4 -3D s + 4Z) 2 -3Z)4-l = 0. 
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SUPPLEMENTARY EXERCISES 



The method of § 95 may be used to represent graphically the 
roots of an equation of any degree in one unknown number. 

Represent graphically the roots of : 

1. a? -15 ^ + 66 a; -80 = 0. 

Solution. — Laty = 3c'-15a? + 06ic-80- 
By aligning Tallies to x, computing the cor- 
responding values of y, locating the points 
whose coordinates are the sets of values Urns 
found, and joining the consecutive points bj a 
smooth line, the curve shown In the figure 
is obtained. 

This curve cuts the z-ails at three polnU, 
whose x-distsnces are the rools 2, 5, and 8, 
respectively. 

2. ar» -15 & + 71 x -105 = 0. 
S. x , -31*-30 = 0. 

4. a 4 -29 a? + 100 = 0. 

6. 3*-23*~72ar* + 128a; + 512 = 0. 

Determine graphically the nature of the roots of: 
S. a?-6ar , + 16ai-96 = 0. 

7. ^-22 z* + 145 a; -300 = 0. 



CHAPTER IX 
EQUATIONS INVOLVING SURDS 

99. Equations involving Sards. — To solve an equation in which 
the unknown number is involved in one or more surds, it is neces- 
sary first to free the unknown number of radical signs. To do 
this, both members of the equation must be raised to the same 
power. 



Example. — Solve Vn~+2 + V8 - n = 3. 



Transposing, Vn + 2 = 3— V3 — n. 



Squaring both members, n-{-2=9 — 6\/3-n-f-3 — n. 



Transposing and combining, 2 n — 10 = — 6 V3 — n. 



Dividing by — 2, 5 - n = 3V3— n. 

Squaring both members, 25 — 10 n + n 2 = 27 -- 9 n. 
Transposing and combining, n 2 — n — 2 = 0. 
Solving, n = 2 or — 1 . 

The above example illustrates the following general rule for 
freeing an equation of radical signs : 

(1) By transposing, if necessary, change the equation into an equiv- 
alent one of which one member consists of a single surd. 

This is called isolating the surd. 

(2) Raise both members to such a power as will free this isolated 
surd of the radical sign. 

(3) If surds still remain, repeat the operation. 
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In checking the solution of an equation involving surds by sub- 
stituting the values of the roots found, it must be remembered 
that only the principal roots of the radicals involved may be used. 
(See § 64.) 

Thus, 5 is not a root of v/3 1+ 1 + Vt— 1 = 2, although when t = 5, it 
would become 4 — 2 = 2 if the negative square root of t — 1 were taken for 

the second term. The equation of which 5 is a true root is V3 1 + i — v <— • 1 
= 2. 

100. Extraneous Roots. — When both members of an equation 
are raised to the same power, roots may be introduced (extraneous 
roots) that will not satisfy the given equation. 

For, let any equation be represented by A = B. 

Squaring both members, A 2 = B s . 

Transposing and factoring, (A — B)(A + B) = 0. 

This equation is equivalent to A — B = and A + B==0. 

Of these two equations, A — B = alone is equivalent (see § 44) 
to the given equation. Hence, all of the roots of A + B = are 
introduced by squaring. 

Hence, jn solving an equation which involves surds, it is necessary 
to test all roots obtained and to discard those which do not satisfy the 
equation in its original form. 

Example. — Solve Vx -f 1 — V8x + 5 = 0. 0) 

Isolating a surd, Vx+ 1 = VWx — 5. 

Squaring, % + l = 8 x — 10 V8T+ 25. (2) 

Isolating the surd, 10V8x =■ 7 x + 24. 

Squaring, 800 x = 49 xM -336 x + 576. (3) 

Solving, a: = If* or 8. 



EQUATIONS INVOLVING SURDS 139 

By substitution it is seen that 8 satisfies (1), but 1}{ does not. The ex- 
traneous root m was introduced by squaring. 

What look place in the preced- 
ing solution is shown graphically 
in the accompanying figure. The 
graphs of equations (1), (2), and 
(3) are the curves (1), (2), and 
(3), respectively (the two lines 
marked (3) are parts of one con-' 
linuous curve that turns upward 
at a point 522+ spaces below the 
x-axis). Squaring equation (1) 
changed the curve (1) into curve 
(2), and squaring equation (2) 
changed the curve (2) into curve 
(3). Curve (1) shows that equa- 
tion (1) has only one root, 8. 
Curve (2) shows that equation (2) 
has, in addition to the root 8, an- 
other root between 1 and 2. And 
curve (3) shows that equation (3) 
baa the same roots as equation (2). 

An equation involving surds may not be satisfied by any value 
of the unknown number. Such an equation is called an lmpoaai- 
ble equation. 

Example. — Solve Vis + 8+ 2 + 2v's~+6 = 0. 

Isolating a surd, V2» + a + 2 = — 2 i/i + 5. 

Squaring, 2 t + 8 + W2 i + 8 + 4 = 4 s + 20. 

Hence, 2V2s + 8 = s + 4. i j . 

Squaring again, 8 s +32 = s a + 8 s + 16. 

Solving, * = 4or -4. 

Neither of these roots satisfies the given equation. 
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EXERCISES 

Solve: 

1. VaT+1-2. S. VF+3=8. 6. 5 + Vn + 7 = n. 

2. &-Vy^T=6. 4. V2a?-3 = 5. 6. ^13 + a = 2. 

7. \^2t>-l=3. 26. 1+Vz + 2=W2. 

8. 4Vm + 5 = 3V3m + 4. 27. V2 j> - 7 + V2j> + 9 = 8. 

9. 5V5T2 - 3V4 /* -3 = 0. 28. </a^^5aT6 = Va+1. 

10. VST2 - 1 = V*^3. 29. V2^T5 = <^-7* + 12. 

11. Vl5 + 3/) + 2=V23=7>. 30 - -frl + I»V< + l- 

12. 2V9T^=3V^h24-10. 31 - V^ + 1=^ + 1. 

13. V3f 2 +4Jlf+ 9=Jlf+7. 32. V*-Va;-3 = -^. 

14. V57 + 4 = V12* + 21. ^ _ 

, K /-r / ,,»>. 1 33. — -=Vs + Va; — 1. 

15. v -4 = V -4 + 25 — 1. ^ x 

16. Vd^i2 = V5-2. , ,- , ^r—a_ 3 



34. Vn + Vn — 6 = 



17. V*-7 + V5T7=0. Vn-6 

o 

18. 2Vn + 2=V%. 36. Va + Vl4-a = 

VI -fa 

19. w-3 = V2i0*-w> + 10-5. _ 2 

, , 36. Vs — Vs — 8= — _ 

20. Vn + l+Vn-2==0. V*^ 

21. VF37 = 7 _ A# ^ 20 -Vfc=Vl5+l 

22. V? + V32+-?+ 16 = 0. VI ^ rk 

23. V^R + V^-f 2 = 0. 38 - V^T8 =Vi ^ + 8 + ^ 

24. v^T2-v3^ = 3. vr+^+vr^r 9 

. 39. == ^» 

26. Va-1 + V3 a + 1 = 2 . Vl + n-Vl-n 

40. -i--— 1 -*- = <). 

1— Va 1+V<* 1 — a 
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41 V3+l6 4 .V4-4^^., ft 

V4 - -4. V^rl + 16 



42. V5jy+2ViV*-JV r + 7-4-0. 

43. V 13 + 3V^ 5 4.4VMTI -5 = 0. 



44. 3aj 2 -4»4- V3^^4aj-6=sl8. 



Suggestion. — Let V3 x 2 — 4 x — 6 = y. 
Then y* + 6 + y = 18. 



45. Vn 2 + 3 n + 1 = 1 - 2 n* - 6*. 



46. 2V4* 2 -10*-2 = 10* + 10- 4**. 

47. r-f 22 = 3r s -6V3r 2 -r-6. 



48. V2a-4+ V3a + 4- Vl0a-4 = 0. 

49. V2a-4 + V3a-f 4+ Vl0a-4 = 0. 

50. f = ir\/- expresses a law of the vibration of pendulums. 
Solve for I 



51. v = -\/2gs gives the velocity acquired by a falling body. 
Solve for s. 

N VT • 

52. — = — -=- expresses a law of vibration of strings, in musical 

instruments. Solve fori; f or T. 



53. t = ^— 2? expresses a law of motion of projec- 
tiles fired vertically. Solve for «. 
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SUPPLEMENTARY EXERCISES 

Solve the following, and show graphically the introduction of 
extraneous roots, as in the first example of § 100 : 



1. Vs-1 + V3a; + 1 = 2. 3. V2a? + 4- V« + 3 = l. 

2. V3& + 1 + Va-1 = 6. 4. Vile- V2« + l = l. 



CHAPTER X 

SYSTEMS INVOLVING QUADRATIC OR HIGHER 

EQUATIONS 

101. Systems involving Quadratic or Higher Equations. — The 
solution of a system of two equations in two unknown numbers 
in which one or both of the equations is of the second or higher 
degree cannot always be obtained by the methods of elementary 
algebra. Consequently in this chapter we shall only undertake 
to solve certain special types of systems. 

As in the case of a system of two linear equations, to solve a 
system involving higher equations requires first the elimination 
of one of the unknown numbers. The method of elimination 
adapted to any given system depends upon the character of the 
equations in the system. 

102. One Equation Linear and One Quadratic. — If one equation 
of a system is linear and the other quadratic, either unknown 
number may be eliminated by substitution. 

Example. -Solve f™- 2 * = 6> 0) 

1 1» 2 + n 2 = 17. (2) 

Solving (1) for m, m = 6 -f 2 ». 

Substituting 6 + 2 n for m in (2) , 36 + 24 n + 6 n 2 = 17. 

Solving this quadratic, ' n = — 1 or — *£• 

Substituting — 1 for n in (1), m + 2 = 6. 

Hence, m = 4. 

Substituting - ^ iox n in (1), . m -f - 3 5 * = 6. 

Hence, tn = — «. 
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Therefore there are two solutions : 

m = 4, n = — 1 ; and m = — f, n = — *£. 

To solve a system containing one linear and one quadratic 
equation : 

(1) Solve the linear equation for one unknown number, expressed 
in terms of the other. 

(2) Substitute the value found in the quadratic equation, and 
solve the resulting quadratic in one unknown number. 

(3) Substitute each value found for the one unknown number in 
the linear equation, and solve for the corresponding value of the 
other. 

It is evident that : 

Any system of one linear and one quadratic equation has two 
solutions. 



EXERCISES 



Solve: 



x fr-*=l, [irf + 40 = 0, 

{l>X k v\ 9 f2P+2*=5PiV; 



2. 



3. 



4. 



5. 



6. 



fa-26 = 3, 

[a 2 -& 2 = 24. 

( 



r tt 2 + &* + 4a + 66 = 40, 
4x + ,-7, la-10 + 6. 

2s* + ^ = 5. (3V=2T, 

m + w = 9, " J3FFH-2F+ T=485. 

ra 2 + mn + n 2 = 67. 

2^ + 3y = U+4sy, 



[3a==y-fl0. l * 

7 pr-fl0 = 0, 13 f(6-m)(7-n)=80, 
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14. 



15. 



ffc-3 = n, 
« + y = 4, 

M-i. 



19. 



1+^=1 



16. 



17. 



x y 

( A 4- B = 2 Solve for a: and y : 

£+^-ft 20. [ X - y = a \ 

\<B A [xy^tf + V*. 

v+M+^97, 21. (*+y= m > 

. o 19 [4a# = m a — n*. 



1-3 = 

* * 22. 



18. 



\xy = t\ 



u t * 23 f& + y = a, 

l3*-2w + 12 = 0. " \a? + tf = b. 



24. In any circle whose radius is r, circumference c, and area 
£„ c = 2 irr and # = «r 3 . By eliminating r between these two 
equations, find the equation between S and c. 

103. Two Quadratic Equations, each of the Form ox* + ty* = c. — 

If each equation of a system is a quadratic of the form 
ax 2 + by 2 = c, in which x and y are the unknown numbers, either 
unknown number may be eliminated by addition or subtraction. 



Example. — Solve 



a* + 2y 2 = 22, (1) 

2x 2 + y 2 = 17. (2; 

Multiplying (1) by 2, 2 x 2 + 4 y 2 = 44. 

Subtracting (2) from this, 3 y 2 = 27. 

Solving, y=±3. 

Substituting 3 for y in (1), x 2 + 18 = 22. 

Solving, x ^ ± 2. 

Substituting - 3 for y in (1), x 2 + 18 = 22. 

Hence, x = ± 2. 

Therefore there are four solutions : 

3 = 2, y = 3; x=-2, y = 3; x = 2, y = -3; x=-2, y=-3. 
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To solve a system of two quadratic equations, each of the form 
cue 2 + by* = c: 

(1) Eliminate one unknown number by addition or subtraction, 
as in a system of linear equations. 

(2) Solve the resulting quadratic in one unknown number. 

(3) Substitute each value of the unknoivn number thus' found in 
either of the given equations, and find the corresponding values of 
the other unknown number. 

It is evident that for each of the two values found for the first 
unknown number there are two corresponding values of the 
other. Hence : 

Any system of two quadratic equations, each of the form 
<m? + by* = c, has four solutions. 

It haa been observed that in the case of every system solved in 
this and the preceding sections. 

The number of solutions is equal to the product of the degrees of 
the two equations. 

It may be shown that this rule is true in general. If one 
equation is of the rath degree and the other of the nth degree, the 
number of solutions will be mn. Exceptions to this rule in cer- 
tain peculiar systems will be noted later. 

EXERCISES 

Solve : 

(3^-8^=40, J4 TP-9P* = 36, 

" 15^ + fc 2 = 81. ' iir 2 +F 2 = 16. 

J3^-2B» = 0, 13^-5^ = 30, 

' \6A*-3B*=1. ' ls 2 +5y 2 = 70. 

(r*-s* = 7, f V 2 + 4* 2 = 40, 

" lr 2 + « 2 = 25. ' {2^-9^ = 63. 

J4m 2 + 9n 2 = 36, f IP - 2 IP = 17, 

' |m 2 + n 2 = 25. ' 1 222 2 +Z> 2 = 54, 
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q f4a 2 -9& 2 ==0, J3C< = 

(4P 2 + 3Q 2 = 43, [2r 2 -3r' 2 = 20, 

' 13P 2 -Q 2 = 3. 14 ' jr 2 + 5r' 2 = 36. 

11. J J 

I* 

12. | 



9^4-^ = 29, 
27s 2 -2y 2 + 38 = 0. 

E 2 -25IP = 20, 
25/^=88-2^. 



, l r 2 + 5r' 2 = 36. 
5 + 2 = 



# a; 16 xy 

y 2 3 

x — *- = 



x 16 x 



104. Two Quadratic Equations, One Homogeneous. — A homo- 
geneous equation is one all of whose terms are of the same degree 
in the unknown numbers. 

Thus, 2 v 2 — vt + 1 * = is homogeneous, every term being of the second 
degree. 

The process of solving a system of two quadratic equations, 
one of which is homogeneous, may be reduced to the process of 
§ 102. 

m 2 -5m» + 6n 2 = 0, (1) 

to 2 - mn + n 2 = 12. (2) 



Example 1. -Solve , 



Factoring (1), (w - 2 n)(»» — 3 n) = 0. 

Hence, (1) is equivalent to the two equations 

TO-2n = 0, (3) 

and m - 3 n = 0. (4) 

Therefore the given system is equivalent to the two systems 

TO-3n = 0, 



A l ro - 2tt = ' B 

m 2 - mn + n a = 12 ; 



to 2 - mn + n 2 = 12. 



The systems A and B are each solved by substitution, as in § 102. 
The solutions of A are m = 4, n = 2 and m = — 4, n = — 2. 

The solutions of 5 are to = f V21, n = JV21 and to t= — f >/21, n=-r*V21. 
Hence, these four solutions are the solutions of the given system. 



J 6x 2 - 

1*2 + 



Example 2. -Solve j <- + **y - j,* = 0, 0) 

" * + y = 5. (2) 
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Solving (1) for x by the quadratic formula, 



g_ -*y ±V16y* + 20 y* 
10 

= -yoriy. 

Hence, the given system is equivalent to the two systems 

A {«=-* B j x =i* 

1 x 2 + x + y = 5 ; I x* + x + y = 6. 

Solving system A by the method of § 102, 

X = _3 + Vl4, y = - 15 + 6\/l4; x=-3-vl4, y =- 15- 5VH. 

Similarly, the solutions of B are found to be 

x = V5, y = — y/E ; x = — V5, y = VS. 
These four solutions are the solutions of the given system. 

The method of Example 1 may be used only in case the first 
member of the homogeneous equation may be factored. The 
method of Example 2 may be used in case of any homogeneous 
equation, whether the first member can be factored or not, and 
hence is the more general method of the two. 

To solve a system of two quadratic equations, one being homo- 
geneous, find by factoring or by solving by the quadratic formula two 
linear equations to which the homogeneous equation is equivalent. 
Use each of these with the other given equation to form a new system. 
Solve these two systems by the method of § 102. 



EXERCISES 

Solve : 

(a*-3xy + 2y' = 0, 8 f 

\2s 2 + a 5 y-y 2 = 9. * I 

fa 2 -5ab + 6b* = 0, 4 f v« + 7tf + 10**= 0, 

Z ' |a 2 -& 2 = 27. ' \v 2 + 3t; + v«-4* = 33. 



3 m 2 — 2 mn — n* = 0, 
m + n + n 2 = 32. 



5. 



6. 
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(2^+0^ = 48. [3P S + 4PQ = 15. 

IF 2 - F? -rV = 19. - \a*-a& + &* = 27. 



105. Quadratics with All Unknown Terms of Second Degree. — 
A system of two quadratic equations of which neither is homo- 
geneous, but in each of which all unknown terms are of the 
second degree, may be solved by first combining the given equa- 
tions so as to obtain a homogeneous equation. 



Example. — Solve 



1^-7^-9^ = 0, (1) 

^ + 6^+11^ = 6. (2) 



Evidently we may get a homogeneous equation by eliminating the terms 
free of unknown numbers. 

Multiplying ( 1) by 5, 6 p - 36 pq - 46 q* = 46. (3) 

Multiplying (2) by 9, Op 2 + 46 pq + 99 g* = 46. (4) 

Subtracting (3) from (4), 4p* + 80 pq + 144 q* = 0, 

or p* + 20 pq + 36 g 2 = 0. (6) 

Now the given system is equivalent to the new system formed of (6) and 
either (1) or (2). Let us form the system 

p*+20pg + 86g* = 0, (6) 

y + 6i>tf+ll(/ 2 = 6. (2) 

This system is solved by the method of § 104. 
The solutions are : 

p = 2, g=-l; J>=-2, q = l; p = 2*, ? = -*; p = -2f, g = f 

By eliminating the knoivn terms, derive from . the given equations 
a homogeneous equation. Use this homogeneous equation with either 
of the given equations to form a new system. Solve this system by 
the method of § 104. 
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EXERCISES 



Solve : 



1. 



3. 



4. 



5. 



6. 



Js 2 + a;y = 21, 

12^-^ = 8. 

{2 m 2 — mn + n* = 16, 
m 8 -|- mn + 2n 2 = 44. 
J;l 2 -3*LB + 2# = 3, 
12^1 2 + £* = 6. 

/i 2 -h^ = 10, 
3k* + Jik = 6. 

to 8 -|- wv -f v 2 = 4, 
v i0*-2ww = 12. 

f/p_ifc_5* 2 = 15, 
t/?-6t f =l. 



7. 



8. 



9. 



10. 



11. 



12. 



{ 
f 

la* 

{ 



xy + 3y 2 -$Q = 0. 

M* + MN+N* = 3% 

2M 2 +3MN+N*=63. 

-2a& = -16, 
a& + 4& 2 = 120. 

p 2 +W + 2< ? 2 = 74, 
2p* + 2p? + ? 2 = 73. 

1^-2^0 + 15 = 0, 
( C 2 - FC + i^ 2 = 21. 

^- 9 ry_12'y 2 =:8, 
9r 2 + 9fV -10v 2 = 20. 



106. Symmetrical Equations. — A symmetrical equation is one 
that is unchanged when the unknown numbers are interchanged. 

Thus, t» 2 4- n 2 = 5, xy = 2, and a + 6 = 8 are symmetrical. 

Some systems involving only symmetrical equations, one linear 
and one quadratic, or both quadratic, may be solved by the 
methods of the foregoing sections. But another good method of 
solving such systems consists of so combining the equations as 
to find the values of the sum and the difference of the unknown 
numbers, and thus derive two or more systems of linear equations 
to which the given system is equivalent. 



Example. — Solve 



a .2 +y 2_40 J 

xy = 12. 

Multiplying (2) by 2, 2 xy = 24. 

Adding (3) to (1), x* + 2 xy + y* = 64. 

Taking square root, x + y = ± 8. 

Subtracting (3) from (1), a a - 2 xy + y* = 16 
Taking square root, x — y = ± 4. 



(1) 
(2) 

(3) 
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Hence, the given system is equivalent to the four systems : 

A tx+y = S, ^fx4-y=-8, c ,|x + y = 8, 2) |x + y=-8, 
(x — y = 4; (x — y = 4; }x— y=-4; {x-y=— 4. 

The solution of A is x = 6, y = 2 ; of #, x = — 2, y =—6 ; of C, x = 2, 
y = 6 ; of D, x = - 6, y = - 2. 

When, except for sign, the equations are symmetrical, the 
system may be solved by the same method. 



Example. — Solve 



(m — n =2, 
to 2 + n 2 = 74. 



0) 
(2) 

(3) 

(4) 



Squaring (1), to 2 — 2 mn + n 2 = 4. 

Subtracting (3) from (2), 2 to» = 70. 

Adding (4) and (2), m 2 + 2 mn + n 2 = 144. 
Taking square root, to + n = ± 12. 

Hence, the given system is equivalent to the two systems : 

^ J m - n = 2, ^ J to - » == 2, 
( m + n = 12 ; { to + » = — 12. 

The solution of A is to = 7, n = 5 ; of B, to = — 5, n = — 7. 

Note. — In this and the preceding sections we have discussed methods of 
solving systems containing linear and quadratic equations of a few special 
types. Except in special cases such as those in the foregoing sections, to 
solve a system of two quadratic equations generally involves the solution of 
an equation of the fourth degree in one unknown number. 



Thus, consider the system 



Solving (1) for to, 



w + 2v 2 
w 2 + 3v 



7. 
6. 



0) 
(2) 



w = 7 - 2 v\ 



Substituting in (2), 49 - 28 t> 2 + 4 v 4 + 3 v = 6, 

an equation of the fourth degree. 

Consequently, we cannot undertake to solve all systems involving two 
quadratic equations. 
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EXERCISES 



Solve: 
1. 



2. 



3. 



4. 



5. 



6 



1^ + ^=5. • U 2 +ff=10. 

jp + g=3, fm 2 + 7iw+» s =19, 

\p> + q* = 29. ia lm-n-1. . 
ja'+6* = 37, fs + *=4, 

la& = 6. "' U-d + ** = 7. 
fm + n=7, 1^-1-3^ + ^=4, 

lm» = 6. 12 - ix»-*y + ^=2. 

JP'+Q*:=13, fa + a& + & = 29, 

l^Q = 6. 13 ' la J -|-a6 + 6 3 = 61. 

|w-v = 4, f IF*- 1FF+ F 2 = 63, 

1^ + ^ = 40. 14 ' iiK-r-f3 = 0. 

f « — y = 8, fr 2 + n-' + r' 8 =31, 

I o?y + 15 = 0. 16 ' { ^ __ rr t + r rs _ 21. 

fsy+5 = 0, f^-2ary + y = 4, 

' ts 2 + y 2 = 26. t» 2 + 2sy + y 2 =64. 



8 



107. Systems involving Higher Equations solved by Division. — 

We are able to solve some special systems involving equations of 
higher degree than the second. If the members of one equation 
are divisible by the members of the other, one or more simpler 
systems equivalent to the given system may be derived. 

If Ay By My and N represent integral expressions involving two 
unknown numberSy then the system 

(MA = NBj (1) 

1 M = N (2) 



is equivalent to the two systems 



V ' \M=N, (2) W t JV = 0. 



(4) 
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For, by substituting NforMin (1), transposing, and factoring, 

M(A-B) = 0. (6) 

Also, from (2), M - N= 0. (7) 

Now, the system composed of equations (6) and (7) is equiva- 
lent to the two systems (a and (6), because any solution of (a) 
or (b) will satisfy the equations (6) and (7), and any values of 
the unknown numbers satisfying (6) and (7) will satisfy the 
equations of (a) and (b). 



fs» + y« = 28a;-7y-49, (1) 

x + y = 4z-y-7. (2) 



Example. — Solve 

Dividing (1) by (2), a;* - xy + y* = 7. 



Hence, the given system is equivalent to the two systems 

A 1*2-^ + ^ = 7, andi? f* + y = 0, 

x + y = 4z — y-7, [4x — y— 7 = 0. 

Solving A by the method of § 102, 

x = 1, y = — 2, or x = 3, y = 1. 
Solving B, * = 1J, y=-lf 

If either M or ^T is an arithmetical number (not zero), the 
system (a) alone is equivalent to the given system, because in 
that case either equation (4) or (5) of system (b) would be 
impossible. 



V-*8 = 56, (1) 

v 2 + vt + t 2 = 28. (2) 



Example. — Solve 

Dividing ( 1 ) by (2), v - t = 2. 

Hence, the given system is equivalent to the single system 

t>-* = 2, 

v 2 + vt + t* = 28. 

Solving this system by the method of § 102 or § 106, 

« = 4, * = 2, or tf=-2, *=-4. 
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Observe that the system in the above example has only two 
solutions, whereas we expected three solutions. Such a system, in 
which the number of solutions is less than the product of the 
degrees of the equations, is called a defective system. 



Solve : 

m 3 4- n* = 35, 
m -f n = 5. 



EXERCISES 



1. 



2. 



3. 



4. 



5. 



6. 



7. 



8. 



I; 

Jv s -* 8 = 27, 

Ja 3 -& 8 = 133, 

la-6 = 7. 

ar , -|-y 3 ='65, 
. x 4- y = 5. 
P3 + qs = 28, 
P+ Q = 4. 

a 2 -a6 + 6 2 = 7, 
\a 3 + & 3 = 28. 

«/*- 1^ = 56, 

w* + wv+v 2 = 28. 

M* - JV 3 = 19, 
Jlf*4- MN+N* = 



19. 



9. 



10. 



11. 



12. 



13. 



14. 



15. 



16. 



tf4 + aJy + y*=243, 
x 2 — xy + y*=9. 
r* + r3 + s 2 = 13, 
r« + rV-M* = 91. 

a *& + a 6 2 = 30, 
a 4- 6 = 5- 
m 8 — n s = 6 wi, 
m — n = 3 w. 

l-ir» = < 2 , 

1 - v = t. 
[ x 3 4- y* = 14 x 4- 21 y — 49, 
ia.4-^ = 2a;4-3y-7. 

w s _ n s = 62 m - 186 n, 

m-n = 2m-6n. 

a 4 + a ! + l = f^ 
la 2 + a4-l=&- 



^108. Other Systems involving Higher Equations. — Other sys- 
tems involving equations of higher degree than the second may 
be solved by special devices. 



Example 1. — Solve 



x* + y* = 641, 
x 4 y = 3. 



0) 

(2) 



Let 

r 

Substituting in (2), 
Hence, 



x = a + & and y = a — b. 

a = 



(3) 
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From (3) and (4), 



Substituting in (1), (a + by + (a - by 

or 2a 4 + 12a 2 o 2 + 2o 4 

V + 27 b 2 + 2 o 4 

or 16 6* + 216 o 2 - 5047 

Solving (5) by quadratic formula, b 2 

Hence, b 



641, 
641. 
641, 
0. 



W 



(5) 



Ag. or - *$i. 

± J or ± |\/^T03. 



Using the value of a and each of the four values of o, we get 
s = a + & = 5, -2, j+J v/^HJ3, or J - J V^Iog. 

y = a - 6 =-2, 6, J - i\/^~T03, or $ + i\/^~103. 



Example 2. — Solve 



f a*b* + a*b* = 20, 
a + 6 = 3. 



Factoring (1), 
Hence, 



or 



(a a & 2 + 5)(a 2 6 2 -4)=0. 
a 2 6 2 + 6 = 0, 
a*b 2 -4 = 0. 
Solving (3), ab = ± \/^5. Solving (4), a& = ± 2. 

Hence, the given system is equivalent to the four systems : 



|a + ft = 8 f B \ 



a + 6 = 3, c la + b = S, D 

a 6 = -V^S; (aft = 2; 



, ab = V— 5; 
These systems will give in all eight solutions. 



(1) 

(2) 
(3) 
(4) 



f a + b = 3, 
<i&=— 2. 



EXERCISES 



Solve : ; 

m 4 -|- w 4 = 17, 



1. 



2. 



3. 



Jra 4 + n 4 = l 
1 m -f- n = 3. 

| w 4 + v 4 = 257, 
1 to — v = 3. 

1^*4-^ = 82, 
1^ + J5 = 4. 



5. 



6. 



i 



s 4 + y 4 = 81. 

n -f m = 5, 

nW - 37 7i 2 m 2 + 36 = 0. 

(a + 6) 4 - (<H 6) 2 = 12, 
a-6 = 0. 
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{&«-*«= 0, 

Soooestiow. — By factoring find the linear and quadratic equations to 
which the first equation is equivalent Use each of these with the second 
equation to form a new system. 

( ^ + 2^ = 27. * tp*-2p9 + o* = 0. 



109. Graphs of Quadratic and Higher Equation!. — The graph of 
an equation of the second or higher degree is in general some 
kind of curve. See Fikst Course, § 153 and § 164. 

Example 1. — Draw the graph of x> + j/ 1 = 100. 

By assigning values to x and computing the corresponding values of y, the 
following sets of values are obtained : 



* 





2 


4 





8 


10 


-2 


-4 


-6 


-8 


- 10 


y 


±10 


±9.8 


±fti 


±8 


±6 





±9.8 


±8.2 


±8 


±6 






If e is given a value Rreater than + 10 or less than — 10, the corresponding 
value of y obtained Is imaginary. This shows that tbe graph does not 
extend farther than 10 spaces to tbe right or left of the y-axis. Similarly, 
it does not extend farther than 10 spaces above or below the z-axis. 
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By locating the points whose coordinates are the above nets of values, and 
joining the consecutive points by a smooth curve, we get the circle in the 



Example 2. — Draw the graph of 4 x 7 + 9 y 1 = 576. 

By assigning values to x we get the following sets of values of x and y : 



y 





3 


6 


9 


12 


-3 


-6 


-9 


-12 


±8 


±7.7 


±6.0 


±6.3 





±7.7 


±8.9 


±5.3 






Marking the points wbose coordinates are these sets of values, and con- 
necting the consecutive points by a smooth line, gives the dval in the figure. 
This curve is called an ellipse. 



Euhple 3.— Draw the graph of y* = 3 x + 9. 
Proceeding as above, we get i 



y 





3 


6 


9 


12 


15 


-8 


Greater negative 


±3 


±4.2 


±5.2 


±6 


±6.7 


±7.3 





Imaginary 



By locating the 
connecting the 
figure. 



whose coordinates are these sets of values, and 
points by a smooth line, we get the curve in the 
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This curve is called a parabola. It la not a closed figure like the circle 
and ellipse, but its branches continue farther and farther apart as they recede 
from the y-axJs. 



Example 4. — Draw the graph of x 1 — 2 j a ; 
Proceeding as above, we get : 



y 


4 



6 


8 


10 


-4 


-c 


-8 


-10 


±3.2 


±4.9 


±6.6 





±3.2 


±4.0 


±6.5 



It is seen that for values of x between — 4 and -+ 4, y is imaginary. This 
shows that no part of the curve lies in the strip extending 4 spaces to the 
right and 4 spaces to the left of the y-axfe. 



Drawing the curve, it is found to consist of t\ 
This curve is called an hyperbola. 



1 branches, as in the figure. 
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Note. — The curves obtained in the above examples play a, very important 
part in our everyday life. Since the time of the early Greeks It has been 
known that tbey are the sections obtained by cutting a cone by a plane. 
The great astronomer Kepler (1571-1030) showed that the orbit in which the 
earth moves about the sun is an ellipse. It is now known that the orbits of 
all the planets are ellipses. Also, those comets that reappear periodically 
move in ellipses. Other comets that make their appearance only once move 
in parabolas. It la known also that all projectiles, such as an object thrown 
up in the air, or a shot fired from a cannon, move in parabolas. Thus, a 
knowledge of the parabola is used in gunnery in the navy, etc. 

Examplb 5. — Draw the graph of z 1 + y* = 125. 

Proceeding as in the above examples, we get the curve shown in the 
figure. 



It is seen that a straight line may be drawn cutting this curve in three 
points. Likewise, a straight line may be drawn cutting either of the above 
graphs of equations of the second degree in tuto points. Similarly, it) general 
the graph of an equation of the fourth degree is such that it may be cut by a 
straight line in four points and only four, etc. 



Draw the graphs of ! 

1. z* + y ! = 64. 4. 9^-4^ = 36. 7. j» + 4aj=16. 

2. K» + 4y' = 64. 6. x* = 2y. 8 x> + y> = 512. 

3. 9^+16^=576. 6. *y = 8. 9. z 3 -y» = 216. 
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110. Systems solved Graphically. — A system involving two 
equations, of which one or both are of the second or higher 
degree, may be solved by drawing the graphs of the equations, 
and noting the coordinates of the points where the graphs cross. 
These coordinates must satisfy both equations, and hence form 
the solutions of the system. See § 53. 

4-8^ = 180, (1) 

(2) 

The graph of (1) is the ellipse (1), and the graph of (2) is the parabola (2). 
These curves meet at four points, whose coordinates are approximately 
8 = 7.1, J = 8.7; z=-7.1, y = 3.7j x =4.4, y = -4.2; z=-iA. 
y = — 4.2, the four solutions of the system. 



What takes place in solving a system when a new system 
equivalent to the given one is found and solved may be shown 
graphically. 

Example. —Interpret graphically the solution of I ** ~ ** = 208 ' W 

V [x-t = i. (2) 

Dividing (1) by (2), x* + xy + j* = 52. (3) 

Now (2) and (3) form a new system whose solutions are found to be 
x = 6, y = 2 and % = — 2, y = — 6. 
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The graphs of (1), (2), and (3) are the curve (1), straight line (2), and 
ellipse (3) in the figure. It is seen that the only points where (1) and (2) 



cross are points where (2) and (3) cross, and conversely. Hence, to solve 
the system (1) and (2) is equivalent to solving the system (2) and (3), 
which has onlv tho two solutions. 



which has only (he two solutions 



Solve graphically : 

f« + 2y = 12, 1^ + 4/ = 144, 

' l^ + / = 45. " \4& + tf = lU. 

tx> + y»=lW>, ^ + ^ = 81, 

' U-y = 6. ■ i^-y» = 16. 

3 Ux' + 9y> = 324 r ? 1^-^ = 4, 

1^ = 3 + 16. " W-y=!l6. 

f« , - ff » = 4, jx' + y*=100, 

U ! -x = 12. ' 1^ + 2^ = 144. 

9. Show graphically that all solutions of the system 
(3=+/ = 16, 
\x>-y' = 64, 
ire imaginary. 
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* 

10. Show graphically that the following systems are equivalent 

A \*-f-i*. and JB|-+3T- J 
[a; — y = 2, I a? — y = 2. 



11. Show graphically that the system 

3* + 2f = 40, 



( 



is equivalent to the two systems 



A 



\ X + V = *> and B\ x + * = *> 
[x — y = 4, [x — y= — 4. 



12. Show graphically that the system 

f ar 3 4- y 3 = 152, 



is defective. 



U + y = 8, 



111. Problems. — Some problems may be solved by use of sys- 
tems of equations in two unknown numbers, in which one or both 
equations are of the second or higher degree. 

EXERCISES 

1. Find two numbers whose sum is 13 and the sum of whose 
squares is 97. 

2. The area of a right triangle is 50 square feet. The hypot- 
enuse is 15 feet. Find the legs. 

3. A man has two fields, each square. It takes 40 rods more 
to fence one than the other. The larger contains 5| acres more 
than the smaller. Find the length of each. 

4. The area of a rectangular floor is 1200 square feet. The 
diagonal of the floor is 50 feet. Find the dimensions. 

5. The perimeter of a rectangle is 100 yards. Its area is 600 
square yards. Find its dimensions. 
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6. The diagonal of a rectangle is 30 feet. If its length were 
increased 6 feet, its area would be increased 108 square feet. 
What are its dimensions ? 

7. The perimeter of a right triangle is 48 inches. Its area 
is 96 square inches. Find the three sides. 

8. The floor of a room consists of a plain center surrounded 
by a parquetry border 3 feet wide. There are 140 square feet in 
the plain center and 180 square feet in the border. Find the di- 
mensions of the room. 

9. The area of a rectangle is 36 square inches. If its length 
be increased by 3 inches and its widtti by 2 inches, its area will 
be doubled. Find its dimensions. 

10. A rectangle is 20 inches long and 16 inches wide. How 
much must be added to its width, and how much must be taken 
from its leugth, in order that its area may be increased by 22 
square inches and its perimeter by 2 inches ? 

11. The hypotenuse of a right triangle is 10. If one leg be 
increased by 3 and the other leg by 4, the hypotenuse will become 
15. Find the sides of the triangle. 

12. A rectangular lot which contains 880 square yards is 2.2 
times as long as it is wide. How much will it cost to build a 
fence around it at 25 cents a linear foot ? 

13. A guy rope to a derrick is attached to a stake 30 feet from 
the foot of the derrick. If the rope were 16| feet longer, it 
would reach to a stake 53£ feet from the foot of the derrick. 
Find the height of the derrick and the length of the rope. 

14. A flower garden contains 1000 square feet, and is sur- 
rounded by a path 5 feet wide. The area of the path is 750 
square feet. What are the dimensions of the garden ? 

15. A laborer received $32.50 wages. If he had worked 5 
days longer, and had received 50 cents a day less, he would have 
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received $41.25. How long did be work, and what were his 
wages a day ? 

16: A certain number of men do a piece of work in a certain 
number of days. If there were two fewer men, it would take 4 
days longer to do the work ; and if there were twice as many 
men, it would take 4 days less to do the work. Find the number 
of men and the number of days required for them to do the work. 

17. A grocer bought apples and potatoes for $54. He sold 
the apples for $36.80 and the potatoes for $18.70. He gained as 
many per cent on the apples as he lost on the potatoes. How 
much did he pay for each ? • 

18. A certain sum of money placed at simple interest for one 
year amounted to $ 265. If the principal had been $ 50 more 
and the rate 1 % less, the interest would have been the same. 
Find the principal and the rate. 

19. The sides of a triangle are 10, 12, and 14. Find the alti- 
tude on the side 14. 

Suggestion. —The altitude divides the given triangle into two right tri- 
angles. Call the base of one of these triangles x. Then the other side will 
be 14 — x. Draw the figure. 

20. The sides of a triangle are 12, 16, and 20. Find the alti- 
tude on side 20, and also find the area of the triangle. 

21. One season an agent sold a lot of reapers at a uniform 
price, receiving $4800 for all. Another agent sold one more 
reaper, but received $8 less for each. They found that each had 
received the same amount for all. Find the number sold by each, 
and the price of each. 

22. A and B start simultaneously from towns 247 miles apart 
and travel towards each other until they meet. A travels 9 miles 
per day. The number of days before they meet is 3 greater than 
the uumber of miles B travels per day. How far does each travel ? 



SYSTEMS INVOLVING QUADRATICS, ETC. 165 

23. A and B both start from the same place and travel in the 
same direction. But A starts 2 hours before B, and is overtaken 
by him -30 miles from the starting point. Had each traveled 
half a mile more per hour, B would have overtaken A just 42 
miles from the starting point. Find the rate of travel of each. 

24. A rectangular field contains 1536 square rods. The length 
and width of another field are each just 5 rods less, and its area 
is 375 square rods less. Find the dimensions of the first field. 

25. The sum of two numbers is 60. The sum of their squares 
divided by their product is 2.5. Find the numbers. 

26. The fore wheel of a carriage makes 6 revolutions more than 
the hind wheel in going 120 yards. But if the circumference of 
each wheel is increased by 3 feet, the fore wheel will make 
but 4 more revolutions than the hind wheel in going 120 yards. 
Find the circumference of each. 



SUPPLEMENTARY EXERCISES 



Solve : 
1 



■i 



m 2 -f n 2 — m — w = 22, 

w-f-w-f- wn = — 1. 



Suggestion. — Multiply members 
of second equation by 2, and add to 

first. 



2. 



x 2 — y 2 = x + y, 

oi? — 3xy = 5x — 15y. 



Suggestion. — By factoring, find 
linear equations equivalent to each 
equation. 



3. 



A* + A 2 B 2 + B* = 91, 
A 2 + AB + & = 13. 



{^-^=50, 
* l^V- 1^ = 2475. 



5. 



6. 



9. 



10. 



V+? 2 + 7sy = 171, 
xy = 2(x + y). 



7. 



f M*N+ MN 2 = 180, 
Jlf 2 iV 2 = 400. 



f (x + y)(x -4y) = 4 y - x, 
• \x*-2xy + tf = 3(x-y). 



wV -+- wv = 6, 
w 2 -f v 2 = 5. 

#=9* 4 + 48, 
d 2 = 3* 2 + 2. 
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' I Q*+P= 11 

12 ja 8 + a& + & = 0, 
1 a* + ab + a = 0. 

|A s = 8A + 6fc, 
lF=67t+8ft. 

(V* + Vy = 8, 
14, }(B 1 + y i = 706. 

Sugg estion. — Let 

Vx = t>, Vy = w. 
. _ m — n = 19, 

15. J _ 

Vm — Vw = 1. 



16. 



17. 



18. 



19. 



Suggestion. — Let 

Vm = «, Vn = 10. 

Va + Vft = 2, 
Va* + V&*=26. 

'a? 4- y 4- 2 V«Ty = 24, 
» — y 4- 3 V# — y = 10. 

ic 4- VW 4- v = 14, 
to 2 -}- mw 4- 'y 2 = 84- 

i-i-i, 

a? y 
ar y* 



CHAPTER Xi 
PROPORTION. VARIABLES 

112. Ratio. — The ratio of two numbers of the same kind is the 
quotient of the first divided by the second. It is usually written 
in the form of a fraction. 

Thus, the ratio of 12 feet to 20 feet is written 12 feet . The ratio of m to n 

20 feet 

is written — . An old form of writing the ratio of m to n, now little used, is 
n, 

fit : n. 

All rules applicable to fractions apply also to ratios, such as the 
rule for reduction to lower terms, etc. 

The dividend or numerator of a ratio is sometimes called the 
antecedent, and the divisor or denominator the consequent. 

Two quantities are called commensurable when their ratio can 
be expressed by two whole numbers, i.e. when a unit of measure 
can be found that is contained an integral number of times in 
each. Two quantities that are not commensurable are called 
incommensurable. 

EXERCISES 

1. Express the ratio of 6 pounds to 8 pounds as a fraction in 
its lowest terms. 

2. The tax rate in a certain community is S3 to every $100 
of property. Express this rate or ratio as a common fraction. 
As a decimal. 

3. The death rate in the United States in a recent year, due 
to street car accidents, was given as 4 to 100,000 population. 
Express this rate or ratio as a common fraction in its lowest 
terms. As a decimal. 

167 
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4. What is the ratio of the circumference to the diameter of a 
circle? Are the circumference and the diameter commensurable? 
Why not ? 

5. One cubic foot of iron weighs 450 pounds, and one cubic 
foot of water weighs 62.5 pounds. Express the ratio of the 
weight of iron to the weight of an equal volume of water as a 
common fraction in its lowest terms. As a decimal. 

6. Express the ratio of m 4- w to m 3 + n s as a fraction in its 
lowest terms. 

7. Express the ratio of f to # as a simple fraction. 

v f 

8. Express the ratio of - to — as a simple fraction. 

9. Show that | and -fa are commensurable. 

10. Show that any two fractions whose terms are whole num- 
bers are commensurable. 

11. Show that 4 and V2 are not commensurable. 

12. Are V32 and V8 commensurable? 

13. Show that the diagonal and side of a square are not com- 
mensurable. 

14. Which ratio is the greater, f or f^ ? 

15. Divide a profit of $ 2400 between two partners so that their 
shares shall be in the ratio of 2 to 3. 

113. Proportion. — An equation each of whose members con- 
sists of a ratio is called a proportion. 

Thus, *i*« = ""L, *™ = *™ , and ? = 5 are proportions. 
81b- 16 mi. 5n 15 n b d 

» 

The proportion - = - is read " a is to b as c is to d," as well as 

o a 

" a divided by b equals c divided by d." 

n f* 
In any proportion - = - , the numbers a, 6, c, and d are called 

b d 

the terms. The first and fourth terms, a and d, are called the 
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extremes. The second and third terms, b and c, are called the 
means. 

The four terms of a proportion are sometimes said to be " pro- 
portional," or " in proportion." 

If- =-, the fourth term d is called the fourth proportional to 
o d 

a, b, and c, 

A proportion such as -= -, in which the means are equal, is 

n b 

called a mean proportion. The mean term n is called a mean pro- 
portional between a and b. And the fourth term b is called the 
third proportional to a and n. 

Since a proportion is an equation, all processes which may be 
performed upon an equation may be performed upon a pro- 
portion. 

Since the ratio of any two concrete numbers is the same as 
that of the corresponding abstract numbers, in forming a propor- 
tion confusion may be avoided by writing only the abstract 
numbers. 

2 oz 2 

Thus, the ratio may be expressed by ~ • 



EXERCISES 

Find the value of the unknown term in each of the following 



proportions : 
- x 9 

2 '- 1 



3. •«!?. 

v 9 

12 = 8 
"20 r' 



7 P 
5. - = — 

9 27 



, 1 10 
32 "42 



Find the value of n in each of the proportions : 

13. r "~ n = d+n 



9. 5 = 5. 

y * 

10. ^ = < 

2n s 



11. 1 = * 



A; 



n 



- a en 
b a 



14. 



r d 

2vr 2irr' 



n 



n+r 
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Find the fourth proportional to : 

15. 3, 4, and 6. 17. 1, 20, and \. 19. 1, a*, and 2 x. 

16. 9, 2, and 12. 18. £, \, and J-. 20. 1, m-\-n, and m— n. 

Find the third proportional to : 

21. 3 and 12. 23. f and £. 25. p and g. 

22. 8 and 1. 24. w and wv. 26. a — b and a 2 — 6*. 

Find the mean proportional between : 

27. 1 and 16. 30. 5 and 7. 

28. 9 and 25. 31. a and b. 

29. 6 and 54. 32. Fand V- 2 F* + F» 

33. What number must be added to each of the four numbers 
1, 17, 5, 29 to make the results proportional ? 

34. In a city whose population was 96,000 the number of 
Germans was 12,000. When the total population increased 

to 120,000, the number of 
Germaus increased propor- 
tionally. Of the 120,000 
y/>w / ^v population how many were 

k * ^ B p r \ e Germans? 

35. It is known in geometry that in two similar triangles the 
corresponding sides are proportional ; that is, 

AB^AC 
DE DF 

If AB = 3 inches, AC= 2 inches, and DE = 7 inches, find the 
length of DF. 

36. In two similar triangles the sides of the smaller are 8 inches, 
10 inches, and 12 inches, and the longest side of the larger is 40 
inches. Find the other sides of the larger triangle. 

37. A tree casts a shadow 60 feet long when a post 4 feet high 
casts a shadow 5 feet 8 inches long. How high is the tree ? 
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38. The line which divides an angle of a triangle into equal 
parts divides the opposite side into two parts which are propor- 
tional to the adjacent sides. The sides of a triangle are 12 inches, 
16 inches, and 18 inches. The angle formed by the 12-inch and 
16-inch sides is divided by a line into two equal parts. Find the 
lengths of the parts into which it divides the 18-inch side. 

39. The sides of a triangle are 10 inches, 14 inches, and 

15 inches. Find the lengths of the parts into which the 14-inch 
side is divided by the line which divides the opposite angle into 
equal parts. 

40. The problem to divide a given line into two parts such 
that the longer part shall be a mean proportional between the 
whole line and the shorter part has been called since the time of 
the ancient Greeks the Problem of the Golden Section. A line 
is 16 inches long. Find the lengths of the parts into which it is 
divided by the golden section. 

41. If a line is 18 feet long, find the lengths of the parts into 
which it is divided by the golden section. 

42. If the radius of. a circular arch is r, the width or span w, 
and the height or rise h, as shown in 

the figure, then the half-span is a moan i i i i i i 

proportional between the rise and the \ ' y ^P- V -Q V v ! ' 

difference between the diameter and ~" r "OT- _ _ i - - _SP 
rise ; that is, 

h __ \w 
\w 2r—ti 

If the stone arch of a doorway is to have a span of 10 feet 
and rise of 4 feet, find the radius of the circle to which the stones 
of the arch must be cut. 

43. The span of a bridge is 80 feet and the rise of the arch 

16 feet. Find the radius of the arch. 

44. A lever is a stiff bar by means of which a great resistance 
may be overcome through the application of a small force or 
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effort. The bar revolves on a pivot called the fulcrum, the 
weight or resistance is applied at one end, and the effort at the 
other. 

If the resistance is W, its distance from the fulcrum D, the 
effort to, and its distance from the fulcrum d, then 

W d* 

If TF=b 1200 pounds, D = 4 inches, and d = 60 inches, find w. 

45. What effort is required to lift a stone weighing 720 pounds 
by means of a crowbar whose entire length is 54 inches, if the 
fulcrum is placed 3 inches from the stone. 

46. If an object is moved up an inclined plane or slope, 
neglecting friction, the force applied parallel to the incline re- 
quired to move the object is to the weight of 

, the object as the height of the incline is to 
" its length. That is, if W is the weight of the 
object, F the force required to move it, h the 
height of the incline, and I the length of the incline, then 

w r 

If TT= 1200 pounds, I = 40 feet, and h = 8 feet, find F 

47. What force is required to roll a barrel weighing 216 pounds 
up a board and into a wagon, if the board is 10 feet long, and the 
wagon bed 30 inches from the ground ? 

48. What force is required to move a block of ice weighing 
200 pounds up an incline 80 feet long and 36 feet high ? 

114. General Principles in Proportion. — The following prin- 
ciples, which are often used in the applications of proportion, 
were nearly all established in the First Course, § 119. Let the 
student give the proof of each of them. 
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(1) If four numbers are in proportion, the product of the ex- 
tremes equals the product of the means. That is, 

if f = ^ , then ad = bo. 
o d 

(2) If the product of two numbers equals the product of two other 
numbers, the four numbers are in proportion. That is, 

if ad = be, then f = ^. 

b d 

(3) If four numbers are in proportion, they are in proportion by 
inversion. That is, 

if ? = ?, then * = ^. 
o d a o 

(4) In any proportion, the means may be interchanged, or the 
extremes interchanged, without destroying the proportion. That is, 

if? = ?, then ? = ^ and ?=?. 
b d e d b a 

(5) The terms of any proportion are %n proportion by addition. 
That is, 

is a c 4i^ a + b c + d 

(6) The terms of any proportion are in proportion by subtraction. 
That is, 

•r A G ai^- ff — b C—d 

l£ _ = _,then— -_. 



(7) Like powers of the terms of a proportion are in proportion. 
That is, 

if ? = 2, then i"-*, *-*,eto. 
b d b 2 d % b z d* 
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(8) Like principal roots of the terms of a proportion are in j>r< 
portion. That is, 

if f = ?, then 2^ = ^f, 4^-4^. ete - 
b d V* Vrf ^6 <tf 

(9) If two or more ratios are equal, the sum of the antecedents is 
to tlie sum of the consequents as any antecedent is to its consequent. 
That is, 

if ? = ? = ? = etc, then " + c + a +5^ = ? = etc. 
b d f 6 + </ + /+ etc. 6 

Suggestion. — Let each of the given ratios equal r. Thus, - = r, etc. 

b 

Clear the equations obtained of fractions, add, factor, etc. 

By use of the above principles new proportions may be derived 
from any given proportion. 

Example. -If <? = *, show that y/? + W^Va*-b* 



By (7), 



By (5), 



By (4), 



By (8), 



b d Vc a + # to»-d* 

«? = *! 

q 2 4- ft 2 _ c 2 -f rf 2 
6 2 ~ d 2 

c' + d 2 d 2 " 



y/ a 2 + f/2 _ ft 



rt c 



Similarly, by applying in succession (7), (6), (4), and (8) to - -- , 

b d 



Va* - ft8 = ft 



Hence, •— =z= = a - — , since each equals -*'. 

Vc 2 + d> \Z<* - (i' d 
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If 7 = -, show that : 
b d 



EXERCISES 



1. 



2. 



a 



a + b c + d 
a*-b 2 <?-d 2 



a- 



3. 



7. 



a + b _ Vflr 4 (,* 
c + d V<?+~d" 2 



a 



Vd* 



d ^/ C *C_ ^3 



a- 2fr = c-2d 
6 d 

2 / 7 2 4-3& 2 _2c 2 + 3d 2 



d^ 



9?a — 6 _ a 
nc — d c 



8 g_±ffi c 4- A;d 
a — kb c — kd 



9. 



10. 



11. 



a 1 + b 2 c 2 4- d 2 



2ab 



2cd 



a 4 -4 b 4 c 4 -4d 4 



d 4 



a 3 + b* 



c 3 + <P 



Sa'b + ZaU 2 3c 2 d 4-3cd 2 ' 



12. «=X^ 
b V&d 



13 a ' c 4- «c 2 __ (a -f c) s 

Pd+bd*~(b+df # 



14. 



a 



a +b 



a +c a+b+c+d 



2 c 2 



15. If ?= * = e , show that ?'-+-*: dt 4 ^ 



+ d J +/ 2 d 2 



16. If ? = 5 : = « show that «-"-£ + ? = « 

b d / b-d+f b 

17. If " = < = ?, show that ^±2^_t^ 2 = « 2 

b d f 6 2 4-2d 2 4-3/ 2 & 2 



18. In the similar polygons shown 
n the figure it is known that 



AB BC CD 



AB! B'C CD 



= etc. 
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Show that the perimeters are to each other as any two corre- 
sponding sides ; that is, 



AB + BC+CD -fete. _ AB 
A'B'+B'C + CD' +etc. A'B r 



115. Variables. — Any quantity which is continuously changing 
is called a variable. Any quantity which does not change is 
called a constant. 

Thus, the temperature at a given place, a man's age, the cost of living, 
etc., are variables. 

Some variables are so related to each other that the values of 
one depend upon the values of the others. 

The relation between such variables may be expressed by an 
equation. 

Thus if an object is let fall toward the ground, the velocity at which it 
falls gradually increases until the object strikes the ground. If the object 
falls from a great height, its velocity at the end of 1 second is 32 feet per 
second ; at the end of 2 seconds it is 64 feet per second ; at the end of 3 
seconds it is 96 feet per second ; etc. 

Evidently, the velocity that the object may have at any point of its fall 
depends upon the length of time that it has been falling. If v represents the 
velocity in feet per second when the object has been falling for t seconds, 

then v = 32 1. 

Note. — The above law holds for an object falling in a vacuum. If an 
object falls through the open air, the resistance of the air tends to retard the 
fall. 

116. Direct Variation. — If two variables so change that their 
ratio is constant, one is said to vary directly as the other. As one 
increases the other also increases, and as one decreases the other 
also decreases. 

If x and y are the variables, then - = &, where k is some 

y 

constant. 

The fact that x varies directly as y is sometimes expressed also 

by the symbol ac, thus : 

xccy. 
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It is evident that when one quantity varies directly as another 
the ratio of any two corresponding values of the variables equals 
the ratio of any other two corresponding values, since each ratio 
equals the same constant. 

Thus, if x varies directly as y, and x' and y\ and x" and y" are any two 
pairs of corresponding values of x and y, then 

V' V"' 

Hence, if one quantity varies directly as another, any two pairs 
of corresponding values of the quantities form a proportion. 

Example. — The weight of an object on or below the surface of the earth 
varies directly as its distance from the center of the earth. If an object 
weighs 120 pounds at the surface of the earth, find its weight 1000 miles 
below the surface. 

Let to be the required weight in pounds. 

Then j£_ = 3000* 

120 4000 

Solving, to = 90. 

117. Inverse Variation. — One variable is said to vary inversely 
as another when, during all of their, changes, their product re- 
mains constant. As one increases, the other must decrease. 

If x and y are the variables, then xy = &, where k is some 
constant. 

It is evident that the product of any two corresponding values 
of the variables equals the product of any other two correspond- 
ing values, since each product equals the same constant. 

Thus, if x varies inversely as y, and x' and y' and x" and y" are any two 
pairs of corresponding values, then 

x'y' = x"y"- 
This principle may be applied as in the following example. 

* 4000 miles is taken to be the radius of the earth. 
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Example. — It Is a law of gases thai, the volume of a given quantity of a 
gas varies Inversely as the pressure upon it. Gas in a cylinder occupies 
60 cubic inches when the pressure upon it is 8 pounds. What 
will be the volume if the pressure in increased to 42 pounds? 
Let V be the required volume, in cubic inches. 

Then 42 V = 8 x 60. 

Solving, K=ll). 

IIS Other Forms of Variation. — One variable is 
said to vary jointly as two or more other variables 

when it varies as their product. 

If x varies jointly as y and z, then — =■ k, or x = kyz, where k is 

some constant. " 

Thug, the area of a triangle varies jointly as its altitude and base. If 

A = area, A = aUiLudc, and b = base, then A - j lib- 
One variable is said to vary directly aa a second and inversely as 

a third when it varies directly as the quotient of the second 

divided by the third. 

One variable may also vary directly or inversely as the square, 

cube, square root, etc., of another. In general, one variable may 

vary as any algebraic expression, involving one or more other 

variables. 

Thus, V = -rlPH is the formula for computing the volume of a cylinder. 
It shows that the volume varies jointly as the altitude and the square of the 

Two quantities x and y may so vary Uiaty = 2x 1 -&x + 8, ory = i a — 4, 
etc. For any value that x takes, y assumes a corresponding value. 



1. Write v ret as au equation ; also express this variation of 
>> and t by a proportion between two sets of corresponding values 
of v and t. 

2. ■ In a bicycle pump the volume v of air confined varies in- 
versely as the pressure p upon the piston. Express the relation 
between v andp in three ways. 
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3. If n varies directly as d, and n = 10 when d = 2, find n 

when d = 9. 

4. If i? varies inversely as £, and i? = £ when £ = 8, find R 
when £ = 60. 

5. If W varies directly as Fand inversely as d, and W= 120 
when F = 8 and d = 36, find IT when F = 20 and d = 12. 

6. When air is pumped into an automobile tire, the pressure 
required varies inversely as the volume. If the pressure is 40 
pounds when the volume is 140 cubic inches, what is the pressure 
when the volume is 100 cubic inches ? 

7. The number of revolutions per minute made by a pulley 
driven by a belt, as in the figure, varies inversely as the diameter 
of the pulley. If a pulley which 
is 24 inches in diameter and makes 
60 revolutions per minute were re- 
placed by a pulley 16 inches in 
diameter, how many revolutions 
per minute would the latter make, if the belt runs at the same 
speed? 

8. If an engine driving a 12-inch pulley gives it 120 revolu- 
tions per minute, how many revolutions per minute would it cause 
a 20-inch pulley to make when running at the same speed ? 

9. If an object weighs 180 pounds at the surface of the earth, 
what would be its weight 500 miles below the surface of the 
earth ? 2000 miles ? 3000 miles ? See Example, § 116. 

10. The weight of an object above the surface of the earth 
varies inversely as the square of its distance from the center of 
the earth. If an object weighs 150 pounds at the surface of the 
earth, what would it weigh 1000 miles above the surface of the 
earth ? 4000 miles ? 10,000 miles ? 

11. The distance in feet that an object will fall from rest varies 
directly as the square of the time in seconds. A body will fall 
16 feet the first second. How far will it fall in 4 seconds ? In 
10 seconds ? In 60 seconds ? 
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12. The pressure of the wind against a flat surface, such as a 
wall, varies jointly as the area of the surface and the square of 
the velocity of the wind in miles per hour. The pressure on one 
square foot when the velocity is 20 miles per hour is 2 pounds. 
Find the pressure on a wall 10 feet by 30 feet when the velocity 
is 40 miles per hour. 

13. The side of a house is 48 feet long and 20 feet high. Find 
the pressure against it when the wind is blowing 30 miles per 
hour. 

14. The intensity or brightness of light upon a surface varies 
inversely as the square of the distance of the surface from the 
source of the light. If the intensity of light on a surface from a 
lamp 4 feet away is 8 candle power, what would be the intensity 
if the lamp were removed to a distance of 16 feet from the 
surface ? 

15. An oil lamp and a 16 candle power electric light illu- 
minate a surface with equal intensity where the oil lamp is 4 feet 
and the electric light 8 feet from the surface. Find the candle 
power of the lamp. 

16. Three standard candles one foot from a wall and an arc 
light 5 feet from the wall illuminate it equally. Find the 
caudle power of the arc light. 

17. A light shines on the page of a book 4 feet away. How 
far from the light must the book be held to receive 4 times as 
much light ? 

18. The time required for the pendulum of a clock to make a 
vibration varies directly as the square root of its length. A pen- 
dulum 100 centimeters long makes a vibration in 1 second. Find 
the time of vibration of a pendulum 81 centimeters long. Of one 
64 centimeters long. Of one 16 centimeters long. 

19. Find the length of a pendulum which vibrates in 2 seconds. 
In 4 seconds. In 10 seconds. 

20. The amount of water delivered by a pipe per minute varies 
directly as the square of the diameter of the pipe. If a 3-inch 
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pipe delivers 200 gallons per minute, how much would a 4-inch 
pipe deliver ? 

21. The squares of the times of revolution of the planets about 
the sun vary directly as the cubes of their distances from the sun. 
The earth makes a revolution about the sun in approximately 
365 days, and is 93,000,000 miles from the sun. Mercury is 
36,000,000 miles from the sun. How long does it take Mercury 
to make a revolution about the sun ? 

22. Jupiter is 483,300,000 miles from the sun. How long does 
it take Jupiter to make a revolution about the sun ? 

119. Variation shown Graphically. — Variation of two quantities 
may be depicted graphically to the eye by expressing the relation 
betweeu the variables by an equation, and drawing the graph of 
the equation. The values of one variable corresponding to values 
assumed by the other may then be determined at sight from the 
graph. 

Eiamplb. — The volume of a gas varies inversely as the pressure upon it. 
(See Example, § 117.) When the pressure is 5 pounds the volume is 2 cubic 
feet. Represent graphically the variation of the volume and pressure. 

If the volume is denoted by V and the pressure by P, 



VP = 10. 



Since, from the nature of the 
quantities, only positive values 
c,f V and P may be used, the 
graph is found to be the branch 
of an hyperbola shown in the 
figure. 

This curve shows that as P 
increases V decreases, that is, 
the curve approaches nearer 
and nearer to the P-axis. And 
as P decreases V increases. 

The value of V corresponding 
to any value of P may be seen 
at a glance from the curve. 
Thus, when P = 20, F=J. 
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EXERCISES 

1. Show that the fact that x varies directly as y is represented 
graphically by a straight line. 

2. If a; varies directly as y, and x = 4 when y = 2, draw the 
graph showing the variation of x and y. 

3. From the graph in Ex. 2, tell the value of x when y is 20 ; 
40 ; 45 ; 18. 

4. The distance a body falls from rest varies directly as the 
square of the time of falling. A body falls 16 feet the first second. 
Draw the graph showing the variation of the distance and time. 

5. An object is thrown upward at an angte of 46° with horizon- 
tal, and with such a force that its horizontal velocity is 16 feet per 
second. If x represents the distance that the object moves hori- 
zontally in any time and y the distance that it moves vertically in 
the same time, then y = x — yV 3 ^* By drawing the graph of this 
equation, determine the path of the object. 

6. Draw the graph showing the variation of the length and the 
time of vibration of a pendulum. See Ex. 18, § 118. ^ 

120. The Limit of a Variable. — If the value of a variable changes 
according to some law, taking on a series of values that approach 
nearer and nearer to some constant value in such a manner that the 
difference between the variable and the constant becomes and- remains 

less than any assigned value, however small, 
then the constant is called the limit of the 
variable. 

Thus, if a square is drawn with its corners or 

vertices in a circle ; then this square replaced by 

a polygon with eight equal sides, then this polygon 

replaced by another with sixteen equal sides, etc., 

the area of the eight-sided polygon is greater than 

that of the square, the area of the sixteen-sided 

polygon greater than that of the eight-sided polygon, etc. Evidently, as the . 

number of sides of the polygon is thus increased, the area of the polygon 

grows larger and larger, and if the number of sides is indefinitely increased, 
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the difference between the area of the polygon and that of the circle becomes 
and remains less than any fixed quantity, however small. Hence, as the 
number of sides is indefinitly increased, the area of the polygon approaches* 
the area of the circle as a limit. 

The sign = placed between a variable and a constant indicates 
that the variable approaches the constant as a limit. 
Thus, x = a means that x approaches a as a limit. 

EXERCISES 

1. What is the limit approached by the perimeter of the poly- 
gon in § 120 as the number of sides of the polygon is increased 
indefinitely ? 

2. What is the limit of the sum of the fractions £, \, £, ^, -fa, 
etc., as the number of fractions taken is increased indefinitely ? 

Suggestion. — Find the sum of the first two fractions ; then the sum of 
the first three ; etc. See what number the sum approaches but never quite 
equals, as more and more fractions are taken. 

3. What is the limit of 0.3333 ••• as the number of decimal 
places taken is increased indefinitely ? 

4. If n = 0, what limit does 2 n approach ? n 2 ? n + 6 ? 

5. If t = 2, what limit does t 2 — 4 approach ? 

6. If x increases indefinitely, what limit does - approach ? 

x 

■ 

121. Infinity. — Since the series of numbers 1, 2, 3, 4, 5, •••, 
may be continued indefinitely, if a variable x takes in succession 
all of these values, there is no final value that x may reach. It 
increases without limit. It may thus become greater than any 
fixed or constant number, however great. 

If a variable becomes and remains greater than any constant 
number, however great, it is said to become infinite. A variable 
that has become infinite is called infinity. It is represented 
by the symbol oo. 
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Thus, time is infinite. It extends without limit into the past, and without 
limit into the future. Similarly space is infinite. It reaches without limit 
in every direction. 

Care has to be used in dealing with infinity in mathematical 
work. The symbol co may not be operated upon as ordinary 
numbers may be, because, since it denotes a quantity greater 
than any fixed number, however great, it may represent widely 
different values. 

For example, the sum of the series of whole numbers, 1, 2, 3, 4, 5, 6, 7, 
• •• , is infinite, since it is greater than any fixed number that may be assigned. 
But the sum of the odd numbers, 1, 8, 5, 7, ••• , alone is infinite also. Hence 
each sum is represented by <x>. Tet one sum must be greater than the other, 
because the whole of a thing is greater than a part of it. 

Again, if we add a number to infinity we get infinity. Thus, oo + 6 = qo. 

122. Values of - when x = oo, and when x = 0. — If x in the frac- 

1 n 

tion - takes in succession the values 1, 2, 3, 4, •••, without limit 

x 1 

there is no final value that - m ay reach, but it becomes smaller 

x 

and smaller as x takes larger and larger values. As x becomes in- 
finite, - approaches zero as a limit. Similarly, in general, 
x 

If n in the fraction - is any constant not zero, and x a variable 

x 

n 
which increases without limit, then - approaches zero as a limit. 

x 

That is, if a? = oo, then - = 0. 

x 

Again, if x in the fraction - takes in succession the values -, -, 

11. 1 x 

T, p> ••*> without limit, - takes in succession larger and larger 

4' 5 x 

values and becomes infinite. And in general, 

n 
If n in the fraction — is any constant not zero, and x a variable 

x 

n 
which approaches zero as a limit, then - increases without limit, 

x 
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That is, if x = 0, then - = co . 

x 

n 

123. Meanings of - aad ^. — Zero may be written as the differ- 
ence between two equal numbers. Tlius = k — k. 

Then if a is any constant, 

a x = a(k — k) 
= ak — ak 
= 0. 

Hence the product of any constant mxdtiplied by zero equals 
zero. 

Now the fraction -, where n is any constant number not zero, 

represents a number which multiplied by gives w. But, by the 
above principle, no constant multiplied by gives n. Hence, 

n 
The symbol — has no meaning. 

Note. — One sometimes sees the expression — = go. But in this expres- 
sion the symbol is not to be regarded as absolute zero. ' The expression 

— = go is a loose way sometimes used of saying that n = oo when x = 0. 
x 

The symbol - represents a number which multiplied by 

gives 0. But, by the above principle, any constant a multiplied 
by gives 0. Hence, 

Tlie symbol - represents any constant number whatever. 

124. Division by Zero. Since - may equal any constant what- 

n 
ever, and - has no meaning, evidently, 





It is never allowable to divide by zero. 
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If it were allowable to divide by zero, one could prove most 
any absurd relation between numbers, as the following example 
illustrates. Point out the fallacy in the reasoning. 

Let a = ft. 

Multiplying by a, a 2 = aft 

Subtracting ft 2 , a 2 - ft* = aft - ft 2 . 
Factoring, (a + ft) (a - ft) = b(a — 6). 

Dividing by a — 6, a + b = ft. 

Substituting a for ft, 2 a = a. 

Dividing by a, 2 = 1. 

125. Indeterminate Fractions. — For certain values of the literal 
number involved, a fraction will sometimes take the indeterminate 

form -• 


For example, when a = 2, -~~— = - • This fraction, however, 

a — 2 

is equal to > ~*~ ^ ~ ' • Now, as long as a is not equal to 2, 

a — 2 

we may divide both terms by a — 2. Hence, when a is not equal 

to 2, ( a + 2 )( a ~ 2 ) = a -f 2. This is true, however little a may 
a — 2 

differ from 2. Hence, if without giving a the value 2, we make 
it approach 2 as a limit, we may divide both terms of the frac- 
tion by a — 2. Now, as a approaches 2, evidently a-f-2 ap- 

a 2 — 4 
proaches 4. Hence, we say — = 4 as a = 2. Hence, 4 is 

a 2 — 4 
called the value, of — when a = 2. 

a — 2 
The va/we of such a fraction, for any particular value of the 
literal number involved, is defined as the limit which the fraction 
approaches when the literal number approaches this particular 
value as its limit. 

yS 07 

Example. — Find the value of - — -— when x = 3. 

x — 3 
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When x = 3, 



= -, the indeterminate form. 

x-3 



For any value of x except 3, — = x 2 + 3 x + 9. 



Now, as x =^= 3, 
Hence, 



a-3 
a* + 3a; + 9 = 27. 



a 8 -27 
x — 3 



= 27 when a = 3. 



Find the value of: 
1-t 



1. 



2. 



n-2 
n 3 -8 



when £ = 1. 



when ?a = 2. 



EXERCISES 



3. 



<c*-4 



SC 2 — 5 05+6 



when a; = 2. 



4. 



^+5_2_whena=-5 



a 2 +3 a - 10 



Solve by determinants and interpret solutions : * 



5. 



x - y = 2, 

3 a; = 3 y + 16. 

1 2 m = 1 — y. 



7. 



8. 



9^4-2£ = 2, 
3.4 = 5 + f J3. 

2m=12-2n. 



9. 



10. 



5v-* = 3, 
2*=10o>-6. 

TF-h 2 V= 20. 
. 3 TF+ 6 F= 60 



i 



2. 



If « 



If? 



SUPPLEMENTARY EXERCISES 

ft 

« i. *w 5a-26 -y/a 8 - 4 ft 8 

-, show that — = „ r • 

d' 5c-2eZ ^/c 3 -4d 3 

= -, show that a2 -^_ = cT -^_. 



3. The surface of a sphere is 4 irR?, where 12 is the radius. If 
S denotes the surface of a sphere and D its diameter, show that 



2 . 



tS 2 It-} ^2 



• See § 69. If § 59 was omitted, omit these exercises. 
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4. Two similar polygons whose 
corresponding sides are 8 and s, 
are divided into similar tri- 
angles whose areas are A and 
s s a, B and b, C and c, D and d, 

respectively. It is known that 

A^fP 5 = ^ 2 c r = ^ an(1 ^ == ^! 

a s* 9 b s?' c s 2 d s 2 " 




Show that 



A + B + C+D = S* 

a + b +c+ d s 2 ' 



5. Find the mean proportional between (m 8 — n?)(m* + win + n? ) 
and m — n. 

6. Find the fourth proportional to 1, V2, and V6. 

Representing the constants involved by k, write the equations 
which express the following physical laws : 

7. The force with which a moving body having a given velocity 
strikes a stationary body varies directly as the mass or weight of 
the moving body. 

8. The force of attraction between two bodies, such as the 
ciarth and the sun, varies directly as the product of their masses, 
and inversely as the square of the distance between them. 

9. If an object is whirled in a circle at the end of a string, 
the tension or stretching force exerted upon the string by the 
object varies directly as the product of the weight of the object 
and the square of its velocity, and inversely as the length of the 
string. 

10. The amount of heat received by a body by radiation from 
a stove varies inversely as the square of the distance of the 
body from the stove. 

11. The resistance offered by a wire to a current of electricity 
varies directly as the length of the wire and inversely as the area 
of its cross section. 
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b N md the limit of each of the following when n = oo : 
12. 1. 13. 5. 14. — * is. n 



n n n + 2 100 

Find the limit of each of the following when n = : 
16. 1. 17. ~. 18. -2—. 19. n 



n n % n + 1 ?r + 4 n 

Note. — It is easily seen that the symbol — is indeterminate, since the 

symbol oo does not denote a definite value. A fraction which takes this 
form for some special value of the literal number involved may sometimes 
be changed to an equivalent fraction which is not of the indeterminate form, 
and then evaluated, as shown in the following. 

Find the limit of each of the following when n = oo : 

20. 2±|. 
n + 8 

Solution. — Dividing both terms by n, - -q = s • 

W + o j , o 

n 

But when n =oo , - = and - = 0. 

n n 

1+ l i 

Hence, when n =oo , 5 = ^ or 1. 

1+2. l ' 
n 

ai. » 23. 5±1. 25. r 4±A. 

n + 1 Zn ?r + ?*. 

n — 2 3»- 2 4 n- — 1 

„ »(» + l)(n + 2) 6»,<-n' 

27> tf ' 28 ' (*' -!)(»■ + 3)' 



CHAPTER XII 

PROGRESSIONS 

126. Series. — Of ten, in mathematical work, groups of tnree 01 
more numbers are encountered that are arranged in a definite 
order or succession, and that are such that each number of the 
group may be obtained from one or more of the preceding num- 
bers by some fixed law. Such a group or succession of numbers 
is called a series. The numbers are called the terms of the series, 
and are named from the left to the right, first term, second 
term, etc. 

For example, the odd numbers, 1, 3, 5, 7, •••, form a series in which each 
term after the first is obtained by adding 2 to the preceding term. 

Also, 2, 6, 11, 23, •••, form a series in which each term after the first is 
obtained by multiplying the preceding term by 2 and then adding 1 to the 
product. 

And 1, — x, x 2 , — z 8 , •••, form a series in which each term after the first 
is obtained by multiplying the preceding term by — x. 

The law by which the terms of a series are obtained usually 
may be determined easily by examining the first few terms. 

EXERCISES 

(Jive the next 4 terms of each of the following: 

1. 1,2,3,4, ... 6. 1,4,9,16, ... 

2. 2, 4, (>, 8, .... 7. 3, -2, -7, —. 

3. 20,17,14,.... 8. 1,2,3,4,.... 

4. 1, 2,4,8, .... 9. 1,2,5, 14, .... 

5 « M> o> 27> •-• 10 - 1, 2?i, 4n 2 , 8w 8 , ... 

11. V2, V5, V8, Vil, .... 

12. 256 * 16 , - 128 at", 64 a 2 * 12 , .... 

100 
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127. Progressions. — Of the manv kinds of series, we shall dis- 
cuss in this chapter only two of the simplest. They are called 
progressions. 

128. Arithmetical Progressions. — An arithmetical progression is 
a series in which the difference between any term and the preced- 
ing term is the same for all terms. 

This difference is called the common difference. 
The name arithmetical progression is abbreviated usually to 
A. P. 

Thus, the series 1, 4, 7, 10, •••, is an A. P. in which the common difference 
is 3. 

The series 10, 6, 0, — 6, — 10, •••, is an A. P. in which the common differ- 
ence is — 5. 

129. The nth Term of an Arithmetical Progression. — If the first 
term of any arithmetical progression is denoted by a, and the 
common difference by d, the terms of the progression will be rep- 
resented by 

a, a 4- d, a + 2 d, a + 3 d, a -f 4 d, a -f 5 d, etc. 

It is evident from these expressions that the coefficient of d in 

any term is 1 less than the number of the term. Thus, the 

twelfth term is a-f-lld. Hence, the general or nth term is 

a _j- (n __ i)d. Therefore, if I represents the value of the nth term 

in an arithmetical progression whose first terra is a and common 

difference d, 

/=a + (/i-iy. (A) 

This formula will enable one to find the value of any one of 
the four numbers, Z, a, n, d, if the values of the other three are 
known. 

Example 1. — Find the twentieth term of the series 4, 7, 10, 13, ' •. 
Here a = 4, d = 3, and n = 20. 
Substituting in formula A, 

1 = 4 + (20- 1)3 = 61. 
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Examplb 2. — In the series 5, 9, 13, 17, •», what term of the series is 66? 
Here, a = 6, d = 4, I = 65, n is unknown. 
Substituting in formula A, 

66 = 6+ (n- 1)4. 
Solving, n = 16. 

Hence, 66 is the sixteenth term of the series. 

Example 3. — The fourth and fifteenth terms of an A. P. are 9 and 31, 
respectively. Write the first six terms. 

The first term and common difference must first be found. Since the 
fourth term is a + 3 tf, and the fifteenth term is a + 14 d, we get the system 

a+ 3d = 9, 

a + 14 d = 31. 

Solving this system, a = 3, and d = 2. 
Hence, the series is 3, 6, 7, 9, 11, 13, •••. 

EXERCISES 

1. Find the thirtieth term of the series 1, 6, 11, 16, •••. 

2. Find the sixteenth term of the series 1, 5, 9, 13, •••. 

3. Find the twenty-fourth term of the series — 8, — 5," — 2, 

i, ... 

4. Find the twentieth term of the series 12, 6, 0, — 6, •••. 

5. Find the eighteenth term of the series — £, — \ y £, f, •••. 

6. Find the forty-second term of the series 11, 17, 23, •••. 

7. Which term of the series 1, 4, 7, 10, •••, is 46 ? 

8. Which term of the series 2, 7, 12, 17, ..., is 152? 

9. Which term of the series 12, 8, 4, 0, ..-, is - 132? 

10. In an A. P. whose common difference is 3, the sixteenth 
term is 48. Find the first term. 

11. In an A. P. whose common difference is — 2, the twenty- 
eighth term is — 49. Find the first term. 

12. In an A. P. whose first term is 7, the twenty-second term is 
175. Find the common difference. 
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13. In an A. P. whose first term is 12, the thirtieth term is 
99. Find the sixteenth term. 

14. The sixth term of an A. P. is 17, and the fifteenth term 
is 44. Find the first term and the common difference. 

15. The third term of an A. P. is 0, and the ninth term is 22. 
Find the first term and the common difference. 

16 The fifth term of an A. P. is 21, and the eighth term is 
33. Find the twelfth term. The twentieth term. 

17. The second term of an A. P. is 7, and the eleventh term 
is 20 J. Find the seventh term. The fifteenth term. 

18. Beginning with 2, find the 100th even number. 

19. Beginning with 1, find the 100th odd number. 

20. Beginning with 5 x 4, or 20, find the 120th multiple of 4. 

21. Find the twenty-fifth term of the series w, 4 w, 7 n, •••. 

22. Find the sixteenth term of the series 1, 1 + 3 x f 1 + 6 x> • • .. 

23. Find the (n — l)st term of the series a, a + (Z, a + 2 d, ••-. 

24. Find the (n — 3)d term of the series a, a + d, a -f 2 d } •••. 

25. A body falls 16 feet the first second, 48 feet the second, 
80 feet the third, etc. How far does it fall during the 20th 
second ? During the 60th second ? 

26. A body falls %a feet the first second, fa feet the next 
second, f a feet the next second, etc. How far does it fall during 
the t\h second ? 

27. A projectile is thrown vertically upward with an initial 
velocity of 448 feet per second. At the end of 1 second its 
velocity is 416 feet per second, at the end of 2 seconds its 
velocity is 384 feet per second, etc. In how many seconds will 
it stop rising and begin to descend ? 

• 

130. Arithmetical Means. — In an arithmetical progression all 
of the terms between any two terms are called the arithmetical 
means of those two terms. 
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For example, since 2, 4, 6, 8, and 10 form an A. P., 4, 6, and 8 are arith 
nietical means of 2 and 10. 

Any number of arithmetical means may be inserted between 
two given numbers. 

Example. — Insert seven arithmetical means, between 10 and 30. 

Since there are to be seven arithmetical means, 30 must be the ninth tent 

of an A. P. of which 10 is the first term. 

Hence, we have a = 10, I = 30, n = 9. 

Substituting in formula A, 

30 = 10 + 8 d. 

Solving, d = 2$. 

Hence, the means are 12J, 15, 17J, 20, 22J, 26, 27J. 

A very important special case is that of one arithmetical mean 
between two numbers. It is called also the average of the two 
numbers. 

If A is the arithmetical mean between a and b f then by defini- 
tion of an A. P., 

A — a = b — A. 

Solving for A, ^ = ?L±_&. 

Hence the arithmetical mean between two numbers equals one half 
of their sum. 

EXERCISES 

1. Insert four arithmetical means between 5 and 25. 

2. Insert three arithmetical means between 12 and — 2. 

3. Insert five arithmetical means between 3 and 27. 

4. Insert six arithmetical means between — 6 and 29. 

5. Insert six arithmetical means between X and — 10. 

6. Insert twelve arithmetical means between 1 and 5. 

7. Insert twenty arithmetical means between 3 and 48. 

8. Insert two arithmetical means between £ and \. 

9. Insert five arithmetical means between n and % n 
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10. Find the arithmetical mean of 5 and 19. Of 8 and 72. 
Of 16 *nd 34. Of £ and 3 J. Of - 6 and 2. Of \ and 1£. Of 

- | and f Of 2 V3 and V3. Of 1 and 2 x - 1. 

11. Find the arithmetical mean of a 2 -+- ab -f 6* and a 2 — ab + 6 2 . 

12 The velocity of a falling body increases uniformly through- 
out hs descent. Its velocity at the beginning of the second second 
is 32 feet per second, and at the end of the second second 64 feet 
per second. Find the average or mean velocity during the 
second second. 

13. The velocities of a falling body at the beginning and end 
of the fifth second are 160 feet per second and 192 feet per 
second, respectively. Find the average velocity during the fifth 
second. 

14. In going a distance of 20 miles an aviator increased his 
opeed uniformly from 24 miles per hour to 40 miles per hour. 

«Vhat was his average speed for the trip ? How long did it take 
to make the trip ? 

15. A certain distance is divided into 6 parts, which are in 
arithmetical progression. The shortest part is 2 inches and the 

ingest 56 inches. Find the lengths of the other parts. 

16. A set of 8 weights are in arithmetical progression. The 
smallest is 1 ounce and the largest 15 ounces. Find the other 
veights. 

17. If the temperature at 6 a.m. is — 4°, and rises uniformly 
2° per hour until 2 p.m., what is the average temperature for the 
entire period ? 

131. Sum of n Terms of an Arithmetical Progression. — The sum 

of n terms of an arithmetical progression may be obtained as 
follows : 

If the sum be represented by S, then 

S = a +(a + d) +(a + 2 d) + (a + 3 d) -j [-(l-d)-\ I 
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If the terms are written in the reverse order, 

# = * + (/ — d) + (J— 2d) + (/-3cZ)H |_( a + d) + a 

Adding the corresponding terms of these two equations, the 
d's are eliminated, and we get 

2£=(a + Z) + (a + + ( a + 9H ton terms 

= n(a + 0* 
Hence, 

$ = \n(a+f). (*} 

Substituting in this formula the value of / given in formula J 
§ 129, we get another formula : 

5 = |/iJ2a+(/i-l)</j. (q 

If the value of d is not known and the values of n, a, and I are 
known, # may be found by formula B. If the value of I is not 
known, and the values of w, a, and d are known, # may be found 
by formula C. 

If any three of the five numbers a, d, n, I, S, of an A. P. are 
known, the values of the other two may be found by use of 
formulas A, B, and (7. 

Example 1. — Find the sum of 25 terms of che series — 9, —5,-1, 3, 
7, •••• 

Here a = — 9, d = 4, n = 25. Hence, substituting in formula C, 

8=ix 25{2(- 9) + (25 - 1)4} = 975. 

Example 2. — The first term of an A. P. is 2, and the sum of 20 terms ii 
135. Find the common difference. 

Here a = 2, n = 20, 8 = 135. Hence, from formula C, 

135 = 10(4 + 19 d). 
Solving, d = J. 

Example 3. — How many terms of the series 3, 1, - 1, -3,-5, •-, 
must be taken to make — 140 ? 

Here a = 3, d = - 2, 8 = - 140. Hence, from formula C, 

-140 = Jn{6+(n-l)(-2)}. 
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Simplifying, n a - 4 n - 140 = 0. 

Solving, n = 14 or — 10. 

The root — 10 has no meaning, and hence most be discarded. Therefore 
14 terms must be taken. 

Example 4. — The common difference in an A. P. is 1|, and the twelfth 
term is 12J. Find the sum of the first 7 terms. 

From formula A, a = — 4. 

Hence, from formula C\ S = 3|. 

EXERCISES 

1. Find the sum of 25 terms of the series 3, 8, 13, •••. 

2. Find the sum of 16 terms of the series 8, 12, 16, •••. 

3. Find the sum of 22 terms of the series 42, 39, 36, •••. 

4. Find the sum of 30 terms of the series 12, 9, 6, • • •. 

5. Find the sum of 40 terms of the series £, £, £, •••. 

6. Find the sum of 36 terms of the series 12J, 8, 3£, 

7. Find the sum of the first 100 whole numbers. 

8. Find the sum of the first 100 even numbers. 

9. Find the sum of the first 100 odd numbers. 

10. Find the sum of all odd numbers of two digits. 

11. Find the sum of all even numbers between 100 and 200. 

12. Find the sum of all numbers between 50 and 250 that are 
divisible by 4. 

13. Show that the sum of the first n odd numbers is n\ 

14. Find the sum of the first n even numbers. 

15. How many of the series of wholg numbers, beginning with 
1, must be added to give 3240? 

16. How many terms of the series 15, 12, 9, •••, must be added 
to give 45? 

17. How many terms of the series 6£, 4£, 2 \, ..., must be added 
to i<ive - 396 ? 
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1 d. How many terms of the series a, 3 a, 5 a, •••, must be added 
to give 400 a? 

19. If a = 4, d = 3, 1 = 40, find n and S. 

20. If a = 2, d = 5, flf = 1428, find n and I 

21. If d = - 4, w = 18, S = 144, find a and I 

22. The first term of an A. P. is -8, and the sum of 10 terms 
is 100. Write the first 5 terms of the series. 

23. If a common clock strikes only the hours, how many 
strokes does it make in a day ? 

24. If the hours of the day are numbered from 1 to 24, as, in 
Italy, how many strokes would a clock that strikes only the hours 
make in a day ? 

25. In a potato race 50 potatoes are placed in a straight line, 
1 yard apart, the first one being 1 yard from the basket. How 
far must a contestant run to bring them to the basket one at a 
time? 

26. If an elastic ball falls from a height of 30 inches, and at 
each rebound rises to a point 6 inches below the point to which it 
rose the time before, find the entire distance that it travels before 
coming to rest. 

27. A car starting down an incline moves 1 foot the first 
second, 4 feet the second second, 7 feet the third second, etc. 
How far will it move in 20 seconds ? How long will it take the 
car to run 1335 feet, the entire length of the incline ? 

28. An object falling freely through space falls approximately 
16 feet the first second, 48 feet the next, 80 feet the next, etc. 
How far will it fall in 6 seconds ? In 10 seconds ? In 60 seconds ? 

29. A shot is fired vertically upward, going 1024 fee* the first 
second, and lessening its speed 32 feet per second thereafter. 
How high does the shot go ? 

30. If an object falls 16 feet the first second, 48 feet the next, 
80 feet the next, etc., and an aviator in time of war drops a bomb 
from a height of 1600 feet, how long does it take it to reach the 
ground ? 
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31. A man invests his savings in the shares of a building and 
loan association, depositing with the association $1000 the first 
year. At the beginning of the second year he is credited with 
$60 interest on the amount deposited the first year, and pays in 
only $940, making his total credit $2000. At the beginning of 
the third year he is credited with $120 interest, and pays in 
only $880 cash, etc., What is his credit at the end of 10 years, 
and how much cash has he paid in then ? 

32. If a man invests $1000 of his savings at the end of each 
year for 10 years at 5 % simple interest, how much will he have 
at the end of 10 years ? 

33. Cannon balls are piled up into a pyramid with a square base 
having 12 balls on each side. How many balls are there in the 
bottom layer? In the second layer? In the third layer? In 
the whole pyramid ? 

34. A roll of paper is wrapped about a core whose diameter is 
1 inch. The thickness of the paper is ^ inch. The outer di- 
ameter of the roll is 10 inches. How long is the strip of paper 
in the roll ? 

35. Find three numbers in A. P., such that their sum is 18 and 
the product of the first and third 14 greater than the second. 

36. The sum of three numbers in A. P. is 15, and the sum of 
their squares is 107. Find the numbers. 

132. Geometrical Progressions. — A geometrical progression is a 
series in which the ratio of any term to the preceding term is the 
same for all terms of the series. 

This ratio is called the common ratio. 

The name geometrical progression is abbreviated usually to 
G.P. 

Thus, the series 1, 2, 4, 8, • ••, is a G. P., in which the common ratio is 2. 

The series 2, — Jn, Jn 2 , — y^n 8 , • ••, is a G. P. in which the common 
ratio is — J n. 

In either series, if any term is multiplied by the common ratio, the prod 
act will be the next term. 
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133. The nth term of a Geometrical Progression. — If the first 
term of any geometrical progression is denoted by a, and the 
common ratio by r, the terms of the progression will be repre- 
sented by 

a, ar, ar*, ar 8 , or 4 , ar*, etc. 

It is seen from these terms that the power of r in any term is 
1 less than the number of the term. # Thus, the tenth term is ar 9 . 
Hence, the general or nth term is ar"- 1 . Therefore, if I denotes 
the value of the nth term in the geometrical progression whose 
first term is a and common ratio r, 

l = ar»- i . (^1) 

This formula will enable one to find the value of any one of 
the four numbers I, a, r, n, if the values of the other three are 
known. 

Example 1. — Find the ninth term of the series 2, 6, 18, ••• . 
Here a = 2, r = 3, n = 9. 
Substituting in formula A, 

1 = 2x38 = 13,122. 

Example 2. — The tenth term of a 6. P. is 5 } 2 , and the first term is 1. 
Find the common ratio. 

Here a = 1, n = 10, I = z \ t . 

Substituting in formula A, 

,i 2 = 1 x r°. 

Hence, r = \ . 

Example 3. — The fifth and eighth terms of a G.P. are Jf and —Hi 
respectively. Write the first 8 terms. 

Since the fifth term is ar*, and the eighth term is ar 7 , 

ar* = i?, (1) 

>r? = -H$. (2) 

Dividing (2) by (1), r* = - f v 

Hence, r = — $. 

Substituting — § lor r in (1), \\ a = Jf. 

Hence, a = 3. 

Therefore the series is 3, - 2, J, - | , if, - ff , J&, - }} |, ... . 
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f EXERCISES 

1. Find the eighth term of the series 1, 2, 4, 

2. Find the twelfth term of the series y^^j, y^, ^, ••• 

3. Find the tenth term of the series 2430, 810, 270, ... 

4. Find the eighth term of the series |, 2, 6, 

5. Find the ninth term of the series 4, — 8, 16, ••• . 

6. Find the sixth term of the series 54, — 18, 6, •••. 

7. Find the tenth term of the series y 1 ^, J, 1, ••• . 

8. The first term of a G. P. is 4, and the sixth term is 128. 
Find the common ratio. 

9. The common ratio of a G. P. is 3, and the fifth term is 486. 
Find the first term. 

10. The second term of a G. P. is \, and the eighth-term is ^\^- 
Find the tenth term. 

11. The first term of a G. P. is 3, and the third term is 6. 
Find the sixth term. 

12. The second term of a G. P. is 3, and the fifth term is ^. 
Find the fourth term. , 

13. The eighth term of a G. P. is 1152, and the tenth term is 
4608. Find the first five terms. 

14. The third term of a G. P. is \, and the eighth term is 128. 
Find the first six terms. 

15. Find the sixth term of the series 2 V2, 4, 4V2, 

2 3V2 

16. Find the fifth term of the series z± 1, —ft-i ••• • 

3l/2 2 

17. The first and second terms of a G. P. are m and n. Find 
the next two terms. 

18. In making an inventory at the close of each year, a manu- 
facturer deducted 10% from the value of his machinery at the 
previous inventory, because of deterioration. The machinery 
cost $20,000. What was the value at the end of the fifth year? 

Suggestion. — The value at the end of the first year was .90 x $ 20,000 r 
at the end of the second year, .90 x .90 x $20,000, or .90 2 x $20,000; etc. 
What was the common ratio ? 
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19. A boy puts $ 100 in a savings bank, which pays 3 % com- 
pound interest, compounded annually. What does it amount to 
at the end of six years ? 

Suggestion. — The value at the end of the first year is 1.03 x $100 ; at 
the end of the second year, i.03 2 x 9 100 ; etc. 

20. To how much will $ 500 amount at the end of five years, if 
put in a savings bank which pays 3 % compound interest, com- 
pounded annually ? , 

21. The population of a city is 100,000, and it increases 10 % 
every year. What will the population be in 10 years? 

22. If a rubber ball rebounds \ of the distance it falls each 
time, and falls the first time from a height of 60 feet, how high 
will it rise after the eighth fall ? 

134. Geometrical Means. — In a geometrical progression all of 
the terms between any two terms are called the geometrical means 
of those two terms. 

For example, since 6, 10, 20, 40, 80, and 160 form a G. P., 10, 20, 40, and 
80 are geometrical means of 5 and 100. 

Any number of geometrical means may be inserted between two 
given numbers. 

Example. — Insert two geometrical means between 8 and 27. 

Since there are to be two geometrical means, 27 must be the fourth term 
of a G. P. of which 8 is the first term. 

Hence, we have a = 8, I = 27, and n = 4. 

Substituting in formula -4, 

27 =8 r 3 . 

Solving, r = 1$. 

Hence, the means are 12 and 18. 

An important special case is that of one geometrical mean be- 
tween two numbers. It is called also the mean proportional be- 
tween the two numbers. 
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If O is the geometrical mean between a and b, then by defini- 
tion of a G . P., h O 

G = a' 
Solving for G, G = Vo6. 

Hence, (he geometrical mean between two numbers equals the 
square root of their product. 

EXERCISES 

1. Insert two geometrical means between 7 and 56. 

2. Insert two geometrical means between 2 and 54. 

3. Insert three geometrical means between 16 and 54. 

4. Insert four geometrical means between 1 and 1024. 

* 

5. Insert three geometrical means between 80 and 5. 

6. Insert four geometrical means between 24 and 3||. 

7. Insert three geometrical means between — 9 and — 144. 

8. Insert two geometrical means between 1 and 2. 

9. Insert two geometrical means between m and n. 

10. Find the gometrical mean of 1 and 4. Of 9 and 16. Of 5 
arid 20. Of 3 and 4. Of V2 and V8. 

11. Find the geometrical mean of a — b and a 3 —a*b. 

12. Triangle ABC is a right triangle, with CD perpendicular 
to the hypotenuse AB. It is shown 
in geometry that CD is the geometri- 
cal mean of AD and DB. 

If AD = 9 and DB = 25, find CD. 
If AD = 4 and DB= 12, find CD. 

13. In the figure of Ex. 12, if CD = 8 and AB=20, find AD 
and DB. 

14. In the right triangle in Ex. 12, AC is the geometrical mean 
of AD and AB. If AD = 5 and AB = 20, find AC 

Also CB is the geometrical mean of DB and AB. If DB = 12 
and AB = 27, find CB. 
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15. If PA touches a circle at A, and PB cuts the circle at B 

and C, PA is a geometrical mean of 
PB and PC. 

If PB = 16 and PC = 49, find PA 
If BC= 12 and PA = 16, find PB 
and PC. 

135. Sum of n Terms of a Geometrical Progression. — The sum 

of n terms of a geometrical progression is found as follows : 

If 8 represents the sum of n terms of a geometrical progres- 
sion whose first term is a and common ratio r, then 

8 = a + ar + ai* + at* H f- cw"- 2 + ar*~\ (1) 

Hence, r>S = ar + ar* + ar 8 -f af 4 H h or n_1 + ar". (2) 

Now, if (2) be subtracted from (1), all terms cancel except a of 
(1 ) and ar* of (2). Hence, subtracting (2) from (1), 

S — rS = a — ar*. 
Factoring, 8(1 - r) = a(l - r"). 

Hence, dividing by 1 — r, we get 

S = *(l -/"). (1J) 

1— r 

Since Z = ar"" 1 , by substituting in (Z?) we get 

S = a - H . (C) 

1 — r 

If any three of the numbers a, r, n, Z, 5, of a G. P. are known, 
the other two may be found by use of formulas A, B, and C. 

Example 1. —Find the sum of the first 6 terms of the series 4, 6, 9, ••-. 
Here a = 4, r = |, n = 6. 

Hence, s = *f 1 - (f) 6 } = 83 i 

1- J 8 

Example 2. —The first term of a G. P. is 3, the sixth term is 9376, and 
the sum of the first C terms is 11,718. Find the common ratio. 

By formula C, 1 1 ,7 18 = 3 — 9375 r . 

1-r 
Solving, r - 5t 
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EXERCISES 

1. Find the sum of 10 terms of 6, 12, 24, •••• 

2. Find the sum of 6 terms of 1, 3, 9, •••. 

3. Find the sum of 7 terms of 2, — 4, 8, •••. 

4. Find the sum of 8 terms of -j* ff , \,\ 9 • • •. 

5. Find the sum of 6 terms of 48, 12, 3, •••. 

6. Find the sum of 5 terms of 5, —30, 180, •••. 

7. Find the sum of 10 terms of 1, a?, «*, •••. 

8. Find the sum of 9 terms of |, 1, f, •••. . 

9. Find the sum of 6 terms of 6n, — 12 n 2 , 24 n 8 , •••. 

10. Find the sum of 5 terms of 2V3, 6, 6V3, •••. 

11. Find the sum of 10 terms of £, §, £, •••. 

12. »In a G. P. whose first term is 7, the sum of 6 terms is 
2548. Find the common ratio. 

13. In a G. P. whose first term is \, the sum of 5 terms is %\\. 
Find the common ratio. Find the fifth term. 

14. In the series 1, 2, 4, • ••, how many terms must be added to 
make 255? 

15. In the series 100, 40, 16, •••, how many terms must be 
added to make m$* ? 

16. A ball falls from a height of 100 feet, and rebounds after 
each fall one fifth of the distance it fell. Through what distance 
will it have traveled at the end of the fifth fall ? 

17. The bell jar of an air pump holds 432 cubic inches of air. 
At each stroke of the pump j 1 ^ of the air left in the jar is re- 
moved. How much air is removed in 5 strokes ? 

18. If a man saves each year twice as much as the preceding 
year, and saves $ 150 the first year, how long will it take for him 
to save $2250? 
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19. A vessel containing vinegar is emptied of one-half its con- 
tents, and then filled with water. Half of this mixture is then 
drawn off and the vessel refilled with water. This is repeated five 
times. What part of the remaining mixture is water ? 

20. To what sum will $ 1 amount in 4 years at 3 % compound 
interest ? 

Suggestion. — a = 91, r = $1.03, n = 5. 

21. To what sum will $1000 amount in 5 years at 3 % com- 
pound interest? 

22. A man puts $ 100 in a savings bank which pays 3 % com- 
pound interest, compounded annually. To what sum will it 
amount in 6 years ? 

23. The present worth of a debt due at some future time is a 
sum such that, if invested at compound interest, the amount at 
the end of the time will equal the debt. 

Find the present worth of $ 5000 due in 5 years, the money be- 
ing worth 6 °/ interest compounded annually. 

24. A man, in making his will, left % 25,000 to his daughter. 
It was made payable on her twenty-fifth birthday, but in case she 
married before that time she was to receive the present worth of 
the sum at the time of her marriage, money being considered 
worth 6 °f compounded annually. . She married on her twentieth 
birthday. How much money did she receive ? 

136. Infinite Geometrical Progressions. — In a G. P. such as 1, 2, 
4, 8, •••, in which the common ratio is greater than 1, and positive, 
each term is greater than the preceding term. Evidently, if the 
number of terms is increased without limit, their sum will be- 
come infinite. 

But in a G. P. such as 1, \, \, £, •••, in which the common ratio 
is less than 1, and positive, each term is less than the preceding 
term, and as the number of terms becomes very great each term 
becomes very small. In such a series, as the number of terms 
taken is increased without limit, the sum of the terms does not 
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increase without limit, but approaches some definite number as a 
limit. 

For example, in the series 1, i, i, t, •••, the sum of 4 terms is 1{, the sum 
of 8 terms is l\$l, the sum of 16 terms is lJiJfi» etc - Evidently, as the 
number of terms is gradually increased the sum approaches nearer and nearer 
to 2, but always remains less than 2. When the number of terms taken is 
increased without limit, the sum approaches 2 as a limit. 

In general, the formula S= -* * may be written in the 

1— r 

form S = — - - — . Now, if r is less than 1, r* is still 

1 — r 1 — r 

smaller, and when w = oo, ?" = 0. When r* = 0, = 0. 

1 — r 

Hence, when n is increased without limit, the sum 



1 — r 1 — r 

approaches M a as a limit. 
1 — r 

Consequently, the sum of an infinite number of terms of a G. P. 

in which the common ratio is less than 1 is defined as the limit • 

1 — r 

That is, when n is infinite and r less than 1, 

1 — r 

Example. — Find the sum of the infinite series of terms 9, 6, 4, ••-. 
Here r = }. Hence from formula D, 

S = -?— = 27. 

i-i 

By aid of formula D the common fraction to which any repeat* 
ing decimal is equal may be found. 

Example. — Find the value of 12.636363 — . 

The repeating part .636363 ••• may be written in the form ^ + y^ ff 
+ nnfiAnro "• — * ^ n * 8 is an mfini te G. P. in which a = T 6 ^ and r = T ^. 

Hence, .636363 ••• =—™- = Sf = ^. 

* ~ IM 

Hence, 12.636363 ••• = 12^. 
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EXERCISES 

Find the sum of an infinite number of terms of : 

1. 8, 4, 2, •• 

2. 12,4,1*, 

3. 15, 5, If, 

9. 1; n, n\ ■•• 

, A 1 1 1 
10. 1, -^ - 4 , 



5- f> 1> $> •*•• 

6 - i> l> ita •••• 

7- 1, £, ^, .-.. 
8. 2, V2, 1, ... 

», when n is less than 1. 

. «, when n is greater than 1. 



11. In a G. P. the common ratio is \. What must be the first 
term in order that the sum of an infinite number of terms shall 
be 80? 

12. In a G. P. the first term is 5. What must be the common 
ratio in order that the sum of an infinite number of terms shall 
be 4^? 

13. Find the first five terms of a G. P. the sum of an infinite 
number of terms of which is 2, and whose second term is f. 

14. Find the eighth term of a G. P. the sum of an infinite 
number of terms of which is 243, and whose second term is 54. 

Find the common fractions to which the following are equal : 

15. 0.66666.... 18. 0.454545-... 21. 4.363636.-. 

16. 0.272727-... 19. 0.150150-... 22. 3.721212-... 

17. 0.393939-... 20. 1.333333 .... 23. 0.046363 .... 

24. The circles A, B, C, etc., are 
tangent internally at P. The di- 
ameter of B is * that of A, the 
diameter of C is £ that of B, etc. 
If the diameter of A is 6 inches, 
and the number of circles thus 
constructed is continued without 
limit, find the sum of the circum- 
ferences of all of the circles. 
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25. In the figure of Ex. 24, the area of circle B is \ that of 
circle A, the area of circle C is \ that of circle B, etc If the 
diameter of A is 4 inches, find the sum of the areas of all of 
the circles. 

SUPPLEMENTARY EXERCISES 

The numbers a, b, c, d, etc., are said to form a harmonic pro- 

1111 
gression when -, -, -, -, etc., form an arithmetical progression. 

abed 
Problems relating to harmonic progressions may be solved by- 
forming the corresponding arithmetical progressions and using 
the principles applicable to the latter. 

1. Find the twelfth term of the series 1, £, £, |, •••. 

Solution. — The corresponding A. P. is 1, 3, 6, 7, •••. 
The twelfth term of this is 1 + 11 x 2, or 23. 
Hence, the twelfth term of the H. P. is ^. 

2. Find the seventh term of the series 1, J, -fa, •••. 

3. Find the twentieth term of the series — £, — £, — £, •••. 

4. Find the fifteenth term of the series — f, — 2, 2, f, •••. 

5. Find the twelfth term of the series 2, J, ^, •••. 

6. Find the tenth term of the H. P. in which the third term 
is £ and the seventh term is ^. 

7. Find the first five terms of the H. P. in which the third 
term is 2 and the thirty-second term is A- 

8. In any H. P. all of the terms between any two given terms 
are called the harmonic means of those terms. 

Find the harmonic mean of ^ and ^. Of — f and f . 

9. Insert 4 harmonic meaps between — $ and £. 

10. Insert 5 harmonic means between \ and 3. 

11. If 22" represents the harmonic mean between a and b, show 

that If =^-. 
a + b 
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12. If A y G, and II represent the arithmetical, geometrical, 
and harmonic means, respectively, of two numbers, then show 
that G is a mean proportional between A and H. 

Suggestion. — If the two numbers are a and b, then 



4=«±&, G=Vab, # = 



2 aft 



2 a + b 

Now show that AH = G 3 , by showing that they equal the same thing. 

13. The arithmetical mean of two numbers is 8, and their 
harmonic mean is 18. Find their geometrical mean. 

14. The geometrical mean of two numbers is 4, and their 
harmonic mean is £. Find the numbers. 



CHAPTER XIII 

EXPONENTS 

137. Positive Integral Exponents. — A positive integral exponent, 
as defined and used in the First Course and in this volume, 
indicates how many times the base is to be taken as a factor. 

The following fundamental laws of positive integral exponents, 
which have been applied at various points of the work, were 
proved in Chapter XVI of the First Course by use of the above 
definition. Let the pupil establish each of them in review 

I. Law for Multiplication : 

a x a = a 

That is, the exponent of the jrroduct of two powers of the same 
number equals the sum oftlw exponents of the, tivo factors. 

Suggestion. — Show by definition of an exponent that a m x a" contains a 
as a factor m + n times. 

This law may be extended to apply to the product of more than 
two factors. Thus, in general, 

a m xa n xa p -=a m+n+p+ ". 

II. Law for Division: 

That is, the exponent of the quotient of two powers of the same 
number equals the exponent of the dividend minus the exponent of 
the divisor. 

Suggestion. — By using the principle that quotient x divisor = dividend, 
show that this law follows from Law I. 

211 
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III. Law fob a Power of a Poweb: 

(a") m = a m *. 

That is, the mth power of the nth power of any number equals the 
mnth power of the number. 

Suggestion. — Show that this follows from Law I. Thus, 

(a") m = a* x a n x a* ••• to m factors, etc. 
This law may be extended thus : 

((a") m )' , =:a' w "^ (((aW=a^; etc. 

IV. Law fob a Power of a Product: 

(ab)" = oTb*. 

That is, the nth power of the product of two numbers equals the 
product of the nth powers of the numbers. 

Suggestion — Show that (ab) n contains a and b each as a factor n times. 
Thus, (aft)* =(a6)(a6) (ab) ••• to n factors, etc. 

This law may be extended to apply to a power of a product of 
three or more factors. Thus, in general, 



(abc ...)" = a"b n c 



n 



V. Law fob Poweb of a Fbaction: 







That is, the nth power of a fraction equals the nth power of the 
numerator divided by the nth power of the denominator. 

Suggestion. — Proceed as in establishing Law IV. 

VI. Law fob Root of a Poweb, ob Poweb of a Root: 

m 

That is, the exponent of a root of a power of a number equals the 
exponent of the power divided by the index of the root. 

- -xn 

Suggestion. — (a B ) n = a* = o m , by Law III, 
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i i 

Since by this law Va = a n , (tya) m =*(a n ) m . Hence by Law 

III, * 

That is, the exponent of a power of a root of a number equals the 
exponent of the power divided by the index of the root 

By use of one or more of the above laws of exponents, any 
power or root of any monomial, or the product or quotient of any 
monomials, may be obtained. 

EXERCISES 

By the above laws find the values of : 

1. n 8 xtf. 21. 3 u -i-3 10 . 

2. V*xV\ 22. (-l)'-i-(-l) 8 . 

3. kxtfxtf. 23. (- w ) 9 -*-(-n) a . 

4. IPxRxIP. 24. (a* 4 ) 5 . 

5. 2 8 x2 2 x2. 25. (N*)\ 

6. 5x5 2 x5 4 . 26. (s 12 ) 4 . 

7. 3 4 x3x3 4 . 27. (fc 20 ) 5 . 

8 . (-l)'(- l) 8 . 28. (2 s ) 2 . 

9 . (_2) 4 (-2) 2 . 29. (3*) 4 . 

10. (-a) 2 (-a) 6 . 30. [(-I) 8 ] 6 . 

11. x*xar. 31. [(-&) 5 ] 4 . 

12. ** +1 X*. 32. (x*- 1 )*. 

13. i*"- 1 - 8 X P" -8 . 33. (mn)\ 

14. a 9 -*- a*. 34. (a*b*)*. 

15. 3^-f-y 8 . 35. (afy) 8 . 

16. & + D. 36. (v 9 * 4 ) 4 . 

17. irr 2 -*-^. 37. (2 x 5) 8 . 

18. WMT + r'. 38. (7x3) 2 . 

19. crf 2 -*-|a*. 39. (a n 6 2B ) 6 . 

20. 2 s -!- 2 s . 40. (|) 8 . 



41. 


(i) 4 . 


42. 


(t) 4 . 


43. 


(-I) 6 - 


44. 


(-*) 8 - 


45. 


(!)'■ 


46. 


f2m*\ 9 


47. 


\2 aVj ' 


48'. 


</*-*. 


49. 


#R 


50. 


V*Y. 


51. 


VS2 r 20 . 


52. 


Va 2 "^. 


53. 


(^«) 6 - 


54. 


(</*)*. 


55. 


(^m 2 ) 9 . 


56. 


(2 a 2 \/^) 10 , 
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138. Zero Exponents. — The application of Law II, § 137, 
when the exponents of the dividend and divisor are equal, gives 
rise to a zero exponent 

Thus, a* -f- a 4 = a 4 " 4 = cfi ; r® -*- r® = i*-» = r°. 

The meaning of a zero exponent may be shown as follows : 

In general, a" -s- a* = a"~* = a . 

But, a n -i-a n = 1. 

Hence, since a and 1 are but two different ways of writing the 
same quotient, __ i 

That is, any base with the exponent equals 1. 

EXERCISES 

Give the values of : 

1. 2°. 3. 100°. 6. (-1)°. 7. n 5 + n°. 

2. 0.1°. 4. (i)°. 6. 3 4 x3°. 8. (ay. 

139. Negative Exponents. — The application of Law II, § 137, 
when the exponent of the divisor is greater than that of the 
dividend, gives rise to a negative exponent. 

Thus, a 3 -4- a 9 = a 8-8 = a~ 5 ; «* -*- v 10 = tr 6 . 

It is evident that a negative exponent has not the same 'mean- 
ing as an exponent that is a positive whole number. For ex- 
ample, to say that n~ 4 indicates that n is to be taken as a factor 
— 4 times is absurd. But this new kind of number symbol has a 
definite meaning which may be shown as follows : 

Assuming that Law I, § 137, applies to negative exponents, 

a n x a~ n = a n ~" = a , 

or, a" x a~ n = 1. 

Dividing both members of this equation by a n , 

1 



a -" = — 
a" 
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That is, a negative exponent indicates a power of the base thai is 
to be used as a divisor. 

It follows from the meaning of a negative exponent that 

Any factor may be changed from the numerator to the denomi- 
nator of a fraction, or vice versa, by changing the sign of its 
exponent 

Thus, 



q g 6- 2 
c«d- 8 



«>xl £ 



6 J 6* flW 






Evidently, this result might have been obtained in a single step by putting 
the b into the denominator and the d into the numerator and changing the 
signs of their exponents. 

3-4 2* 32 



Similarly, 



2" 6 3* 81 



EXERCISES 



Find the values of : 

1. 2" 2 . 5. 10- 5 . 

2. 2" 5 . 6. I- 1 . 

3. 3" 4 . 7. 0.5" 2 . 

4. 7" 1 . 8. 0.01- 3 . 

Write with positive exponents : 



9. 
10. 
11. 
12. 






17. 


tt-\ 


18. 


a 2 b~\ 


19. 


TrflV 2 , 


20 


m~ 2 
n- 4 


21. 


a 5 
b~ 5 


22 


a~ l b~ 2 


JO Ai» 


c 3 


23 


2x~ 2 



-tf 



24. 



25. 



26. 



27. 



28. 



-4 



-5? 
-3N~ S ' 

x~ l y~ 2 z~ z 

— — ^ i 

xy 2 £ 
x*y~ 3 

~T" 

a- fl 6 
-6 

F -8 



13. (|)-«. 

14. 2" s X (*)-». 

15. lO" 3 -*- (f )"*. 

is- a)- 6 x(i)- 4 . 



29. ™ + m 



-1 



n 



n~ 



30. 



31. 



32. 



a- 1 -f & 



-l 



a 



-i 



>-i 



z 2 



?/ 



-2 



x* + y- 2 
(a -&)-> 



33. (N- 2 )- 3 . 
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Write in integral form : 

34. t. 36. -L_. 38. 1 + i. 40. —, + —,' 

or — 5n x y n' 1 m _1 

36f |f. 37. *±. 39. <*+*• 41. 1 



3y r 8 6 a a' + afc + ft 8 

140. Fractional Exponents. — The application of Law VI, § 137, 
when the exponent of the base is not divisible without remainder 
by the index of the root, gives rise to a fractional exponent 

Thus, y/tf=al\ #?=ni; V§ = 5i. 

It is clear that a fractional exponent has not the same meaning 
as an integral exponent. For example, a$ cannot indicate that a 
is to be used as a factor f of a time. Such a statement is absurd. 
The meaning of every fractional exponent may be shown as 
follows : 

Assuming that Law I, § 137, applies to fractional exponents, 

ft nnM 

(ai)"* =aS x am x a* ••• to m factors 

_— H \- — + •••torn terms 

=: dm m m 

= a\ 
Hence, by definition of a root, 

n 
0"= VS. 

That is. a fractional exponent indicates a root of a power of the 
base, the numerator indicating the power of the base, and the de- 
nominator indicating the root. 

For example, 8* = v^ _ */$£ = 4 ; (9 n*)i = V§~f? = 3 n 2 . 

An expression involving negative fractional exponents may be 
written with positive integral exponents by first interpreting the 
negative signs, then the fractional forms, of the exponents. 

For example, n~i 



nrt = — = 



n! y/n* 
And /IH- 1 = 1 = » 
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EXERCISES 

Find the values of : 

1. 4*. 6. 4i. 11. 9*. 16. 256-i. 

2. 9*. 7. 8li. 12. 64*. 17. C^)""*. 

3. 27* 8. 125*. 13. 4-1. 18. (^) *. 

4. 16 J. 9. 32*. 14. 16-f. 19. (jV*)"*- 

5. 25*. 10. 64*. 15. 27-*. 20. (if)" 1 - 
21. 8*x9"i 22. 125-*x32*. 23. 25-*h-81-*. 
24. (^)-i -f- (^)*. 25. 8~*(25i-8li). 

Express with positive integral exponents : 

26. aibh 31. 2w*n~*. (a — 6)-^ 

27. jrlji. 32 ' 9F ~* A (a + »)"*" 

28. Jlf 3^1. 33. ^ (*-*)"! 

29. 4 or*. m _ 8 mi-fni 

34. — : — r 37. 



30. — 9 t*. " p~*9~* m*** + «"* 

Express without radical signs : 

38. \/v*. 42. y/dWmn. 46. V<*"". 

39. \/n 7 . 43. ^27«y. 47. Va^fc. 

40. aVo. 44. </^Vc. 48. Vl + tf. 

41. Vwv^. 45. "Va". 49. V^V«". 
Write as integral expressions without radical signs : 

50. _A=. 51. —1 52. V fe + g^ 

Vl-» ^(1 -h«*) 2 V(a-&)* 

141. Laws Applied to Negative and Fractional Exponents. — In 
determining the meanings of negative and fractional exponents, it 
was assumed that Law I of positive integral exponents, § 137, is 
applicable to these new kinds of exponents also. It may be 
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proved that all of the fundamental laws of positive integral 
exponents given in § 137 hold also for negative and fractional 
exponents. The proofs are omitted from this course. 

Example 1. — Simplify n* x n* x n*. 

i$xn$ x n* = n** x n A x » A = W A+A+ A _ n fi. 

Example 2. — Simplify a* ■*■ a~™' 

a » -s- a"A = a "A + a ~A _ a "A 

Example 3. — Simplify (A"*B~h~*. 

(A-*B~h~* = A*B*. 

Example 4. — Simplify (mi -f n"*J)(m$ — m^nri -f n"»). 

ro» 4- n~» 

to — tos»~» -I- to*» ■ 

m*ri* — TO»n~» -f ft" 1 



-l 



to • + n 

Operations with expressions involving radicals may be per- 
formed by first expressing the radicals by means of fractional 
exponents. 

Example 6. — Simplify H X ~ y a . 

■y/x— Vy 

Expressing the radicals by means of fractional exponents, and dividing, 

g s + x*y* + y J 
x \ __ y *)a5 - y 

x — g *y ' 

a'y — y 



ajsy — x'ys 



1 2 

a? T y y -y 
s — y _ 



Hence, ^__ — _ x l+^ y } +y ? = ^ + ,j^ + fya. 
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EXERCISES 



Simplify : 

1. A-*xA~ 2 xA 7 . 24. (6Jf-*4*)-* 

2. 4 n- 5 x n 3 x n 3 . 25. (4 af V**" 1 )"*- 

3. B^xIFx R~*. 26. (81 o^ft-^riMr. 

4. 12fxr 1 xr». 27. (-27/r^eT*)-*. 

5. a* X a"* x a 2 . 28.' (32 r-**HyI. 

6. 5p~i X 3p* 29. Va x V^. 

7. /i~*A;* X Mr*. 30. V? x V?. 

8. FM X V-k'K 31. Vn x VS X VS. 

9. yV* x .v~y . 32. VaP -?- VaF 8 . 

10. or 2 --or 4 . 33. Va^P-Va 111 ^. 

11. an^+ahi*. 34. Vc? + Vol 

12. wV -3 -*- w~ 1( y -1 . 35. Vwv h- VwV. 

13. p- l <r*r-*+p 3 <fr. VrT 2 . VwW 

14. N~* + N * w V 



7^i 9 



m'n 



15. JF + JT*. 87 . _*_ +VE 

16. &A_g. a -ty-ia. 



t_ i_ VArn 



1 1 _1 _2 

17. a?^3 2 4_a_ jpy 3 2. 

18. 6P" ? F^3P-iF. 

19. (a-V 3 )" 2 . 

20. (a^V 1 )" 5 . 

21. (7T.K 2 )- 4 . 41. ^V^/P. 

22. (ra~*?r*) 2 . 42. (a* + y*)(a* — y*). 

23. (2irV 1 )i 43. (Tr*-F^(TT*4-F^). 



40. V^. 
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44. (m - n) -s- (m* + n*). 54. (v 2 + f 2 ) -*- (v? -f- **). 

45. (E + r) -f- (22* + r*). 55. (Jlf * + 2T*) f . 

46. (a? - y 2 ) -f- (x* - y*). 56. (a* - 6~*) 2 . 

47. (a>* + 2)(s* - 1). 57. (1-afty. 

48. (3m' i -4n i )(3m" I + 4w 5 ). 58. (£T* + JF"*) 2 . 

49. (a-46)-5-(a*-26*). 59. (e» + e--2)». 
60. (r 8 - 1) -*- (r 1 - 1). ' 60. (l-ar 1 * ar 8 ) 2 . 

51. (l+jr^-s-^+y-l). 61. (»* + i+tr*) f . 

52. (w- 8 + 27) h- (n- 1 + 3). 62. (h - A:) -r- ( v7i - ^fc), 

53. (AT 1 - 1) -5- (Ar 1 - 1). 63. (^-l) 2 . 

64. (a* + a J 6* + 6*) (a* - &*). 

pi _** + t*-r*) (** + **)- 

(8n- 2 -8n 2 + 5n fl -3w- 6 )-5-(5n 2 -3n- 2 ). 
[p + 32 g) -f- (p* + 2 g*) + 2 p V + 8pV- 
Vm 4 -+• VmV + Vn 4 ) ( Vm 2 — Vn 2 ). 

;##*-. </^+ </F 2 )(^^+ Vf). 
; V5 + Va7+ 1/-^ - 4"- + 1 )" 

\Va? Va? ' 
72. f-L.^ + gVf^r-sY 

SUPPLEMENTARY EXERCISES 

Simplify : 

1. (a-^-^-s-Ca-*-!). 2. (x* -<e 8 y 8 + y~ 3 )(» 8 +y"). 

3. (r 2 * - r* + 1 - r + * 2 *) 2 . 

4. (m + »4-2^^ 2 + 2^?^)^(-^ + ^^"+^wS). 



65. 

66. 
67. 

68. 

69. 

70. 

71. 
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Factor: 

5. 16 -w- 2 . 7. 27 -iV- 3 . 

6. iP + 2 + IT 2 . 8. Ar»-fc-i-6. 

Find the square root of : 

9. 9» — 12»* + 10 — 4af*+«~ 1 . 

10. m 2 — 6 m*n* + 15 win* — 18 m*n + 9 nl 

11. ^ 2 + 8^ + 12-16^- 1 + 4^- 2 . 

12. 2+h 2 k- 2 + 2hk + V + 2hr l W + h' 2 **. 

13. r* + 4r* + 4r$ + 2r* + 4 + r~*. 

14. a~* - 2 erV - 2 a"h + 3 a~*&* + 6*. 



CHAPTER XIV 
THE BINOMIAL THEOREM 

142. The Binomial Theorem. — By actual multiplication it may 
be shown that : 

(a + ft) 2 = a 2 + 2 aft + ft 2 ; 

(a + ft) 3 = a 3 + 3 a 2 ft + 3 aft 2 + ft 3 ; 

(a + b) A = a 4 + 4 a 3 ft + 6 a 2 ft 2 + 4 aft 3 + ft 4 ; 

(a + ft) 5 = a 5 + 5 a 4 ft + 10 a 3 ft 2 + 10 a*ft 3 -f 5 aft 4 + ft 5 ; 

(a + ft) 6 = a 6 + 6 a 5 ft + 15 a 4 ft 2 + 20 a 3 ft 3 + 15 a 2 ft 4 + 606* + ft 6 ; etc 

If a — ft is taken instead of a + ft, the even-numbered terms in 
each of the above expansions will be negative and the odd-num- 
bered terms will be positive. Thus, 

(a - ft) 5 = a 5 - 5 a 4 ft + 10 a 3 ft* - 10 a 2 ** 3 + 5 aft 4 - ft 5 . 

A comparison of these few values of different powers of a + ft 
and a — ft will show that each of them may be written down, 
without performing the multiplication, by use of the following 
laws : 

(1) The first term in each case is a with an exponent equal to that 
of the binomial, and the last term is b with the same exponent. 

(2) The exponents of a decrease by 1 in each term after the first; 
and, b appears to the first power in the second term, and its exponents 
increase by 1 in each term after the second. The sum of the expo- 
nents of a and b in every term is equal to the exponent of the 
binomial. 

(3) The numerical coefficient in the second term equals the expo- 
nent of the first term. And the coefficient of any term after the second 
may be obtained from the preceding term by multiplying the coeffi- 

222 
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dent of that term by the exponent of a and dividing the product by 1 
more than the exponent of b in that term, 

(4) If a and b are both positive, the signs of all terms are posi- 
tive; ifb is negative, the signs of all even-numbered terms are nega- 
tive and all odd-numbered terms positive. 

(5) The number of terms is greater by 1 than the exponent of the 
binomial. 

These laws taken collectively, by means of which any power of 
any binomial may be written down directly, constitute what is 
known as the Binomial Theorem.* 

Note. — If the coefficients of each of the various powers of a +6, including 
the zero and first powers, are written down in order in a row, these rows of 
numbers form a triangular arrangement, 1 

as shown in the margin. This arrange- 1 1 

ment is known as Pascals Triangle. 12 1 

Any number may be obtained by adding 13 3 1 

the two numbers, one to the right and 14 6 4 1 

the other to the left of it, in the row •••••• 

above. The triangle may thus be continued indefinitely. 

In writing down the expansion of any power of a binomial by 
the Binomial Theorem, if the terms of the binomial contain 
coefficients or exponents, it is wise to inclose each of these terms 
in parentheses, and then to simplify in a second step the expres- 
sion obtained. In this way confusion in finding the exponents and 
coefficients of the various terms of the expansion will be avoided. 

Example. —Find by the Binomial Theorem (2 x 2 —3 y») 4 . 

(2x 2 - 3 y«)* = (2 x 2 )<- 4(2x 2 )8(3y8)+6(2x 2 ) 2 (3y 3 ) 2 - 4(2x 2 )(3y8)8 
+ (3 y 8 )4 = 16 x 8 - 96 x<y + 216 xV - 216 x*y 9 + 81 y 12 . 

* The Binomial Theorem has a Ions and interesting history. The ancient 
Hindus were familiar with special cases of the theorem, and used it in ex- 
tracting square roots and cube roots. Sir Isaac Newton, the great mathe- 
matician and scientist, was the first to recognize the general truth of the 
theorem, about the year 1665 ; and he used it in making some of his greatest 
mathematical discoveries. Napier was led by use of the Binomial Theorem 
to the discovery of logarithms. (See Chapter XV.) 
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EXERCISES 

Find by the Binomial Theorem : 

1. (<* + &)'. «• (1 + a) 4 . 17. (2p* + qy. 

2 . (a - b) 7 . 10. (1 - n)\ 18. (1-3 V 2 ) 6 . 

3. (m + n) 8 . 11. (a + 1) 6 . 19. C^ + s 8 ) 10 - 

4. (ro-«) 8 . 12. (2x + y) 5 . 20. (1 + 2 6 4 ) 8 . 
6. (x + y) 9 . 13. (a 2 -ft 2 ) 8 . 21. (l-i«) 6 . 

6. (v-0*- 14. (Jf-3JV*) 6 - 22 - (i^ + i 2 **) 8 - 

7. (A + *)"• 15. (2 V + 3 *) 6 - 23. (f a 4 - 1) 5 . 

8. (P-Q)* 16. (1-2 a 8 ) 4 . 24. (6i? + £) 4 . 



Find the first four terms of : 

25. (a + 6) 18 . 29. (aj+2) 30 . 

26. (o-6) w . 30. (3f 2 -2il0 84 - 

27. (1 + N) 40 . 

28. (f-1) 80 . 
35. Write the first five terms of (a —b) n . 



33 - ( w -ir 

31. K-3* 2 ) 22 . 34 f?a + *L)". 

32. ($x + 2y)» ^ 6 4 ° 2 ' 



Compute the following correct to two decimal places : 

36. (1.1) 12 . 

Suggestion. — (l.l) 12 = (1 + .1)« = etc. 

37. (1.2) 10 . 38. (1.04) 8 . 39. (.31) 10 . 40. (2.5) 12 . 
41. Form the first ten lines of Pascal's Triangle. 

143. Proof for Positive Integral Exponents. — That the Binomial 
Theorem holds true for all positive integral powers of any binomial 
may be proved as follows : 

Assuming that the theorem holds true for the nth power of 
a -f b, where n is any positive integer, we may write (a + b) n = 

1 • 2 1 • 2 • 3 



THE BINOMIAL THEOREM 225 

Multiplying both members of this equation by a +b> 

(a + b) n+l = a"* 1 + (n + l)a n b + ( n + ^/^ a*- 1 **' 

+ (n+l)(n)(n-l) o ._ <& , + ... + j. + i 
1 »2 • 3 

Now it is seen that this value of (a+6)* +1 is of the same form 
as the value of (a -f b) n f and that the result is the same as if it 
had been obtained directly by use of the Binomial Theorem. 

Hence, if the theorem holds true for the nth power of a -f 6, it 
holds true for the (n + l)th power. 

But it is proved by actual multiplication that the theorem holds 
true for the sixth power. Hence, since it holds for the sixth 
power, it holds for the seventh power. Now since it holds for 
the seventh power, it holds also for the eighth power; since it 
holds for the eighth power, it holds also for the ninth power ; etc. 

Hence, it holds true for all positive integral powers of a -f b. 

By similar proof it may be shown to hold for all positive 
integral powers of a — b. 

Note. — It is unsafe to reason that just because a law holds true for a few, 
or even many special cases, it always holds true. Certain laws have been 
shown to hold true for many special cases, yet finally fail. Thus, the ancient 
Chinese thought that if 2"- 1 — 1 were exactly divisible by n, then n must 
be a prime number. This holds true for all values of n up to 341. But 
for this value it fails. Hence the necessity is seen of finding a general proof of 
every law, such as that in this section. Mathematics undertakes to find 
general proofs of all of its principles. 

144. Negative or Fractional Powers of Binomials. — The Binomial 
Theorem holds true also for negative and fractional powers of a 
binomial a + b, provided that the absolute value of a is greater 
than that of b 9 except that in these cases the number of terms in 
the expansion is unlimited. The proof is too difficult for this 
course. 

Example 1. — Expand to 5 terms (1 4- a 2 )" 2 . 

(l + x2 ) - a=( i ) ^ +( ^2)(l)-»(x2) + (3)a)- 4 (^) a + (-4)(l)-5(x2)» 

+ (6)(l)-6(x 2 )*+ ... 
= 1 — 2x 2 + 3x*-4x 6 + 5x 8 ♦ 
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Example 2. — Expand to 6 terms (1 — 2 n)J. 

(l-2n)4=(l)*-(l)(l)-*(2 n) + (- i)(l)" i (2n)^(A)(l)^(2n)3 

+ (-T*i)(ir , (2n)*-... 
= 1 — n _ jn a - Jn 8 - Jn 4 . 

EXERCISES 

Expand to 5 terms : 

1. (1 + n)" 1 . 6. (1 - X 3 )" 1 . 11. (a 2 - ft 2 )"*. 

2. (1 - J)" 3 . 7. (1 + ft 2 )" 2 . 12. (»* + y*A 

3. (1 + *)*. 8. (1 + PT*. 13. (wT* - n"l)"i. 

4. (1 - 22)*. 9. (1 + 4 a 2 )"*. 14. (2 v* + *•)*. 

5. (1 + a)*. 10. (1 - 9^)"1. 15. (3/T* - 2g 1 )-*. 

145. Extraction of Roots by the Binomial Theorem. — The Bino- 
mial Theorem may be used to extract roots of arithmetical num- 
bers. The process is best shown by an example. 

Example. — Find to 3 decimal places the value of V29. 
#29 = 29* =(2* -3)* 

= (»)* - ft) (2*r*(3) + Ui£j£ (*r* (8)« 

_ ft)H)H) ( 2 5)-V (3 )8 + ... 

1*2*3 

= 2 — A"" *Av~" tv Ah oa ~" •" 
= 2 - 0.0376 - 0.0014 - 0.0001 

= 1.961, approximately. 

A similar process may be used in any case. Hence the rule : 

To find a root of a number, separate the number into two parts, 
the first of which is the nearest possible perfect power of which the 
required root can be found ; then expand the resulting binomial by 
the Binomial Theorem, and combine the values of the terms thus 
obtained. 

Thus, #66 = #64+1 = (4» + 1)* j #623 = #626 ^-~2 = (6* - 2)*. 
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It is evident that the first few terras of the expansion will give 
a close approximation to the value of the root, if the successive 
terms decrease in value rapidly ; that is, if the second term of the 
binomial is much smaller than the first. 

Note. — A shorter method of finding the approximate value of any root 
of a number is by the use of logarithms, as shown in the next chapter. 

EXERCISES 

Find to 3 places of decimals the value of : 

1. </TE. 4. -y/25. 7. ^9. 10. <fiy?. 13. </W>. 

2. ^28. 5. ^130. 8. \/26l. 11. a/3120. 14. ^29. 

3. f/66. 6. v'SIy. 9. \/240. 12. ^730. 15. \/?0. 

146. The rth Term of the Binomial Expansion. — In the expansion 

(a + by = a» + na n ~ l b + n (^ 1 ) a »- 2 b 2 + "( 71 - 1 )( n - 2 ) a »~v + 

1 • 2 1 • 2 • 3 

••• 4- b n , it is seen that the numerator of the coefficient of the 3rd 

term is the product of 2 factors, n(n — 1); the numerator of the 

coefficient of the 4th term is the product of 3 factors, n (n — 1) 

(n — 2) ; etc. In general, the numerator of the coefficient of the 

rth term is the product of r — 1 factors, n(n — l)(n — 2)».» . 

The denominator of the coefficient of the third term is 1 • 2 ; 
of the fourth term, 1-2*3; and in general, of the rth term, 
1 . 2 • 3 • 4 ••• to r — 1 factors. 

The exponent of a in the third term is n — 2 ; in the fourth 
term n — 3 ; and in general, in the rth term, n — (r — 1). 

The exponent of b in the third term is 2 ; in the fourth term 3 ) 
and in general, in the rth term, r — 1. 

Hence, in the expansion of (a + b) n the 

-J.*. * n ( n — l)(n — 2) ••• to r — 1 factors _ ,, 1Wr , 

rth term = —^—r — z^-= L aP'V^'b'* 

1 ■ * • 3 • • • to /• — 1 factors 

In the expansion of (a — b) n , the rth term is the same expres- 
sion, except that it is preceded by -f only when r is odd, and by 
— when r is even. 
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By substituting the values of a, b, n, and r in this formula for 
the rth term, we may write down directly any desired term of the 
expansion of any power of any binomial, without writing the 
preceding terms. 

Example. — Find the eighth term in the expansion of (1 — f*)-?. 

Here a = 1, 6 = t*, n = —2, and r = 8. 

Hence, the eighth term 

(-2)(-8K-4)(-S)(-6)(-7)(-8) m -» W 7 
12. 3- 4. 6- 6- 7 V V ' 

= 8 t* 1 . 

EXERCISES 

Find: 

1. The fourth term in the expansion of (a 2 + ft 2 ) 6 . 

2. The fifth term in the expansion of (1 -f a;) -4 . 

3. The eighth term in the expansion of (1 — J 2 ) 20 . 

4. The sixth term in the expansion of (m — n) 40 . 

5. The fourth term in the expansion of (af* + y 3 ) 12 . 

6. The tenth term in the expansion of (A 4 — BP)~\ 

i 

7. The seventh term in the expansion of (1 -f- 2 o^) 7 . 

8. The twelfth term in the expansion of (1 — V~ 1 )*. 

9. The eighth term in the expansion of (a£ -j- y*)*. 

10. The ninth term in the expansion of (R~ l — r 2 ) *. 

11. The fourth term in the expansion of (2 a + ft 2 )*. 

12. The sixteenth term in the expansion of (1 — a~*)~*. 

13. The sixth term in the expansion of (2 — A;) -3 . 

14. The eighth term in the expansion of (2 -f- \ n?) *. 

15. The eleventh term in the expansion of (x* + x 3 )». 

16. The fifth term in the expansion of (e* — e~*)~ 2 . 
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SUPPLEMENTARY EXERCISES 
Expand: 

1. (VS-Vy) 8 . 6 (Va + y/b\ w 

2. (Vtf +</¥)*. ' \ b a I ' 

3. (mVS + n V^) 10 . / 3m • V 

By grouping terms, express as binomials and expand : 

9. (1 + aj-s 2 ) 4 . 

Suggestion. — (1 + x - & 2 ) 4 = ([1 + x]— a 2 ) 4 • 

= [1 + s]4_4[1+bP|> 2 ] + — . 
Now expand [1 + x] 4 , [1 + se] 8 , etc., and combine terms. 

10. (a 2 + f + z 2 ) 8 . 12. (a-& + c-d) 4 . 14. (2 a - b + 3 c 2 ) 4 . 

11. (2-M+N) 4 . 13. (I-*** 2 -* 3 ) 8 . 15. (w^ + l + w 2 ) 4 . 

16. Write the formula for the (r + l)th term in the expansion 
of (a + b)\ 

17. Write the formula for the (r — l)th term in the expansion 
of (o + b)\ 

Find : 

18. The sixth term in the expansion of (yVw — wVv) s . 

19. The fifth term in the expansion of [ + — — ) • 

V b « J 

20. Find to four decimal places the value of \/220. 



CHAPTER XV 

LOGARITHMS 

147. Logarithms. — Long and complicated computations, such 
as are encountered often in practical work, may be shortened and 
simplified by use of logarithms. 

Thus, to compute the area of a triangle by the formula Area 
= Va(* — a) (* — b) (s — c) one must find the product of four factors and then 
take the square root of this product. By the use of logarithms, as we shall 
see later, the multiplication is replaced by simple column addition, and the 
extraction of the root by division by 2. 

The logarithm of a number is the exponent which indicates the 
power to which a given base must be raised to produce that num- 
ber. That is, if b e = n, then e is the logarithm of n to the base b, 

and is written 

e = log t n. 

Thus, since 2 s * = 8, log* 8 = 3. Since 5 4 = 625, log 6 625 = 4. Since 4~ 2 = 

By the definition of a logarithm, the equations e = log 6 n and 
b e = n express the same relation. 

EXERCISES 

Express the following relations in terms of logarithms : 

1. 2 5 = 32. 
Solution. — log2 32 = 5. 

2. 20 = 64. 6. 5 8 = 125. 10. 6- 2 = ^V 

3. & = 25. 7. 7 3 = 343. 11. 4" 3 = ^. 

4. 3 4 = 81. 8. 10 4 = 10000. 12. 16* = 2. 



5. 4 3 = 64„ 9. 5 6 = 15625. 13. 8~ ? = J, 
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Express the following relations by means of exponents : 

14. log 3 9 = 2. 
Solution — & = 9. 

15. log 2 16 = 4. 19. log 6 216 = 3. 23. log 7 ^ = -2. 

16. log 4 16 = 2. 20. log 4 256 = 4. 24. log 8 ^ = -5. 

17. log 3 27 = 3. 21. log 8 4 = £. 25. log 10 0.001 = - 3. 

18. log 10 1000 = 3. 22. 10^81 = $. 26. log 100 0.001 = -f. 

Find the values of the following logarithms : 

27. log 2 16. 31. log 4 64. 35. log 6 216. 

28. log 3 27. 32. log 2 0.5. 36. loggy^. 

29. log 10 100. 33. log 2 0.25. 37. log 10 l. 

30. log 10 0.0001. 34. log 8 ^. 38. log 4 l. 

To the base 4 what numbers have the following logarithms ? 

39. 1. 41. 5. 43. —4. 45. — £. 

40. 3. 42. -2. 44. f 46. - f . 

148. Common Logarithms. — The logarithm of a number to the 
base 10 is called a common logarithm. 

Thus, logio 6, logio ^, logio 0.001 are common logarithms. 

The logarithms of all arithmetical numbers to any one base 
constitute a system of logarithms. The common logarithms of al) 
arithmetical numbers constitute what is called the common system 
of logarithms.* 

* The common system of logarithms was first worked out by an Englishman 
named Henry Briggs, in the early part of the seventeenth century. Another 
important system is the Napierian system, named after John Napier, an English- 
man who was a contemporary of Briggs. Napier was the real inventor of loga- 
rithms, and Briggs got his inspiration from Napier. The base of the Napierian 

system is the sum of an infinite series 1+- + -^— + — - — -\ - 1 — . 

11-2 1.2-3 1-2-3-4 

The sum of this series is approximately 2.7182818, and is represented in mathe- 
matical writings by the letter e. 

While the common system is used in practical computations, the Napierian 
system is used in theoretical investigations. 
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The common system is superior to any other system of loga- 
rithms for practical use because its base 10 is also the base of our 
decimal system of numbers. 

The rest of this chapter will be devoted to common logarithms, 
and in the following sections the base will be understood to be 
10 and will not be written. 

149. Characteristic and Mantissa. — From the definition of a 
logarithm, 

since IV =1, log 1 =0 

since 10 1 = 10, log 10 =1 
since 10 2 =100, log 100 = 2 
since 10 s = 1000, log 1000 = 3 ; etc. 
And, since 10" 1 = 0.1, log 0.1 =—1; 

since 10" 2 = 0.01, log 0.01 =-2; 
since 10" 3 = 0.001, log 0.001 = - 3 ; etc. 

It is evident from the above that the logarithm of a positive 
integral power of 10 is a positive integer, and that the logarithm 
of a negative integral power of 10 is a negative integer. 

Furthermore, since 65> say, is greater than 10 1 and less than 
10 2 , log 65 is greater than 1 and less than 2. Hence, log 65 = 1 
-f some decimal. Likewise, since 382 is greater than 10 2 and less 
than 10 s , log 382 is greater than 2 and less than 3. Hence, 
log 382 = 2 + some decimal Evidently, in general, the logarithm 
of any positive number, except a positive or negative integral 
power of 10, consists of an integral and a decimal part. 

Thus, log 825 = 2.916+. 

The integral part of a logarithm is called its characteristic, and 
the decimal part is called its mantissa. 

150. Determination of the Characteristic. — A number having 
one figure in its integral part lies between 10° and 10 1 . Hence, 
its logarithm lies between and 1 ; i.e. it equals -f some decimal. 
A number having two figures in its integral part lies between 
10 1 and 10 2 . Hence, its logarithm lies between 1 and 2 ; i.e. it 
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equals 1 + some decimal. Similarly, if a number has three 
figures in its integral part, its logarithm lies between 2 and 3; 
i.e. it equals 2 + some decimal, and so on. Therefore, 

If a number is greater than 1, the clvaracteristic of its logarithm 
is positive, and is less by 1 than the number of figures in the integral 
part of the number. 

Thus, in log 6841.27, the characteristic is 3. In log 362.781, the charac- 
teristic is 2. 

Again, a number less than 1, and having no zero immediately 
following the decimal point, lies between 10* and 10 -1 . Hence, 
the logarithm lies between and — 1 ; i.e. it equals — 1 + some 
decimal. A number less than 1, and having one zero immediately 
following the decimal point, lies between 10~ l and 10~ s . Hence, 
its logarithm lies between — 1 and —2; i.e. it equals —2 + some 
decimal. Similarly, if a number less than 1 has two zeros im- 
mediately following the decimal point, its logarithm lies between 
— 2 and — 3 ; i.e. it equals — 3 + some decimal, and so on. 
Therefore, 

If a number is less than 1, the characteristic of its logarithm is 
negative, and is greater by 1 than the number of zeros immediately 
following the decimal point. 

Thus, in log 0.0683 the characteristic is — 2. In log 0.0008 the character- 
istic is — 4. In log 0.3974 the characteristic is — 1. 

In writing the logarithm of a number the mantissa is always 
positive, and if the characteristic is negative, the minus sign is 
written above the characteristic to signify that it applies to the 
characteristic alone. 

Thus log 0.00357 = 3.6627. This means — 3 + 0.5627 . 

EXERCISES 

Find the characteristics in the logarithms of: 

1. 28. 4. 0.00064. 7. 1.426. 10. 5280. 

2. 521. 5. 6.871. 8. 3.1416. 11. 12.65. 

3. 0.07. 6. 98743. 9. 0.729. 12. 0.0082. 
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151. Tables of Mantissas. — Since changing the position of the 
decimal point in a number is equivalent to multiplying or dividing 
the number by some integral power of 10, which has the effect of 
changing its logarithm by some whole number only, 

The common logarithms of numbers which do not differ except in 
the positions of the decimal point have the same mantissa. 

For example, log 2680 = 3.4281 ; log 268 = 2.4281 ; log 26.8 = 1.4281 ; log 
2.68 = 0.4281 ; log 0.268 = 1.4281 ; log 0.0268 = 2.4281. The mantissas are 
the same in all of these logarithms. 

Since the mantissa of the logarithm of a number depends only 
upon the sequence of figures, and not upon the position of the 
decimal point, it is necessary to know only the mantissas of the 
logarithms of whole numbers. The common logarithms of sets 
of consecutive whole numbers have been computed and tabulated. 
On pages 252 and 253 is a table which contains the mantissas 
of the logarithms of all whole numbers from 1 to 1000. Loga- 
rithms may be computed to any number of decimal places, the 
number taken depending upon the degree of accuracy required in 
their use. In the table in this book the mantissas are computed 
to four decimal places. In this table the first two figures of each 
number are found in the column headed N, and the third figure in 
the horizontal line at the top of the table. The mantissas, with deci- 
mal points omitted, are found in the columns headed 0, 1, 2, 3, etc. 

To find the logarithm of a number, find its characteristic by 
the rules in § 150, and look in the table for the mantissa. If a 
number has less than three figures, annex ciphers until it has 
three figures, in looking for the mantissa. 

Thus to find the mantissa of log 38, look for the mantissa of log 380. To 
find the mantissa of log 3, look for the mantissa of log 300. 

152. To find the Logarithm of a Given Number. — (a) When the 

given number contains not more than three figures, the mantissa of 
its logarithm is obtained directly from the table. 

Example 1. — Find log 32.7. 

By § 150 its characteristic is 1. The required mantissa is the mantissa of 
log 327. 
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Look for 32 in the column headed N in the table. Locking along the 
horizontal line of numbers opposite 32, to the column headed 7, we find .5145, 
the required mantissa. Hence, 

log 32.7 = 1.5146. 

Example 2. — Find log 0.91. 

By § 150 the characteristic is — 1. The required mantissa is the mantissa 
of log 910. This is opposite 91 in the column headed 0, and is seen to be 
.9590. Hefrce, 

log 0.91 = 1.9590. 

(b) When the given number contains more than three figures, use is 
made of the principle that when the difference of two numbers is 
small compared with either of them, the difference of the num- 
bers is approximately proportional to the difference of their loga- 
rithms. 

Example 3. — Find log 2.8465. 

Shift the decimal point until it follows the third figure. 

The required mantissa is that of log 284.65. 

Now 284.65 is greater than 284 by .65. 

The mantissa of log 284 = .4533. 

The mantissa of log 285 = .4548. 

Subtracting, .4548 - .4533 = .0015. 

Hence, an increase of 1 in 284 causes an increase of .0015 in the corre- 
sponding mantissa. Therefore, an increase of .65 will cause an increase of 
.65 x .0015, or approximately .0010, in the mantissa. 

Adding .0010 to the mantissa of log 284 gives .4543. 

Hence, attaching the characteristic 0, 

log 2.8465 '= 0.4543. 

To find the mantissa of the logarithm of a number of more than 
three figures, set the decimal point after the third figure. Find in 
the table the mantissas corresponding to the integral part of the num- 
ber thus pointed off and to the number 1 greater. Take the differ- 
ence of tliese mantissas, and multiply the result by the decimal part 
of the number as pointed off. Add this product to the smaller 
mantissa. This gives the mantissa required. 
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EXERCISES 

Find the logarithms of : 



1. 215. 


11. 


100. 


21. 


0.06843. 


2. 673. 


12. 


900. 


22. 


4268.4. 


O. «Wv« 


13. 


1. 


23. 


1.096. 


4. 717. 


14. 


2. 


24. 


0.00012. 


5. 4.62. 


15. 


1684. 


25. 


99.99. 


6. 19.9. 


16. 


34.27. 


26. 


2031.7. 


7. 830. 


17. 


100.5. 


27. 


0.0083326 


8. 16. 


18. 


926.81. 


28. 


0.50416. 


9. 29. 


19. 


0.8632. 


29. 


68593. 


10. 8.5. 


20. 


0.00315. 


30. 


0.074803. 






153. To find a Number whose Logarithm is Given. — 

(a) When the given mantissa is found in the table, the sequence 
of figures of the required number may be obtained by reversing 
the process (a), § 152. The position of the decimal point is 
determined by reversing the rules in § 150. 

Example. — Find the number whose logarithm is 2.9325. 

Looking in the table, we find the mantissa .9326 opposite 86 and in the 
column headed 6. Hence, 

.0325 = mantissa of log 856. 

Since the characteristic is — 2, the number must be less than 1, and must 
contain one zero immediately to the right of the decimal point. Hence, 

2.9325 = log 0.0856. 

(b) When the given mantissa is not found in the table, the re- 
quired number is obtained by reversing the process of (6), § 152. 

Example 2. — Find the number whose logarithm is 3.6496. 

The mantissa .6496 is not in the table, but the mantissas of the table be- 
tween which it lies in value are .6493 and .6503. 
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Now .6403 = mantissa of log 446, 

and .6503 = mantissa of log 447. 

Subtracting, .6496 - .6403 = .0003, 

and .6503 - .6403 = .0010. 

Hence, an increase of .0010 in the mantissa .6403 causes an increase of 
1 in the corresponding number. Therefore, an increase of .0003 will cause an 
increase of .0003 -+- .0010, or .3, in the number. 

Adding .3 to 446 gives 446.3. 

Therefore, .6406 = mantissa of log 446.3. 

Since the characteristic is 3, therefore 

3.6406 = log 4463. 

To find the number corresponding to a given mantissa that is not 
in the table, take from the table the two mantissas between which the 
value of the given mantissa lies, and note the numbers corresponding 
to them. Subtract the smaller mantissa of tJie table from the larger 
and also from the given one. Divide the smaller remainder by the 
larger remainder, and add the quotient obtained to the number cor- 
responding to the smaller mantissa of the table. This gives the 
sequence of figures of the required number. 

EXERCISES 

Find the numbers whose logarithms are : 

1. 2.6739. 8. 0.2279. 15. 2.4783. 22. 0.8460. 

2. 1.7388. 9. 1.7682. 16. 3.6028. 23. 1.4072. 

3. 3.0828. 10. 3.8615. 17. 3.7255. 24. 5.0220. 

4. 0.7910. 11. 0.1847. 18. 2.8980. 25. 3.0392. 

5. 2.8971. 12. 1.4609. 19. 4.0096. 26. 4.4756. 

6. 3.9777. 13. 2.6304. 20. 1.4703. 27. 0.8735. 

7. 1.6180. 14. 5.6887. 21. 2.9765. 28. 1.5734. 

164. General Principles of Logarithms. — Since a logarithm is an 
exponent, the following general principles of logarithms may be 
proved by the laws of exponents (see Chapter XIII) : 
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I. The logarithm of a product equals the sum of the logariUtms of 
its factors. That is, 

logo mn = log„ m + log a /?. 
For, let a* = m y and a» = n. 

Then mn= a*-ar = a*+*. 

Hence, log. mn = x + y = logo •» + log. n. 

Evidently, this principle may be extended to hold for a product 
of any number of factors. In general, 

log a mnp ••• = log /ff + log a /i -f log a p+ ••?• 

II. The logarithm of a quotient equals the logarithm of the divi- 
dend minus the logarithm oftlie divisor. That is, 





lOga- = lOga m — lOga /I. 

n 


For, let 


a* = m, and a* = n. 


Then 


— = a* + a»= a*-*, 
n 


Hence, 


log„- = 3-y = log a »i- iog a n 
n 



III. The logarithm of a power of a number equals the logarithm 
of the number, multiplied by the exponent of the power. That is, 

loga nP = p loga n. 

For, let a* = n. 

Then n p = (o*)p = a**. 

Hence, log a w? = px=p loga n. 

IV. The logarithm of a root of a number equals the logarithm of 
the number, divided by the index of the root. That is, 

r,- loga" 
loga V n = — - — 

For, let a* = n. 

_ X 

Then </n = y/a x = a'. 

Hence, log a y/n = - = ^&A or 1 log a n. 



LOGARITHMS 239 

By use of the above principles it is possible to replace the 
operations of multiplication and division by those of addition 
and subtraction, raising a number to a power by multiplication, 
and extraction of a root by division. 

Example 1. — Express logo X ^_ in terras of logo x, log* y, log z, and log a w. 

zVw 

logo —*- = loga xy* - logo 5 Vto (By 1 1) 

zVw 

= logo * + log a V 2 - logo z — logo VS (B y I ) 

= logo x + 2 log a y - logo z - \ logo w. (By III, IV) 



EXERCISES 

i 

Express the following in terms of log a x, \og a y, log a z, and log a w : 

1. log a xyzw. 6 log 8 a?V m 10 l oga ^~?. 

2?w -\y 



'Oo 



2. log ary. 



Va?V# 



3. iog.2^. »-^(aJ. "-^Tvs 

4- log. 5* 8. log.**,-*- 12 ' l0 S.^Sr 

^ Vzvto 

5. log,^-. •• log.*V* _} . 13. lo go ^@. 

14. log. J* + logJL 15. \o%.4M l - 

*y *w *y \# 
Express: . 



16. log V1728 in terms of log 1728. 

17. log V2\/9 in terms of log 2 and log 9. 

V98;, 

^/56 



IS. log ^~ in terms of log 98 and log 56. 



155. Computation by Logarithms. — By use of the principles in 
§ 154 and the processes of § 153 computations otherwise long and 
tedious may be performed with ease. 
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Example.— Find the value of a / 621 3 , x 8247 . 

™ 71.8 

Taking the logarithm, 

log ^ / 621 - 3x ^- 247 = J0og621.8 + log 3.247 - log 71.8). 

log 621.3 = 2.7083 

log 3.247 = 0.5116 

3.304& 

log 71.8 =1.8661 

3 )1.4487 

0.4820 

Now, 0.4820 = log 3.04. 

Hence, J 621 - 8 x 8 % JZ = 3.04, approximately. ( 

In using a logarithm with a negative characteristic, it is con- 
venient usually to add some number to the logarithm, in order to 
make the characteristic positive, then to indicate the subtraction 
of the number added. 

Example. — Find the fifth root of 0.00327. 
Taking the logarithm, 

log^O.00327 = J log 0.00327 
= 1(3.5145). 
Adding 5 to 3.6145, then indicating the subtraction, 

J (3.5145) =£ (2.5146 -6) 
= 0.6020 - 1 
= 1.6020. 
Now, 1.6020 = log 0.31866. 

Hence, ^0.00327=0.31856, approximately. 

If the logarithm with a negative characteristic is to be divided 
by some number, as in the above example, the number added to 
and subtracted from the logarithm should be exactly divisible by 
the divisor. 

Thus, if the logarithm 3.6217 is to be divided by 7, the number added and 
subtracted may be 7, 14, or 70, or any other multiple of 7. 
Similarly, \ of 3.7248 = J (37.7248 - 40) 

= 0.4312 — 10 

= 1.4312. 
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EXERCISES 

Make the following computations by logarithms : 

1. 71.6x0.327. 11. 0.0786x0.0657. 21. 0.06814 7 . 

2. 3.86x24.3. 12. 1.875-8-0.1897. 22. 1.19 8 . 

3. 1.068x0.0039. 13. 498-4-62.4. 23. ^468? 

4. 3.412x72.81. 14. 9.12 -*- 0.374. 2 4. 1/WM. 

5. 3.1416x8.16. 15. 0.019-5-3.1416. 2 5. ^*J.2618. 

6. 0.144 -j- 0.98. 16. 2.0037-*- 666. 26. ^0.09984. 

7. 681.7 -f- 4.235. 17. 7.29-5-2.468. 2 7. a/20035. 

8. 1728x3.1416. 18. 0.996*. 2 8. 0.068*- 

9. 1.414x0.0632. 19. 1.009 10 . 2 9. ($}) fl . 
10. 4617x0.00396. 20. 1.786 s . 30. (7^) 4 . 

•i aai too ooK * K 5334 x 0.0237 

31. 0.64 x 7.23 x 92.5. 35. 474x31416 " 

32. 82.6 x 0.047 x 1.289. ^ / 6 28 x 3.1416 



4 



33. VG9-V1492. ' * 9.16 8 

_ 2.476 x 73.81 oiy 3 / 6.8 x 0.785 
34. • 37. \ • 

0.524 x 6184 \ 3.86 J 

„ Q Jl 0.027 4 x 32 .6 x \/542 
* a/412 x a/714 x ^628 

39. The circumference of a circle is 2 iriS. Find the circum- 
ference of a circle in which E = 36.5 inches. 

40. The area of a circle is iriP. Find the area of a circle in 
which B =a 7.34 inches. 

41. The volume of a sphere is £ iriP. Find the volume of a 
sphere in which R = 16.6 inches. 

42. Find the radius of a circle whose area is 92 square feet. 

43. Find the radius of a sphere whose volume is 62 cubic feet. 
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44. In a right triangle the square of the hypotenuse equals the 
sum of the squares of the other two sides. Find the hypotenuse 
of a right triangle whose other two sides are 14 inches and 18 
inches, respectively. 

45. The area of a triangle = Vs(s — a)(s — b)(s — c), where a, 
by and c are the sides, and s = £(tt -+- b + c). 

Find the area of a triangle whose sides are 13 inches, 16 inches, 
and 21 inches respectively. 

46. Find the area of a triangular building lot whose dimensions 
are 80 feet by 120 feet by 96 feet. 

47. The formula S^ = ^ 2 — V4 — £ n 2 is used in computing the 
value of w. 

If S m = 1, compute S 2n to four decimal places. 

48. In the formula of Ex. 47, if £„ = 0.5176, compute S^ to 
four decimal places. 

49. The distance of Venus from the sun is 93,000,000^/ (^Y 

miles. By simplifying this expression, find to the. nearest hun- 
dred thousands of miles the distance of Venus from the sun. 

50. In a steam engine, the average velocity v of the piston head, 

in inches per second, is computed by the formula v=1.7 vsV^p, 
where s is the distance over which the piston moves (in inches), 
and p the number of pounds of pressure of steam in the cylinder. 
If s = 28.75 inches and p = 120 pounds, find v. 

51. The area A of the cross section of a chimney, in square 
feet, required to carry off the smoke is computed by the formula 

A 0.06 P 

A = — — , 

where P is the number of pounds of coal burned per hour, and h 
is the height of the chimney in feet. 

What should be the area of the cross section of a chimney 72 
feet high to carry off the smoke if 750 pounds of coal are' burned 
per. hour? 
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52. If p dollars are invested at r% compound interest, com- 
pounded annually, the value, or amount, at the end of t years will 
be p(l + ?•)'. 

Find the amount at the end of 6 years of $ 6000 compounded 
annually at 4%. 

53. Find the amount at the end of 8 years of $5500 com- 
pounded annually at 3£%. 

9 

54. If the interest is compounded semiannually, the formula 
for the amount in Ex. 52 becomes p(l + ^ r) 2< . 

I invest $200 in a savings bank that pays 3% interest com- 
pounded semiannually. To what will the sum r mount in 10 
years? 

156. Exponential Equations. — An equation in which the un- 
known number occurs as an exponent is called an exponential 
equation. 

The root of an exponential equation may be obtained by the 
aid of logarithms. 

Example 1. — Solve 5* = 267. 
Taking the logarithms of both members, 
x log 5 = log 267. 

Hence, * = **™ = ?^> = 3 .47-. 

log 5 0.6990 

Example 2.-— Solve 6 8 *- 1 = 4*- 1 . 
Taking the logarithms of both members, 

(3s-l)log6=(z- l)log4. 
Removing parentheses, transposing, etc. , 

log 5 — log 4 



x 



3 log 5 — log 4 

__ 0.699 - 0.6021 
2.0970 - 0.6021 

= 0.0648. 
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EXERCISES 

Solve : 

1. 3- = 81. 5. 2* = 25. 9. 4** 1 = 8 . 2» +f . 

2. 5* -25 = 0. 6. 4*- 1 = 3* +1 ! 10. v / F^=V^ = ' 3 . 

3. 2=* = 64. 7. 2- 1 = 0.3 9 ""*. 11. V3 fiI ^=3 8 -*. 

4. 3* = 15. 8. 5 fa ^l2» +1 = 0. 12. ^3«+*>=2*. 

13. In how many years will $1 double itself at 4 %, interest 
compounded annually ? 

Suggestion. — See formula in Ex. 62, § 155. If t is the number of years 
required, show that 1.04' = 2. 

14. In how many years will $ 1 double itself at 3 %, interest 
compounded annually ? 

15. In how many years will $ 1 double itself at 4 %, interest 
compounded semiannually? (See formula in Ex. 54, § 155.) 

16. In how many years will $ 2000 amount to $ 5309.41, inter- 
est compounded annually at 5 % ? 

SUPPLEMENTARY EXERCISES 

1. Show that the logarithm of 1 to any base is 0. 

2. Show that the logarithm of the base itself is 1. 

3. The logarithm of - is called the cologarithm of x. Show 

x 

that colog x = — log x. 

Find the values of : 

4 */ 27 4 x 0.028 2 x 16.75* 



V629 x </8710 x ^126.3 
5. 98.7 V- °' 068 X ^™ 



V6 x V206.4 x V0.0091 
Solve : 

6. V£§2 = 2.36. 8. 2 4 »-3(2 2 *)=4. 

7 . 3 s * - 4(3*) - 12 = 0. 9. 2(4**) -4«- 6 = 0. 
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10. The sum of money p that placed at interest compounded 
annually will amount to a given sum a in a number of years at a 
given rate is called the present worth of a. If p dollars at r % 
will amount to a dollar in t years, interest compounded annually, 

then p = 



a 



(1 + ry 

Find the present worth of $ 12,000 at 3 %, interest com- 
pounded annually for 10 years. 

11. Find the present worth of $ 2400 at 4 %, interest com- 
pounded annually for 6 years. 

12. Find the present worth of $3200 at 3| %, interest com- 
pounded annually for 12 years. 

MISCELLANEOUS EXERCISES 



Factor: 

1. (9n-a*)*-a 3 . 

2. (2a-6) 2 -(a + 2&) 2 . 

3. 4 3*_4a 2 + 4a*-< 2 . 

4. 2P + 9tf» + 81. 

5. F 5 -11F , + 30F. 

6. 4& 2 + 6fc + 2. 

7. 30iF + 56ifr + 24r 2 . 

8. p*-llp?g* + q\ 

9. 12N*-5N-2. 

10. 2 v 4 - 3 v 2 - 14. 

11. rf-1. 

12. a 5 b — ab B . 

13. FM-Z™. 

14. m u + w u . 

15. 1+8 a 9 . 

16. a 2 — ab — b — 1. 



17. js_f*_f + l. 

18. 4 + 9y 4 -37y*. 

19. ( M 2 -n) 3 -8. 

20. JI 3 + iI 2 -#-l. 

21. v 8 --7<v 2 + 14'y-8. 

22. a 2 & 2 - a 2 - b* + 1. 

23. (a ! + 6 2 -c 2 ) 2 -4a ! & 2 . 

24. ^-t^-f 12 vie- 36 w 2 

25. /P + /? + JV^-f iV. 

26. #>_**-_&_*. 

27. w 3 -6w 2 + ll?i-6. 

28. .4* -27^1 -10. 



29. m 5 — 32 n 



10 



30. a 5 — a? 4 — se' + a;. 

31. e 3 " + e 2 * + e tt + 1. 

32. 3# 2 +(3a + &)# + a&. 
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33. atf + a<? + a*b + a*c+bc i + b 2 c+2abc. 

34. 25 w 8 - 20 n + 4 - 4 a 8 - 9 6* - 12 a6. 

35. 6 s 8 "* 6 - 25 a^+y- 1 + 4 y*- 8 . 

36. ay 3 — arty + ass 8 — a^z -f yz* — y 8 *. 

37. n 8 -|-(a + & + c)w + a& + ac. 

38. a* + a 2 - (6 8 + c 2 ) - 2(6c - ax). 

39. m* 8 + an& — fc^ — a& 8 m + nf + am/ 8 — b 2 mt — a& 8 w. 

40. Subtract 3 w 3 — 4 n -f 2 from 5 ?i 2 — 2 n — 1, then add the 
difference to 5w 2 + 4. 

41. Simplify a- [-3a- (a-5) - (4- 2a)]. 

42. Divide a 8 + a6-3ac-2& 2 -f-96c-10c 2 by a-6 + 2c. 

i i s 

43. Simplify (r" + 1 — r^r 8 " — r* — r" — r"). 

44. Find the H. C. F. of 3** + 7* 8 + 3* + 2 and t* + 5* 8 + 6/. 

45. Find the L. C. M. of 7 mn\x* - 3 m*x + 2 m 3 ), 25 w^-m 2 ) 2 
and 35 m s n (x 2 + ma? — 2 m 2 ). 

46. Find the H. C. F. and the L. C. M. of s 4 -^ 4 , ^ + ^, and 
x* + 2x 2 y + 2xy* + tf. 

47. Is a u + 6 15 divisible by a + & ? By a — 6 ? Give proof. 

48. Find the L.C.M. of 2p 8 - 5p 8 -22p-15 and 6p 4 -21p 8 
-41p 8 -14p-30. 

49. Find the value of n for which a 8 — a + 1 is a factor of 
6a 4 -2tt 3 + 2wa 2 + 2a + n. 

Find the square root of : 

50. 9-6n-29n 2 + 22w 3 + 21w 4 -20w 5 + 4w 6 . 

51. H-4y 3 -"2y 8 -4y 5 -.V 4 + 6y 6 -4y 7 -fy 8 . 

52. x- 4 - 2 a?- 8 ^ - 2 a; ^ + 3 x~ 2 y + y 2 . 

53. What fraction must be added to t-i — 7 — -^-r-; 

to make it equal to 1 ? (« + l)(»-l)' (»-1) ! 
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Simplify : 

fc+1 2fc + l 

54. • 



12*»+.8*»-3*-2 12 fc 8 - 10tf-6& + 4 

65 _J_/_1 L\ 

r3_ r ^-1 ^+1/ 

*y + .y« + *a 



\m + n m 2 + w 2 / \m — n m 2 — n 2 y 
-I _ / 1 V 1 *^ n * ~~ m ~*~3\ 






D 



60. If = x, - — = y, - — = z, find the value of — x — + 

6 -h c a + c a + 6 sc+1 

y f g 



#+1 2 + 1 

61. If a= ™-+— and 6 = m -~— , find the value of ^±- v 

ra — n m + n a 2 — 2r 

a + 6 /1 _ 1\ & + c/l _ r 

62. Simplify J*-^« *' 6c ^ 6 



63. Show that the equation 



a-f c^l__l\ 
ac \a cj 

2nt 



t + 2ri* + 6n _ t n + 3 

reduces to *»(«■- 2 n« + w 2 - 9) = 0. n 2 + *2_ 9 + j" 

64. If 5 y 2 — 3 y + (3 — n) is a perfect square, what is the value 
of n? 

65. For what value of n is IP— (6n — 1)12 + 9?i 2 a perfect 
square ? 
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66. Solve as 2 — 1.4 x + 0.2 = 0, and compute the larger root to 
three decimal places. 

67. Find to three decimal plaees the value of the larger root 
of 2 a 2 - 0.5X1.2=0. 

68. Form the equation whose two roots are 3 + V5 and 3 — VS. 

69. Find, without solving, the nature of the roots of 
65^-19 3 + 2 = 0. 

Solve : 

70. <r + 83 + 6x^ + 83-8 = 3. 



71. V2 n + 6 — Vn - 4 = \/n + 4. 



72. V3r + 4 + V3r-5-9 = 0. 

„o a i ^ * f2v 2 + trf = 18, 

73. Solve the system „ ' ' 

J |/-2irf = 5. 

74. Solve the system i 9 9 ~*' 

l^-ay + y* = 19. 



75. Solve the system 



a+ & + 2c = l, 
2a + 3& + 2c = 4, 
l4a + 9& + 2c = 16. 



76. In the formula S = ^ n [2 a + (n — 1) d] , solve for n in terms 
of the other letters. 

Rationalize the divisors of : 

1 V5— V3 1 

77. 78. — — • 79. 



1+V2 V5+V3 a + y/ab + b 

80. Find the value to two places of decimals of — ~ — ^- • 

4 + V5 

81. Divide V6 by V2, and express the result in its simplest 



form. 



MISCELLANEOUS EXERCISES 249 

Simplify : 



82. (a5-V)i x (aWc-*)*. 85. ( X V^'V 8 . 

\ x*y*z~* J 

83. (266 m'n"*)"J. _ 



84. 



87. Solve V2 + * - ^^ 



V2+V2T* V2-V2^a 

88. If <? = « , show that _ a ^±-^ - 4^' 

b d' a(a-6) c(c-d) 

89. If - = -, show that aft -fed is a mean proportional between 

b d 

a 2 + c 2 and b* + d*. 

90. Show that either root of a?* — q = is a mean proportional 
between the roots of a* + px + q = 0. 

91. If m is a mean proportional between a and b 9 show that 
a — 6 a-f-m 

■ — S — — — — — — - • 

2a-m-6 2 a-f-m 

92. The second term of an A. P. is 10 and the seventh term is 
25. Find the fiftieth term. 

93. Insert three arithmetical means between 6 and 10. 

94. Insert n arithmetical means between a and b. 

95. Find the sum of 40 terms of the series 12, 9, 6, ••.. 

96. In the series 15, 12|, 10, •••, which term is — 27-J ? 

97. How many terms of the series 3£, 5, 6£, ••• must be added 
to give 498 ? 

98. Find the eighth term of 2, 3, 4£, .... 

99. Insert three geometrical means between 6 and 486. 

100. Insert three geometrical means between a and 6. 

101. Find the sum of 6 terms of 3 V2, 6, 6 V2, •••. 
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102. At each stroke of an air pump 10 % of the air. in the bell 
jar is removed, and the air remaining expands and completely 
fills the jar again. The capacity of the jar is 360 cu. in. What 
part of the original quantity of air remains in the jar at the end 
of the eighth stroke ? 

103. Find the common fraction to which 6.4545 —is equal. 

104. A flywheel whose circumference is 8 ft. makes 120 revolu- 
tions per minute. If, when the power is shut off, the wheel 
makes 98 % as many revolutions each second thereafter as it did 
the preceding second, how far will a belt on the wheel run by the 
time it is about to stop ? 

105. Find the common ratio of an infinite G. P. of which the 
first term is 1 and the sum of the terms 1£. 

~1T J * 

107. Find by the Binomial Theorem the cube root of 121 to 
three places of decimals. 

108. Expand (1 — ri~^)~^ to five terms. 

109. Bimplity ( a -2 6cd y (/> -^ Y ^«( c - 2 a ^n" x ( a ^m c »)2 * 

110. Give the numerical values of v — 8, 27 *, (V— l) 6 . 

111. Simplify Var" -?- Var*. 

112. If a~^ = b, b~& = c, and c" * = a*, find a. 

113. Simplify — — 2 m*n*. 

2 w* — n" 

114. In a 2 — 2 ab -f b 2 — 4 V2 (a + b)+ 8, substitute for a and b 

the values a = V!l±3±1 , b = ^— n -±±, and simplify. 

V2 V2 



116. Show that if n = Va 2 — &V 

log«=41og(a + &) + £log(a-&> 



m 
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116. If log 3 = 0.4771 and log 5 = 0.6990, solve 3*+ 7 = 5*. 

117. If log 2 = 0.3010 and log 3 =* 0.4771, find the value of 
log ^0.36. 

118. The velocity of sound in a gas is computed by the for- 
ula F=J^ X 1.41. Solve for E. For D. 

E E 

119. Eliminate R from the formulas C=-- and C = — • 

R R + r 

}_ 

a IP 

120. If ^, = z , solve for h. 

y l 

(R + hy 

121. Solve t - "+^*- 2 91 for u. 

9 

122. The velocity v at which water is discharged from a pipe 
is found from the formula 

A o , K o 1200 Hd 

I 
If i7 = 60, d = 6, and I = 1600, find v. 

123. If y = 2irr(r— Vr 2 — Z2 2 ), solve for r. Find the value of 
y when r = £ and jR = 0.1. 

124. If V=%h\%b(e' + e")+4J*fj and J*f = J & (£[e + e'] + 
£0 + e"]), show that F= JW(« + e' + «").. 

125. If ;/ x = 2@L and---? — = -^-, show that 

4Jtf=£ + & + 2Vi#. 

126. By rationalizing the denominators and simplifying, show 

that F=lBx I L y " /B _ - i b X - ?^ B _ reduces to 

. V-B-V& VB-Vb 

F=$H(B + b+-y/Bb). 
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N. 
10 





1 


2 


3 


4 


6 


6 


7 


8 


9 


0000 


0043 


0086 


0128 


0170 


0212 


0253 


0294 


0334 


0374 


11 


0414 


0453 


0492 


0531 


0569 


0607 


0645 


0682 


0719 


0755 


12 


0792 


0828 


0864 


0899 


0934 


0969 


1004 


1038 


1072 


1106 


13 


1139 


1173 


1200 


1239 


1271 


1303 


1335 


1367 


1399 


1430 


w 


1461 


1492 : 


1523 


1553 


1584 


1614 


1644 


1673 


1703 


1732 


15 


1761 


1790 


1818 


1847 


1875 


1903 


1981 


1959 


1987 


2014 


16 


2041 


2068 


2095 


2122 


2148 


2175 


«2201 


2227 


2253 


2279 


17 


2304 


2330 


2355 


2380 


2405 


2430 


2455 


2480 


2504 


2529 


18 


2553 


2577 


2601 


2625 


2648 


2672 


2(595 


2718 


2742 


27C5 


19 


2788 


2810 


2833 


2856 


2878 


2900 


2923 


2945 


2967 


2989 


20 


8010 


8032 


8054 


3075 


3096 


8118 


3139 


8160 


3181 


3201 


21 


3222 


3343 


3263 


8284 


3304 


3324 


3345 


8365 


3385 


3404 


22 


8424 


3444 


8464 


8488 


8502 


8522 


8541 


3560 


3579 


3598 


23 


8617 


3636 


8655 


3674 


8692 


3711 


8729 


3747 


3766 


3784 


24 


3802 


3820 


8838 


3856 


8874 


3892 


3909 


3927 


3945 


39G2 


25 


3979 


3997 


4014 


4031 


4048 


4065 


4082 


4099 


4116 


4133 


26 


4150 


4166 


4183 


4200 


4216 


4232 


4249 


4265 


4281 


4298 


27 


4314 


4330 


4346 


4362 


4378 


4393 


4409 


4425 


4440 


4456 


28 


4472 


4487 


4502 


4518 


4533 


4548 


4564 


4579 


4594 


4609 


29 


4624 


4639 


4654 


4669 


4683 


4698 


4713 


4728 


4742 


4757 


30 


4771 


4786 


4800 


4814 


4829 


4843 


4857 


4871 


48S6 


4900 


31 


4914 


4928 


4942 


4955 


4969 


4983 


4997 


5011 


5024 


5038 


32 


5051 


5065 


5079 


5092 


5105 


5119 


5132 


5145 


5159 


5172 


33 


5185 


5198 


5211 


5224 


5237 


5250 


5203 


5276 


5289 


5302 


34 


5315 


5328 


5340 


5353 


5366 


5378 


5391 


5403 


5416 


5428 


3j 


5441 


5453 


5465 


5478 


5490 


5502 


5514 


5527 


5539 


5551 


36 


5563 


5575 


5587 


5599 


5611 


502ii 


5635 


5647 


5658 


5670 


37 


5682 


5694 


5705 


5717 


5729 


5740 


5752 


5703 


5775 


5780 


38 


5798 


5809 


5821 


5832 


5843 


5855 


5865 


5877 


5888 


5899 


39 


5911 


5922 


5933 


5944 


5955 


5966 


5977 


5988 


5999 


6010 


40 


6021 


6031 


6042 


6053 


6064 


6075 


60a5 


6096 


6107 


6117 


41 


6128 


6138 


6149 


6160 


6170 


6180 


6191 


6201 


6212 


6222 


42 


6232 


6243 


6253 


6263 


6274 


6284 


6294 


6304 


6314 


6325 


43 


6335 


6345 


6355 


6365 


6375 


6385 


6395 


6405 


6415 


6425 


44 


6435 


6444 


6454 


6464 


6474 


6484 


6493 


6503 


6513 


6522 


45 


6532 


6542 


6551 


6561 


6571 


6580 


6590 


6599 


6609 


6618 


46 


6628 


6037 


6646 


6656 


6665 


6675 


6684 


6693 


6702 


6712 


47 


6721 


6730 


6739 


6749 


6758 


6767 


6776 


6785 


6794 


6803 


48 


6312 


6821 


6830 


6839 


6848 


6857 


68G6 


6875 


6884 


6893 


49 


6902 


6911 


6920 


6928 


6937 


6946 


6955 


6964 


6972 


6981 


50 


6990 


6998 


7007 


7016 


7024 


7033 


7042 


7050 


7059 


7067 


51 


7076 


7084 


7093 


7101 


7110 


7118 


7126 


7135 


7143 


7152 


52 


7160 


7168 


7177 


7185 


7193 


7202 


7210 


7218 


7226 


7235 


53 


7243 


7251 


7259 


7267 


7275 


7284 


7292 


7300 


7308 


7316 


54 


7324 


7382 


7340 


7348 


7356 


7364 


7372 


73$0 


7388 


7396 
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1 

N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


lb 


7401 


7412 


7419 


7427 


7435 


1443 


7451 


7459 


7466 


7474 


56 


7482 


7410 


7497 


7505 


7513 


7520 


7528 


7536 


7543 


7551 


£7 


7359 


7566 


7574 


7583 


7589 


7597 


7604 


7612 


7619 


7627 


£8 


7o;u 


7642 


7649 


7607 


7064 


7672 


7679 


7686 


7694 


7701 


59 

■ 


7709 


7710 


7723 


7731 


7738 


7745 


7752 


7760 


7767 


7774 


0") 


778*3 


7789 


7796 


7803 


7810 


7818 


7825 


7882 


7839 


7846 


61 


7853 


78G0 


7868 


7875 


7882 


7889 


7896 


7903 


7910 


7917 


63 


7924 


7931 


7938 


7945 


7952 


7959 


7966 


7973 


7980 


7987 


G3 


7903 


80C0 


8007 


8014 


8021 


8028 


8035 


8041 


8048 


8055 


61 


80G2 


8069 


8075 


8082 


8089 


8096 


8102 


8109 


8116 


8122 


G5 


8129 


8136 


8142 


8149 


8156 


8162 


8169 


8178 


8182 


8189 


66 


8195 


8202 


8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 


67 


8CG1 


82G7 


8274 


8280 


8287 


8293 


8299 


8306 


8312 


8819. 


CO 


8325 


8331 


8338 


8344 


8351 


8357 


8363 


8370 


8376 


8882 


C9 


8388 


8395 


8401 


8407 


8414 


8420 


8426 


8432 


8439 


8445 


70 


8151 


8457 


8463 


8470 


8476 


8482 


8488 


8494 


8500 


8506 


71 


8513 


8519 


8525 


8531 


8537 


8543 


8549 


855? 


85G1 


8567 


7-) 


8573 


8579 


8585 


8591 


8597 


8G03 


8609 


8615 


8621 


8627 


73 


8G33 


8G39 


8645 


8651 


8G57 


8G03 


8609 


8675 


8681 


8686 


71 


8092 


8698 


8704 


8710 


8716 


8722 


8727' 


8733 


8739 


8745 


73 


8751 


8756 


8762 


8768 


8774 


8779 


8785 


8791 


8797 


8802 


73 


8Jl03 


8314 


8820 


8825 


8831 


8837 


8842 


8848 


8854 


8859 


77 


83G5 


as7i 


8870 


8382 


8807 


8893 


8899 


8904 


8910 


8915 


78 


8921 


8927 


8932 


8938 


8943 


8949 


8954 


8900 


8905 


8971 


73 


897G 


8982 


8987 


8993 


8998 


9004 


9009 


9015 


9020 


9C25 


CO 


9031 


9036 


9042 


9047 


9053 


9058 


9063 


9069 


9074 


9079 


Gl 


9085 


9090 


9090 


9101 


910G 


9112 


9117 


9122 


9128 


9133 


83 


9138 


9143 


9149 


9154 


9159 


91G5 


9170 


9175 


9180 


9186 


83 ' 


9191 


9196 


9201 


9206 


9212 


9217 


9222 


9227 


9232 


9238 


84 


9243 


9248 


9253 


9258 


9263 


9269 


9274 


9279 


9284 


9289 


85 


9294 


9299 


9304 


9309 


9315 


9320 


9325 


9330 


9335 


9340 


88 


9345 


9&50 


9355 


9360 


9365 


9370 


9375 


9380 


9385 


9390 


87 


9395 


9400 


9405 


9410 


9415 


9420 


9425 


9430 


9435 


9440 


88 


9445 


9450 


9455 


94G0 


9465 


9469 


9474 


9479 


9484 


9489 


83 


9494 


9499 


9504 


9509 


9513 


9518 


9523 


9528 


9533 


9538 


93 


9542 


9547 


9552 


9557 


9562 


9566 


9571 


9576 


9581 


9586 


91 


9590 


9595 


9600 


9605 


9609 


9G14 


9619 


9624 


9628 


9633 


92 


9638 


9643 


9647 


9652 


9657 


9661 


9666 


9671 


9675 


9G80 


93 


9685 


9689 


9694 


9699 


9703 


9708 


9713 


9717 


9722 


9727 


94 


9731 


9736 


9741 


9745 


9750 


9754 


9759 


9763 


9768 


9773 


95 


9777 


9782 


9786 


9791 


9795 


9800 


9805 


9809 


9814 


9818 


96 


9823 


9827 


9832 


9836 


9811 


9845 


9850 


9854 


9859 


9863 


97 


9868 


9872 


9877 


9881 


9S86 


9890 


9894 


9899 


9903 


9908 


98 


9912 


9917 


9921 


9926 


9930 


9934 


9939 


9943 


9948 


9952 


99 


9956 


99G1 


9965 


9969 


9974 


9978 


9983 


9987 


9991 


9996 





Table op Square Roots and 


Cube Roots 




Nos. 


Square Roots 


Cube Roots 


Nos. 


Squabs Roots 


Cube Roots 


1 


1.000 


1.00Q 


51 


7.141 


3.708 


1 


1.414 


1.260 


51 


7.211 


3.732 


3 


1.732 


1.442 


53 


7.280 


3.756 


4 • 


2.000 


1.667 


54 


7.348 


3.779 


• 


2.286 


1.700 


55 


7.416 


3.802 


6 


2.440 


1317 


56 


7.483 


3.825 


7 


2.045 


1.012 


57 


7.640 


3.848 


8 


2.828 


2.000 


58 


7.615 


3.870 


9 


3.000 


2.080 


59 


7.681 


3.802 


10 


3.162 


2.164 


60 


7.746 


3.014 


11 


8.310 


2 223 


61 


7.810 


3.036 


11 


8.464 


2.280 


U 


7.874 


3.057 


18 


3.605 


2.351 


68 


7.037 


3.070 


14 


3.741 


2.410 


64 


8.000 


4.000 


15 


3.872 


2.466 


65 


8.062 


4.020 


16 


4.000 


2.510 


66 


8.124 


4.041 


17 


4.123 


2.571 


67 


8.186 


4.061 


18 


4.242 


2.620 


68 


8.246 


4.061 


19 


4.368 


2.668 


69 


8.306 


4.101 


10 


4.472 


2.714 


70 


8.366 


4.121 


11 


4.582 


2.758 


71 


8.426 


4.140 


11 


4.600 


2.802 


71 


8.485 


4.160 


18 


4.705 


2.843 


73 


8.644 


4.170 


14 


4.806 


2.884 


74 


8.602 


4.108 


15 


5.000 


2.024 


75 


8.660 


4.217 


M 


5.000 


2.062 * 


76 


8.717 


4.235 


17 


5.106 


3.000 


77 


8.774 


4.254 


18 


6.201 


3.036 


78 


8.831 


4.272 


19 


5.385 


3.072 


79 


8.888 


4.200 


80 


5.477 


3.107 


80 


8.044 


4.308 


81 


5.667 


3.141 


81 


9.000 


4.326 


31 


6.656 


3.174 


81 


0.055 


4.344 


33 


5.744 


3.207 


83 


0.110 


4.362 


34 


6.830 


3.230 


84 


0.165 


4.370 


86 


5.016 


3.271 


85 


0.210 


4.306 


86 


6.000 


8.301 


86 


0.273 


4.414 


37 


6.082 


3.382 


87 


0.327 


4.431 


88 


6.164 


3.361 


88 


0.380 


4.447 


39 


6.244 


3.301 


89 


0.433 


4.464 


40 


6.324 


3.410 


90 


0.486 


4.481 


41 


6.403 


3.448 


91 


0.530 


4.407 


41 


6.480 


3.476 


91 


0.501 


4.514 


43 


6.557 


3.503 


93 


0.643 


4.530 


44 


6.633 


3.530 


94 


0.606 


4.546 


45 


6.708 


3.556 


95 


0.746 


4.562 


46 


6.782 


3.583 


96 


0.707 


4.578 


47 


6.856 


3.608 


97 


0.848 


4.504 


48 


6.028 


3.634 


98 


0.800 


4.610 


49 


7.000 


3.650 


99 


0.040 


4.626 


50 


7.071 


3.084 


100 


10.000 


4641 
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(Numbers refer to Sections) 



Addition, 3, 4, 5, 6, 72, 80. 

elimination by, 54. 
Antecedent, 112. 
Arithmetical means, 130. 

progressions, 128. 
Axioms, 43. 
Axis, 51. 

Binomial, 2. 
Theorem, 142. 

Characteristic, 149. 
Common denominator, 34. 

factor, highest, 28. 

multiple, lowest, 21). 
Comparison, elimination by, 54. 
Completing the sqnare, 89. 
Complex expression, 78. 

fraction , 39. 
Conditional equation, 40. 
Consequent, 112. 
Constant, 115. 
Continued fraction, 39. 
Coordinates, 51. 
Cube root, 62. 
Cubic equation, 42. 

Defective system, 107. 
Degree of equation, 42. 
Denominator, 30. 

common, 34. 
Determinant, 58. 
Determinate system, 56. 
Direct variation, 116'. 
Discriminant, 93. 
Dissimilar terms, 5. 
Distribution, law of, 11. 
Division, 16, 17, 18, 75, 83. 

synthetic, 18. 

Elimination, 54. 

by addition or subt -action, 54. 
by comparison, 54. 
by substitution, 54. 



Ellipse, 109. 
Equations, 40. 

conditional, 40. 

cubic, 42. 

degree of, 42. 

discriminant, 93. 

equivalent, 44, 56. 

exponential, 156. 

fractional, 41. 

graph of, 51. 

homogeneous, 104. 

identical, 40. 

impossible, 100. 

inconsistent, 56. 

integral, 41. 

linear, 42. 

literal, 48. 

quadratic, 42. 

symmetrical, 106. 

system of, 52. 
Equivalent equations, 44, 56. 
Exponential equations, 156. 
Exponents, fractional, 140. 

laws of, 13, 16, 137, 141. 

negative, 139. 

positive integral, 137. 

zero, 138. 
Expressions, complex, 78. 

fractional, 36. 

integral, 36. 

literal, 2. 

mixed, 36. 

number, 2. 

radical, 69. 
Extraneous roots, 100. 
Extremes, 113. 

Factoring, 19. 

general directions for, 27. 
Factors, 19. 

highest common, 28. 

prime, 19. 

rationalizing, 75. 
Formulas, 48. 
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Fourth proportional, 113. 
Fractional equations, 41. 

exponents, 140. 

expressions, 36. 
Fractions, 30. 

complex, 39. 

continued, 39. 

denominator of, 30. 

indeterminate, 125. 

numerator of, 30. 

reduction of, 33, 34. 

signs of, 31. 

terms of, 30. 

Geometrical means, 134. 

progressions, 132. 
Graph of an equation, 51. 
Grouping, law of in addition, 3. 

law of in multiplication, 11. 

signs of, 10. 

Highest common factor, 28. 
Homogeneous equations, 104. 
Hyperbola, 109. 

Identical equations, 40. 
Identity, 40. 
Imaginary numbers, G3. 

typical form of, 79. 

unit, 79. 
Impossible equations, 100. 

systems of, 50. 
Inconsistent equations, 56. 
Indeterminate fractions, 125. 

systems, 50. 
Index of a root, G2. 
Infinity, 121. 
Integral equations, 41. 

expressions, 36. 
Inverse variation, 117. 
Isolating a surd, 99. 

Law of distribution, 11. 

of grouping in addition, 3. 

of grouping in multiplication, 11. 

of order in addition, 3. 

of order in multiplication, 11. 
Like terms, 5. 
Limit of a variable, 120. 
Linear equations, 42. 
Literal equations, 48. 



Literal expressions, 2. 

numbers, 2. 
Logarithms, 147. 

characteristic of, 149. 

common, 148. 

mantissa of, 149. 
lowest common multiple, 29. 

Mantissa, 149. 

Mean proportional, 113. 

Means, 113. 

arithmetical, 130. 

geometrical, 134. 
Mixed expressions, 36. 
Monomial, 2. 

Multiple, lowest common, 29. 
Multiplication, 11, 12, 13, 14, 15, 74 82 

Negative exponent, 139: 
Number expression, 2. 

imaginary, 63. 

literal, 2. 
Numerator, 30. 

Order, law of in addition, 3. 
law of in multiplication, 11. 
of a determinant, 58, 59. 
of a surd, 69. 

Parabola, 109. 
Pascal's Triangle, 142. 
Polynomial, 2. 
Principal root, 64. 
Products, special, 15. 
Progressions, 127. 

arithmetical, 128. 

geometrical, 132. 
Proportion, 113. 

terms of, 113. 
Proportional, fourth, 113. 

mean, 113. 

third, 113. 

Quadratic equations, 42. 

complete, 86. 

pure, 86. 
Quadratic surd, 69. 

Radical expressions, 69. 

sign, 62. 
Ratio, 112. 
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Rationalizing factor, 75. 
Real numbers, 63. 
Reduction of fractions, 33, 31. 
Remainder Theorem, 25. 
Root, extraueous, 100. 

index of, 62. 

principal, 64. 

square, cube, etc., 62. 

Series, 126. 
SSigns of grouping, 10. 
Similar terms, 5. 
Simplest form of surd, 70. 
Special products, 15. 
Square, completing the, 89. 

root, 62. 
Substitution, elimination by, 54. 
Subtraction, 7, 8, 9, 72, 80. 

elimination by, 54. 
Surd, 69. 

isolating a, 99. 

order of, 69. 

quadratic, 69. 

simplest form of, 70. 
Symmetrical equations, 106. 
Synthetic division, 18. 
System of equations, 52. 

defective, 107. 



System of equations, determinate, 56. 
impossible, 56. 
indeterminate, 56. 
solution of, 52. 

Terms, 2. 

dissimilar, 5. 

of a fraction, 30. 

of a proportion, 113. 

of a series, 126. 

similar, 5. 
Theorem, Binomial, 142. 

Remainder, 25. 
Third proportional, 113. 
Transposition, 45. 
Triangle, Pascal's, 142. 
Trinomial, 2. 
Typical form of imaginary number, 79. 

Unit, imaginary, 79. 

Variable, 115. 

limit of, 120. 
Variation, direct, 116. 

inverse, 117. 

joint, 118. 

Zero exponent, 138. 



ANSWERS 



Pages 2, 3. 

1. By writing them side by side, with the sign X, a dot, or no sign at all 

between them. 

2. 5n; xy; 2ab. 

3. By enclosing each in parentheses and writing these side by side, as in 

Ex. 1. 

4. (*-4)(2*+3). 

5. aa\ nnn; (x—y)(x-y)(x—y)(x-y). 

6. Exponent; base; a power. 

7. Numerical coefficient. 8. 2; 12; 6. 
9. No; 3a-12, 03=64; 3a=30, a 3 = 1000. 

10. 1, monomial; 2, binomial; 3, trinomial; 2, binomial; 4, polynomial; 

1, monomial; 1, monomial; 2; binomial; .4, polynomial; 5, poly- 
nomial. 

11. 81; 256, 16. 528. 

12. 60. 17. 64. 

13. 16. 18. 113.0976 cu. in. 

14. 49. 19. 132 sq. in. 

15. 179. 20. 7439.3088 cu. in. 

Page 4. 

1. 20! 3. 19. 5. 30. 7. 2300. 9. 2092. 

2. 20. 4. 20. 6. 36. 8. 2487. 10. 25,004. 

Page 5. 

1. -8; +15; -6; +2; -2; -18. 

2. -8. 3. +5. 4. -5. 5. -2. 6. +6. 7. +3. 



ANSWERS 



Ipp. 5-9 



Pages 5, 6. 

1. +3a. 3. -\5W. 5. +2a 2 6>. 7. +9x>. 

2. -7n. 4. +12* 2 . 6. -6AT. 8. -4ab. 

9. +4W. 10. -7^. 11. -4A:. 

13. 3a 2 +2a6-26*. 16. -Sy*-5if*-4y-l0. 

14. 6x-3. 17. 7a-56-c. 

15. -SA^-SZP+SA 2 ^. 18. 3w 2 +2uw-4/.» 2 . 

19. 160. 21. 1440. 23. 1440. 25. 1860. 

20. 520. 22. 4800. 24. 6500. 26. 314.16. 

27. 62.832. 



1. 2a-8fe-4c. 

2. 3a 2 +G 2 . 

3. 3s 2 -5x+4. 

4. 2a*+4a 2 &-2a&». 

5. -3a 2 +10a+3. 

6. 28+2J+* 2 . 

7. 3^+2x^+30*. 



Page 7. 

8. a*+3a 2 +2-5a&+6*. 

9. 21+12i>+2» 2 . 

10. 2a. 

11. 4x 2 +2x+5. 

12. -3a 2 +2a. 

13. 2x 2 -2xj/+5y s . 



Pages 7, 8. 

1. -2; +4; +7; -6: +4; +7. 

2. -27; +12; -6; -15; -3; -4. 

3. +6; +36; +6; +40; +14; +7. 

4. +2; -9; -6. 

5. +18; +7; +4; +19; +14; +24. 

6. -6°. 8. 63. 10. -5 subtracted from 

7. 110. 9. 56. 11. 12; 6; -10. 



-6; -I 



Pages 8, 9. 

1. +12o; -97; -4x; -4J 2 ; -29P 8 . 

2. -12o6; +2^; -5R; +4Ww; -5WP. 

3. +n 2 ; -13« 2 ; -9n 2 ; -7n 2 ; 0. 



pp. 9-13J 

4. 10r; -Uv; -8 5. 

5. -2s*-llx+4. 

6. -2a+46-c. 

7. 4a*+4a+l. 

8. — 6wi+4n. 

9. 8s 8 -4x 2 +8s+5. 



ANSWERS 



10. 3r». 

11. -3A*B+3j4£». 

12. -2^-3^44r-l. 

13. 4a-3a l ; 6a* -4a -2. 



14. y— 6z subtracted from 3y— z; 2y+5z. 

15. 2T*+6r-10. 16. 2o6-26*. 

Page 10. 

1. 3a. 4. 3/-5a. 7. 6-2v. 

2. 2x-y. 5. 5 -a? -x*. 8. 26*-2a6. 

3. -2n. 6. M. 9. -3JF. • 

10. [4a -66 J [-2a +26]. 11. [P+Q-R][P-Q+R]. 

12. [:r+5j/+a][x-52/-3a]. 

13. (a«-6»)-0r a +2x 2 /+2f). 

14. (2a6-a*)-(m 2 -n l ). 

15. (a 2 -a6+6 2 )-(s*+2xy-0 8 ). 

16. (a*-b*)-(x i -3x 2 y+Zxy i -y i ). 

17. (56-2a)-(3r+4.s-f). 

18. (a 4 -6«)-(w*-u>V+^). 

Page 12. 



1. 720. 


4; 840. 


7. 700. 


10. 252. 


2. 480. 


5. 3400. 


8. 90. 


11. 3§. 


3. 840. 


6. 9600. 


9. 1600. 


12. 17,500 



Pages 12, 13. 

1. +12; +15; -32; -14; +27; -35. 

2. +8; -56; -30; +36. 6. +1; +360. 

3. -42; +40; +36; -135. 7. +4; +16; +9; -1; +8. 

4. -6; -16; +60. 8. -1; +36; +100; +36. 

5. +63; +64; -125. 9. -8; +20; +52. 10. -65. 



4 ANSWERS [pp. 14-17 

Pages 14, 15. 

1. a 7 ; a 10 ; x 10 ; n w ; P". 3. 15a»; 307«; 18z*; 28^°. 

2. /; t li ; Z>»; «». 4. +12a 8 ; -40r»; -12JV*. 

5. -24a*M; +18mV; +48xy°. 

6. a*-a6; 2ni*n+3mn 2 ; -4r 3 y+12xy 8 . 

7. 36n»-60n 2 ; 24j1 8 -32A«+8A«; i*-^+aiV. 

8. -15fi+35fi-10P; -3»i2*-f-6»i?7 , -3iripr«. 

9. x«-4x-21; u>«-8ti*+15; AT» — lOiNT* +28AT — 24. 
10. a*-l; y«-l; <*-2f<+l. 11. a«+a 2 +l. 

12. 8*«+26a 8 -21« 2 +26a-15. 

13. -12x 6 -3s 4 +38x 8 +23x 2 -16x-40. 

14. -4/> 4 --16Z) 8 +19Z> 8 +12D-12. 15. n 5 -l. 

16. p»+6p*+llp+6. 18. 81y*-G25. 20. 4a 2 +a. 

17. A«-16. 19. v"-x 12 . 21. 14x-47. 

22. -xy-18a*+Z5if. 23. 2^-10. 

24. 2n 4 -2* 8 -4n 2 -13n+5. 25. -2Q 2 -22Q+10. 

26. -2x*y*-2y*. 27. f»; 20 ; x 8 . 28. -125rV; 36u>W«; -8^V 8 . 

29. a*+6x+9\ a*-2ab+V; 4a 2 -12a6+96 2 . 

30. 9ro 2 +30ron+25n 2 ; a*+W+<*+d*+2ab+2ac+2ad+2bc+2bd+2cd. 

Pages 16, 17. 

1. 2». 6. 8aW. 11. a 2 "** 8 ". 

2. 10*. 7. Qo 8 ^. 12. x**!/ 8 *^*. 

3. 5*. . 8. 1000a»6 16 . 13. 2»a 2 »6». 

4. 30*. 9. 400xy*. 14. a""*"*'. 

5. 20 8 . 10. 27,000xV*. 15. 64a 18 6 8 . 

16. n 2 -16. 23. 49wi 2 -4n 2 . 

17. x*-100. 24. x*+7x+10. 

18. JP-1. 25. r a -117 l +28. 

19. u*-36. 26. 7 2 +5F-36. 

20. 9-?. 27. j/ 2 -13i/+42. 

21. 4a 2 -96 2 . 28. 4a 2 +16a+l5. 

22. 36T 2 -* 2 . 29. 25x 2 -20x-21. 



pp. 17-19] . ANSWERS 

311. 144P 2 +48P-45. 35. 25cP-120d+144. 

31. 64a 2 +72a+14. 36. 9s 2 +24xy+160». 

32. s*+2xy+j/ 2 . 37. 225»t 2 -60ron+4» 1 . 

33. 4n 2 +20n+25. 38. 1-8^+16^. 

34. fl 2 - 145+49. 39. 81+367+4V*. 

40. a?+y*+z*+2xy-2xz-2yz. 

41. 16m 2 +9n 2 +p 2 -24mn+8rop-6np. 

42. l-4x+6x 2 -4x 8 +x 4 . 

43. 16a 2 +46*+25c 2 +16a6-40ac-206c. 

44. a*+a*b-a*b*-a&+b*. 

45. 2?+y*+z*+u?+2xy-2xz-2xw-2yz-2yw+2zw. 

' 46. 81+10&-64* 2 . 49. 64Af«+16M*-3. 

47. 9IP-49L 2 . 50. 256tft 2 -* 4 . 

48. z*y*+2xy-143. 51. 196A«-1. 

52. 1681; 4896; 9991; 4225; 6804. 

53. 11,009; 8464; 3584; 1575; 6241. 

Pages 17, 18. 

1. +2; +6; -2; -8; +3; -7. 7. 4x 2 -2; -3m 2 +2mn-4n«. 

2. +6; -7; -8. 8. -2o6+66 2 +3a 2 . 

3. a 6 ; P; 7"; 5 12 ; n 8 . 9. -3r 8 -4« 8 .+5r 2 «. 

4. Sx 2 ; 4P 4 ; 16j/»; 7T 3 . 10. 8TP+7TT 2 F-9W r F 2 +3F». 

5. 13a«; -47*. 11. 7a;Y-6y 4 -8x 4 . 

6. -5zY; a». 12. M*-hMN+N*. 

Page 19. 

1. n+5. 8. 5+9. 

2. s-4. 9. a 2 +a+l. 

3. 6+a. 10. 9-3m+m 2 . 

4. *-6. 11. l+x+x'+x 8 . 

5. y+4. 12. s-t. 

6. 3-». 13. A*-AB+B*. 

7. l-5tf. 14. a 2 -2a6 -5a -106+25+46*. 
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ANSWERS 



[pp. 20-23 



Page 20. 

1. x«+5x+3, rem. 3. • 4. 3n 2 -2n+3, rem. 6. 

2. 2x a +8x*+23x+95, rem. 375. 5. y* -9^+180-34, rem. 56. 

3. a»+2a*+a+9, rem. 17. 6. P-2*+8, rem. 64. 

7. y*+3F»+9F 2 +307+91, rem. 266. 

8. 2r»-5r+15, rem. -52. 9. A*+A 2 -4A+17, rem. -76. 
10. n»-6n 2 +39n-234, rem. 1395. 

Page 21. 

1. B\ 5. (ro+n-p)r*. 

2. tU to a factors. 6. (2a— 2b+c)y. 

4. (a-6+c)x. 7. (4a+9n-56)x*y. 
8. (a+6+c)x+ (&+c+a)y+(c+a+fr)*. 



9. 5m-3n-f4p. 

10. G4-C)x-(£+D)y. 

11. 2ax-56y+(4c+a)2. 

12. -7. 

13. [5x+y-4z] [5x-30+4*]. 

14. x 8 -. 

15. a» + «6» +2 . • 

16. -ei*** 2 . 

17. A**-B**. 

18. a*»-6 4 ». 

19. T*-**. 



1. 6a 3 (a-3). 

2. 3mn(5m 2 +4mn+3n 2 ). 

3. 2x 3 (2x» -7x^+5^). 

4. 2W2(fl+2ff). 

5. 7* 2 (J 2 -4to-2i*). 

6. -A(A 2 +A + 1). 

7. -1 (a 2 +2a6 +?*). 

8. xy^G^-fafy+J/ 8 *)- 



20. x 8 *. 

21. x m ". 

22. x*"!?*. 

23. 2 e a" c b c . 

24. Af*»; J3 2 ** 2 . 

25. 12x* m ~ n y n - 3m . 

26. 8IF— *V*. 

27. 1-3AT+2JV 2 . 

28. x B +3/ B . 

29. A^-M'^+A-B^+fl 1 *. 

30. 3an 2 . 

Pages 22, 23. 

9. 4ir(iP+r»+flr). 

10. 8Fi(Fi-2F,+7 3 ). 

11. 3m 2 n(m*-2mn+n 2 ). 

12. x»(l+a). 

13. a"(6»-l). 

14. ^(V+f). 

15. P*(P+Q). 

16. 5o— 1 y n ~ 1 (o+2y). 



pp. 24-26] 



ANSWER8 



1. (3A+4)(3A-4). 

2. (2*+5)(2*-5). 

3. (l+7n)(l-7n). 

4. (5s+8yH5x-8y). 

5. (9F+1)(9F-1). 

6. (2P+3Q)(2P-3Q). 

7. (5fl+4)(5/2-4). 

8. (6e;+7u7)(&;-7ti>). 

9. (a-26)(a f +2a&+46»). 

10. (M-3)(AP+3Af+9). 

11. (l-4Jfc)(l+4*+16A*). 

12. (*-5j/)(:r*+5xy+25^). 

13. (6-r)(36+6r+7' 8 ). 

14. (m+3n)(m*-3mn+9n*). 

29. (x+y)(s-y)(x*+2f)(x*- 

30. a(m+n)(m— n)(i» 2 -fn*). 

31. pV(p+?)(p*-p<z+? 2 ). 

32. *R(R+H)(R-H). 

33. 8rt(i>-20(t>»+2trt-f4J»). 

34. (a+6+c)(a+6-c). 



Page 24. 

15. (A+1)(A*-A+1). 

16. (2r+l)(4r*-2r+l). 

17. (1+4P)(1-4P+16P»). 

18. (5p+2g)(25p s -10pg+4<f). * 

19. (2W-1)(41P+2W+1). 

20. (3+*)(9-3s+8»). 

21. 3(a+26)(a-26). 

22. 5(l-2iSr)(l+2JSr+4JV*). 

23. 6(2x+j/)(4x*-2xy+/). 

24. (s-l)(x+l)(x*+l). 

26. (A-£)(A+£)(il«+B»)(A 4 +JJ*). 

27. (i+«)(i_0(i+*+*)(i-|+*). 

28. (m*+n i )(m*--m' l n i +n*). 
xy+y>Hx>+xy+ifH*-2*if+y*). 

35. (m—n+x)(m.—n—x). 

36. (p+<?-r)(p-g+r). 

37. (0-H+w+u)(t;-K-u?-t*). 

38. (M-AT+P-Q)(M-Ar-P+Q). 

39. (2A+ J B+C-3Z))(2i4+ J B-C+3D). 



1. (* -5)*. 

2. (2a+l)«. 

3. (3J-4t;)*. 

4. (1+7P)*. 

5. (fl-6r)». 

6. (n+5)(»+2). 

7. (x-9)(x-2). 

8. (A -8) (A +7). 

9. (u>+7i0(u> — 5t>). 

io. (r-iot/)(r+3t/). 



Page 26. 

11. (4a-3)(2o-l). 

12. (27-5)(F+6). 

13. (5M-4)(3M+2). 

14. (4fl+3r)(3fl+4r). 

15. (2x+72/)(5x-3y). 

16. (8p+3g) 2 . 

17. (4W-9)(W+Z). 

18. (L+7r)(L-2tO. 

19. m(n-9)(n+6). 

20. 5n(x+^)*. 



8 ANSWERS (pp. 26-28 

21. 4a(F+5)(F-3). 27. 1(7* -15v)*. 

22. 2n(2*-5m)(*+2ro). 28. -4(l+3d*)«. 

23. -£(£+1)*. 29. 2t(2R-7)(R-2). 

24. A«(3ro-2)(2ro+7). 30. 3(5Fi+7j)(37i+4F,). 

25. T5ri-2r,)(ri-2r,). 3 j # ( a . +b _ 2 )( ;r -|-6_3). 

26. 6(6+Z>)(l-Z>). 32. (m-n+tu+t;) 1 . 

33. (4A+4B-9C)(A+£+3C). 

Pages 27, 28. 

1. (a-6+c)(a-6-c). 10. (n+l)(a-6). 

2. (x+y+l)(x-2,-l). 11. (V-lKV-v). 
.3. (a-6)(n-ro). 12. (fl-r)(fl+r+l). 

4. (y+x)(y-z). 13. (l+2y+z)(l+2y-z). 

5. (*+y)(P-Q). 14. (l-36+ro-2n)(l-3&-m+2n). 

6. (5A+£-C)(5A-B+C). 15. (J7-4/)(ff+4/+t0. 

7. (m-n+»+0(i»-n-t;-0. 16. (2+d)(a-6-fc). 

8. (£+A+2C)(£-A-2C). 17. (a+6)(m*+ro+l). 

9. (*-0(P-5). 18. (x-«+y-u?)(x-2-y+ti;). 

Page 28. 
1. (n*+n+l)(n f -n+l). 2. <l+tt+2a«)(l-a-f2a l ). 

3. (rr*+jJ+l)(x t -x+l)(x 4 -x s +l). 

4. (*»+2fo+3fl*)(«*-2to+30*). 5. (t*+3r-f3)(fl*-3t>+3). 

6. (2a l +2a6+5fc*)(2a l -2a&+5fc*). 

7. (2M«-f4AfiV+5iV ,8 )(2M»-4AfiSr+5Ar«). 

8. (R*+3Rr-St*)(R*-ZRr-St*). 

9. (6A 1 +4Ar-57 ,8 )(6A 8 -4A7 , -5r 8 ). 

10. (7j^+3^+2*) (7^-3^+2*). 

11. (2W*+Wh0+5ufi)(2W i -GWh&+5ufi). 

12. (8a»fr*+2afc+l)(8a l 6*-2a&+l). 

13. (m*+4m*xif-Zafy)(?n*-4m*xy*--3&y*). 

14. 2x(2/P+5flr-5r*)(2iP-5i2r-5r*). 

15. 4*(t>«+3t^+4f*)(0«-3»*J+4/*). 

16. Za(5a*+2al*:+2b*c')(5a i -2ab'c+2b*<*). 



*>p- 


30-32] 


ANSWERS 
Pages 30, 31. 


1. 


(x-l)(2x+l). 


is. (r-i)(3r«+2 T +2). 


2. 


(x+l)(3x+2). 


16. (a+2)(a«+a+l). 


3. 


<2y-i)<*-2). 


17. (fl+3)(#-J*-l). 


4. 


(4n-l)(n+2). 


18.' (8+3)(s+4)(«*+l). 


5. 


(/-3)(2*-3). 


19. (*-l)(f+l)(*H-l). 


6. 


(3A+5)(A+3). 


20. (a-6)(a+6)(a+26). 


7. 


(7-5)07+2). 


21. ( x -y)(2x-y). 


8. 


(x+2)(x-2)(x*+l). 


22. (x+y)(3x-y). 


9. 


(a+l)(a+4)(a-5). 


23. (m+y)(m-y)(m+2y). 


10. 


(y-l)(y-2)(y-S). 


24. («-2i/)(8+3y)(8-3y). 


11. 


(6+2)(6*-6-l). 


25. (t-d)(t+2d){t+M). 


12. 


(P-l)(P+3)(P+5). 


26. (A-£) 8 . 


13. 


(n+l)(n 8 -2). 


27. (tf +<!)(# +2a)(JST-3a) 


14. 


(„_4)(»+6)(2i;-l). 


28. In a 20 -*** , let a =6. 




29. In 


a^+fr", let a =-6. 
Page 32. 


1. 


(a-&)(a 8 +aH>+a 4 &*+a 8 & 8 +a J & 4 +a6 B +& 8 ). 


2. 


(x+l)(x 8 -x 8 +x 4 -x 8 +x 1 -x+l). 


3. 


(a-26)(a 4 +2a 8 &+4fl*&»+8a6 8 +16& 4 ). 


4. 


(l_0(l+f+«»+f 8 +* 4 ). 




5. 


(l-n)(l+n+n*+n 8 +n 4 +n»+n 8 ). 


6. 


(a-6)(a 10 +a»6+ 


+o6»+6 10 ). 


7. 


(a+6)(a 10 -a*6+ 


-ob»+6 10 ). 


8. 


(fl+r)(# u - J R u r+ 


-/2r u +r»). 


9. 


(rt-r)(lP 1 +JP 1 r+ 


+flr"+ r"). 


10. 


(2x+3y) (16X 4 -24x 8 y +36xV -54XJ/ 8 +81^). 


11. 


2(l-2 J B)(l+2 J B+4B*+8£ 8 +16£ 4 +32B 6 +64#»). 


12. 


(m 2 +n) (m 8 — w*n + nM 


— w*n 8 +n 4 ). 


13. 


(x 2 +0 B )(x 4 -xy+0 4 ). 


14. (l+a*)(l-a*+a 4 -a 8 + 


15. 


(x 4 +# 4 )(x 8 -xV+y 8 ). 




16. 


(n*+l)(n»-n 10 +n 8 -n 8 


+n 4 -n*+l). 
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ANSWERS 



[pp. 32^34 



17. (»*+tc»)(v*-»*uj»+ii7 4 )(t;"--»*i^-f-w 12 ). 

18. 5(1+P»)(1-P»+P 4 -P«+P*). 19. 4(l+.V»)(l-tf*+tf 4 ). 

20. (a+b)(a*-<*b+a*b*-dP+V)(a l0 --<*V+V ). 

21. (l+y)(l-y+^-»»+^)(l-^+y I0 -y 1 *+^ ). 

22. (a+l)(a-l)(a*+a+l)(a*-a+l). 

23. (x+^Cx-yJ^+xy+^J^-^+^^+^C^-aV+y 4 ). 

24. (m +n) (m — n) (m 4 -j-m*n -t-m 2 ^ -fwm* +n 4 ) (m 4 — mhi -f m*n 2 — mn 8 +n 4 ). 

25. (1_0U+0(1+< , )(1+< 4 )(1+* 8 ). 26. (16-a»)(16+a»). 

27. (a+l)(a-l)(a 8 +o 8 +a 4 +a»4-a s +a+l)(a«-a 5 +a 4 -a l +a»-a+l). 

28. (p-g)(p+g)(p»+g»)(p 4 +g 4 ). 

29. (tf-v)(vt+vHu>*+wh>+v>)(vfi~-vflv+ifi). 

30. (l_P)(l+p+p*)(l+p»+p«). 



Pages 

i. (2isr+i)(isr-i). 

2. a^+StfXx^Sa 2 ). 

3. a6(n+l)(3n-l). 

4. (2P+13Q)(2P+3Q). 

5. *(*-&X&+66). 

6. (2V-WHV-W). 

7. (x+l)(x-l)(x»+4). 

8. (x-z)(y-«). 

17. (l-xO(l+x<-fto). 

18. (x+y+zXx+y-eXx-y+*Xx- 

19. (V-v){V+v)\ 

20. a(y+10)(y-3). 

21. (c-6)(a+d). 

22. (p+3)(p-2)(p*-p+6). 

23. (8/ +9) (9* -5). . 

24. (a+l)(a-l)(6+l)(&-l). 

25. (22-30(2+4/). 

26. -a*(AT-3a) 2 . 

27. (l+2m*)(l-2m*)(l+4m 4 ). 



9. (n-|-3)(n l +6). 

10. (2a-26+y-H)(2a-26-y-tO. 

11. (3/2-4r)(3«-5r). 

12. (B l +BC+C t )(B l -BC+C i ). 

13. (x*+4xy— y^x 8 — 4xy — y 1 ). 

14. (T*+7)(2*-0). 

15. (A»+7JP)(A*-5tf). 

16. y(y-3)(l+y)(l-y). 

y-z). 

28. (a-6)(a+6~3). 

29. Mc+rfiW+an). 

30. (tf-fc'-c 2 )*. 

31. (x-4a 4 )(x-a*&*). 

32. (n+2x)(n-x-y). 

33. (2ti^+3uw-|-3P 2 )(2i^-3uw+3»»). 

34. (A+C)(A-C)(B+C). 

35. (X-3)(iC 8 +2X+2). 

36. (n+3)(n*-2n-l). 



pp. 33-35] ANSWERS 1 1 

37. (D-l)(D-3)(Z)+5). 42. (2t-b)(t-a). 

38. 2(6+F)(36-6F+F»). 43. (2H+b)(H+2a). 

39. (l-x+a-6)(l-x-a+6). 44. (z-l)(az+b). 

40. (P*+P+1)(P*-P+1). 45. (xV+7a)(*Y+2a). 

41. (ax+l)(x+6). 46. 2(ll+i;)(10-»). 

47. 5c(2c-3)*. 

48. (l+2Qn«)(l-2Qn J +40»n 4 -8<?n 8 +160 4 n 8 ). 

49. (l-d)(l+d+cP)(l +#+#). 53. (3a-36-2)(a-&-4). 

50. (2/-l)(y-3)(y-7). 54. (7a+7&+3c)(a+6-2c). 

51. (L-l)(L-2)(L-3). 55. (x+3)(x-4)(x*-5). 

52. (5x-y+3z)(5z-y-3z). 56. (a+l)(a-l)(a-4). 

57. &(m+2)(m-2)(2ro+3). 

58. a(a+&)(a 1 -a6+fr*)(a«-a*& 8 +&«). 

59. (v-Ofr+O^+^+^X^+f 8 )- 

60. (P»+P-6Q)(P*-P+6Q). 62. flrK28V-83^+l). 

61. (l-n)(l+n l )(l-n»+n«). 63. (x+y)(x»-xy+y«+l). 

64. (M-N)(1+M*+MN+N*). 

65. (l-aJCl+a+a^Cl+a^+^+a'+a^+a^+a 18 ). 

66. (x+2+2a-y)(x+2-2a+y). 

Page 34. 

2. 12. 3. 72. 4. W&. 

9. x l +y. 13. R-5. 

10. 7iV»-f5tf+5. 14. 2t>+2*. 

11. p+q. 15. P*+5P. 

12. 1-fx+x*. 16. m-2. 

Page 35. 

5. 225x/Pr(ff-r)(2#+r) 8 . 

6. (x+l)(x-l)». 

7. 2xVx+y)(x»-tf s ). 

8. (i\r-fi)(iv r -i)(iv+2)(isr«+i). 

9. (w-nltm+nltmHntn+n^tmHn*). 



1. 


6. 


5. 


2ma*. 


6. 


x-1. 


7. 


7-1. 


8. 


a +6. 


1. 


1512. 


2. 


1800. 


3. 


2016. 


4. 


144a l0 6». 



12 ANSWERS [pp. 35-38 

10. l-V*. 12. (/*+<?)«(** -i?) 1 . 

11. 6a 2 (a-l)(a+3)(a«+l). 13. (w+v)*(w-v)K 

14. (y+D(2/-D(y+2)(y-2)(y+3)(y-3). 

15. (aT+2)&T-2WT*+QT+4). 

16. (6M*-7APN-2MW)&M*+MN-4N*). 

Pages 35, 36. 

1. (l+x)(l-x) 2 . 2. (a-6)(2a-26+l)(2a-26-l). 

3. (4c-l)(c»-2). 4. (x-y)(x+yKx*+ifHx*+y'Kx*+y*). 

5. 32(2*- 1 -l)(2 te -<+2 8 *- 3 +2**- l +2*- l +l). 

6. (xy-8)(xY+$xy+te). 13. (F'-1)(F"+F«+1). 

7. a 2 "(a"-6*). 14. n^-n*"- 1 ). 

8. (x»-2)(z»+l). 15. (a»-6*)(a»+6»-c»). 

9. (^»+7r»)(^»-4i;»). 16. (36»+5c*)(26»-3c»). 

10. (p H +g B )(p"-9 B ). 17. (x H -*+y n+2 )(x n -*-y n + 2 ). 

11. (A»-|-B'»)(A»-B»)(A»'»+B 2 »). 18. (fl»+r)(*i2»+l). 

12. x(x**-y*). 19. (F*+y<+l)(F«-F'+l). 

20. (No+lHN^-Nto+W-No+l). 

21. (2 2 »+l) 2 . 22. (a 2 -& 2 +3a&)(a 2 -6 2 -3a&). 23. 2(2»- 1 +l)(2»+l). 

24. (a+6)(a 4 ~a»6+a J 6 J -a6»+6 4 )(a l0 -a 5 6 8 +6 10 ). 

25. (3»-5)(3»+l). 31. 27<-3. 

26. (2«+2*)(2«-2»). 32. x+3. 

27. (2«-3 6 )(2^+2«3 6 -|-3*). 33. 2o-3. 

28. (6+a)(3-2a). 34. a -5. 

29. Z>*-1. 35. s 12 -^ 12 . 

30. a 2 »+6*. 36. (x+2)(x-2)(:r-5)(x 2 +4). 

37. (96^-36^-426y)(66 2 -266+28). 

38 . (a» - 6") (a- +6") (a 2 * +5 2b ) (a 2n +a n b* +6 2 *) . 

39. (2P*+1) 2 (2P*-1) 2 . 40. (x-y) 2 (a» +1 -6— 1 ). 











Page 38. 






1. 


-♦• 


2. 


-1 


3. f. 


4. 


— 


5. 


2x* 
3^' 


6. 


4ab 
5c* 


7 1 


8. 


5" 



pp. 38-40] ANSWERS 13 

_ — 1 ^ tow -« b—a 

9. 10. 11. 

to— n to— n m—n 



x — 1 x — 1 x — 1 (a— b)(a — c) 

-. l+2w 3to m-2 - a» 

18. °+>+<+<* 



(a-6)(a-c)(a-d) 











Page 39. 






1. 1. 


3. 


♦- 




5. f. 


7. 


"?' 9 ' 36* 


2. i 


4. 


t- 




6. A 


8. 


2A«' 10 ' 2ff' 


11 X+1 • 

x*+x+l 






14. 


*-7 
*+6 




17. 

WO 


a t_<,6+6* 

12. . 

a* 






15. 


5p+q 
4p-\-5q 




18 ' (/*'+l) 4 


m*-n* 
13. ,-. ,• 

TO*+»* 






16. 


1— iV r -hA r * 

N 2 -5N 




19 1 

A*-AB+B*' 



20.^- 
a— y 

Page 40. 

1. if, A, A. 3. H. tt» H- 5. jft, ;a. A 5 *. 7. i|, j}, h. 

2. A, A, A- 4. » f a, it- 6. ,%, /ft, HJ. 8. m, M fc f!»- 

_ 80a 12a f 35 -~ 1+x 1-x x 

9. „^ , > xtt-v ^r - :* 12. - => - -> 



60a» 60a* 60a 8 1-x 2 1-x* 1-x 2 

_aV a 2 &» j>V 13 aCa-bJCo'+b 2 ) &(a+&)(a 2 +fr*) ab(a-f b)(a-b) 
dW* dW'atoV* ' a*-6 4 ' a'-fr 4 ' a 4 -6 4 

to* _p» t£_ u M*-MN* M*+M*N MN 1 

mnp mnp mnp' M*N-N*' M*N-N* M*N-N*' 

«_ P-21 **+2<-3 
15. 



(H-3)(<-3)(*-2) (*+3)(*-3)(*-2) 



14 ANSWERS [pp. 40-42 

&-R-6 -3A+21 



16. 
17. 
18. 
19. 
20 



(i2-7)(ff-2)(fl+2) (ft-7)(#-2)(ff+2) 

m-n+mn* 2m t n-^-2l»n 2 -^-2n , 
mnijn* — n s ) mn(m 3 — n l ) 

6x+3 5x+5 7x4-14 



(x + l)(x+2)(2x+l) (x-hl)(x+2)(2x+l)' (x+l)(x-|-2)(2x+l) 
b—c c—a a— b 



(a-6)(a-c)(6-c) (a-6)(a-c)(6-c) (a-6)(a-c)(6-c) 

y'-e 1 jP-x* x 2 -y* ' 

* (s-J/Xz-sXy-z)' (s-yXs-zXy-*)' (*-yX* -«)(#-«) 

Pages 41, 42. 

1. |». 4. Hi- 7. *±^. 

2.H- *.£?- 8. W 



2a* AT 2 -1 

3. AV 6 -"2x^' 9 - r^?' 

Ill 7 *+ 3 17 ** H 

10. •- • 12. 



s 3 -s * #*-# 

2r»+14r-6 7*+ 18 

"" (r+2)(r+7)(r+8)" "" V*-9 " 

14 . «±*±» 1 



17. 
18. 
19. 
20. 
21. 



a s -fe* — (a-fO(a-c) 

M 2 P-MW+MiV»--PJV»+P»--;srP* 

(M-N)(M-P)(P-N) 

24r 2 -8rfl 2 ._ 3F+6 



(i«-/P)(9f*-iP) 

18ii a -360 

(n a -16)(n 2 -25)" 

46c 2 -4M 2 +8a 2 fl 1 -S6*a' 
(tf-^Xc 2 -*/ 2 ) 

16x 4 -1476 



(x 4 -81)(x*-l) 



*«>. 


F+3 


24. 


a5 
a— 6 


25. 


1 
1+/2 


26. 


m 2 +n* 


m+n 


*yy 


5+2|/ 



22 <,_1 



pp. 42-45] 
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28. 



29. 



N*+MN+M* 



30. 0. 



x— y 



31. 



&-D+1 



l. A- 

2. f 

3. 4. 

13. 
14. 



4. 8. 

5. A- 

6. «• 



Pages 43, 44. 

7. if. 

8. J. 



10. 1. 

11. m*n. 



12. 2»-^+*-l. 



t^-2* 2 



t^+3tft+3t;*»+2J* 
n+1 



n+5 



15. 



fiH 



&-2RH+H* 
19. a+ 6. 



16. &*-26+l. 

,_ V 2 +SVT+9 f H 

17. ^ 

1 
18. 



A-l 



20. 



N* 



21. 
22. 



a+6 



23. 
24. 






h-k 



25. 



26. 2n. 

27. B. 



-2P«+2P l +P-l 

28. x*-y«. 

29. 2tf*-2. 



Page 45. 



1. I 

2. if. 

2m 2 



9. 



10. 



3. 20. 

4. A- 

tf-ab+V 



5. 27. 

6. ¥• 



30. 


-e^- 


-2. 




31. 


4M 2 - 


-11AJ+2. 






7. 


8 
IT- 






8. 


A- 



15pn 
2fl 



11. x 2 — x. 



12. 



6-^-1" 



13. 
14. 
15. 
16. 



o a 



t 

3m* — m*tt — mn 1 — 4n a 
12m 2 +llmn-5n 2 

0* 



17. 
18. 
19. 
20. 



a 2 —ab 

x 2 +2 



x*+x-Z 

M*-M*N+MN* 
M-N 

P-th 
&+tk+fr 



16 ANSWERS [pp. 45-51 

rirjri 



21. 



rirj+rifj+rjr, 



Pages 46, 47. 
1. V . 7 . 4^1- 13- mU 



2 . v. 8. *=*■ 14. 2 



n+w s-fl 

3 - * 9 - ~* 15 - ^r 

a ^ m ~ 6 ,a **+ 2 

*' Af 2 " a^iofc+b 2 " 10# 4x+3 

.1. -5- 11. *+*. 17. 



I/ 2 " wfi+r 

6. t-^-. 12. ^±^. 18. 2.98-. 

1-fz a'— 6* 



Pages 47, 48. 

t 2 37 (*+y+*) 2 

*' 7" 2 - 2+27' 3 ' ~ 1- 4 - x*+xy-xz' 

_ &<+5a 2 &+5a6 2 -25a< A . 

5. _ ,. • o. U. 7. 1. 

5ao* 

R a 8 — 5o 2 n — 5an 2 -}-n 3 +0*71 — 2a 2 n 2 -fan 8 
an(a— n)(o+w) 

9. to+p. 11. 1. 13. -• 

a 

ttk a 2 -* 2 -1 

10. , , . ■ 12. 14. x. 

19m ro^T 2 ' 10# a«+2a»& 2 +&»' 17m tf+fe 2 ' (A+B) 2< 



Page 51. 

1. n-3. 4. x = l. 7. i\T=8. 10. H--V- 

2. * = 10. 5. P--2. 8. a =24. 11. m»4^. 

3. 7=6. 6. fc=2. 9. x=tf- 



pp. 53-S6] 
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1. 


n=6. 


2. 


F-l. 


3. 


x=3. 


4. 


A-rf 


1. 


a =4. 


2. 


s=2. 


3. 


m=8. 


4. 


*=5. 



5. R = i. 

6. <«1. 

7. JV = £. 

8. y=-27. 



Page 53. 

9. P=-3. 

10. a = lf. 

11. r=-8. 

12. x=6. 



Pages 54, 55. 

5. 6=2. 9. a = -3. 

6. 7=-f. 10. fc=-3&. 

7. rt-1. 11. x=2i. 

8. J=4. 12. n-11. 



13. X=9. 

14. 6 = 10. 

15. y=2J§. 

16. B=-i. 



13. 1P=-13. 

14. x=0. 



1. x = 

2. n = 



- — -— i 

5m 

2P 
1-P* 



3. F = 



Pages 55, 56. 

1+d 



2d 



4. £ = 



n 



7. 6 = 

8. R = 



2A-hb' 



h 
S-rbr 



r = 



S-*LR 



L = 



5 



9. L = 



12. R = 

13. 2£ = 



»(*+r) 
S-w(R*+r* ) 
*(R+r) 



5. A = 

6. t = 



BC 



10. tf = 



B-C+BC 

12q+126 
3a+6 

3F 



ir(/P+j*+i2r) 



Dd+df+Df . 



/= 



Dd-DF . 
F-d-D' 



f-F+d' 
, Ff-Df+DF 

d 54? 



rvw* -f rir3r 4 r 6 +rir 2 r 4 r5 -f twin -fri^ri 



; etc. 



A r = 



♦VDCD-IKJ^)' " Ja>(Z>-l)(ff+2)' 

H-2KND(D-1) 
K KND(D-1) 

P(460+7 T )(460+O . r _ g(7.6<-138)~460P(460+0 . 
1 7.6*-7.9r-138 ' 460P-|-P*+7.9tf 



18 ANSWERS [pp. 56-63 

i38i/+2ii600P+460P:r+7.9/yr 



*« 



7.6H-PT-460P 



rP^273HM). 7P(273-hO . „ y'P'(273+*) . 

■ P(273+l') ' P'(273+*)' F(273+t') ' 

p, VPi m+Q 2737P+ VPt'-mVP' 

V'(273+0 ' V'P' '' 

„ 273V'P'+V'P't-273VP 
VP 

Pages 57-61. 

1. 24, 26. 5. 18 nickels; 15 dimes. 

2. 37} lb. of 20ff grade; 6. $3500 at 6%; $6500 at 5%. 
62J lb. of 28^ grade. 7. $16,000 at 4%; $9000 at 51% 

3. 3 lb. of 241 grade; 8. $4000 at 4%; $8000 at 8%. 

6 lb. of 30jS grade. 9. S^r gal. cream; 54^ gal. milk. 

4. 6} lb. of 50ff grade; 10. 17}} gal. cream; 2}f gal. milk. 
31 ib. of 8ty grade. 11. 25 gal. 12. 3 J qt. 

13. 2 lb. 16. $7.20. 19. 6 hr.; 36 mi. 

14. 30 lb. tin; 20 lb. zinc. 17. $2.50. 20. 4 hr. 

15. 24 yr. 18. 26} in.; 211 in. 21. 1650 ft. 

22. lOtf min. after 2. 24. 10tf min. after 8. 

23. 49^ min. after 3. 25. 54^ T min. after 7. 

26. 65Amin. 27. 586H days. 28. Dec. 29, 1913. 29. 115i^days. 
30. 398f jf J days; April 3, 1910. 31. 3f days. 32. 5fV days. 

33. 131 hr. 35- 25 mi. per hour. 37. 1 if mi. per hour. 

34. 8A hr. 36. 15 mi. per hour. 38. — ^ 

PQ+Q-P 

Pages 62, 63. 
1. n-1. 2. .4=3. 3. x«3i. 4. s=7. 

5. $ = 4. 6. £ = — r- 7. !»=-=-• 

2TE-2RTE . _ 2TE-2RTE p ^ 5pV-3pRV . 
8 " V ~ SpR-5p ' V SRV-5V ' 2RT-2T ' 

T _ 5pV-ZpRV 
2RE-2E 
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9. 7 hr. 10. 82. 11. 30 mi. per hour. 12. 4. 

13. 1:18 p.m. the next day; 1129.6 mi. 

15. J*. 17. A- 19. AV 21. if. 23. mi 

16. A- 18. A- 20. A- 22. At 24. 1?. 

Page 66. 

12. 4f° C; -111° C; -7J° C; -23J° C; -28f° C; -208° C; 
93i° F.; 59° F.; 104° F.; 46f° F.; 14° F. 

Page 67. 

1. x=6, y=2. 4. x=2, y=3. 7. x=9, y=2. 10. Parallel. 

2. x=4 T * T , y = lA- 5. x=3, y=— 5. 8. x = 5, y=7. 

3. x=3, y=2. 6. x=2, y=3. 9. x = 17, y = 13. 

Pages 69, 70. 

1. m=5, n=7. 10. a -2, 6 = 1. 19. Z> = lH, r=A- 

2. A=4,£=3. 11.^=7,^=9. . 20. fc = i,s = i. 

3. x = 5, j/ = l. 12. m-15, n=8. 21. x=-l, y=3. 

4. v = 6A, <=-lA- 13- o*=17, 6 = 13. 22. o=20, 6=32. 

5. 72= -2, r = -3. 14. u?=9, t;=5. 23. a= -7J, 6= -17|. 

6. 7=5,^=6. 15. r=-ll, r'=7. 24. m = 10, n=24. 

7. p = 13, g = 17. 16. F = l, C = -1J. 25. x=a-6, y=6-a. 

8. M=4, AT=-5. 17. A = 12, 5= -3. 26. x=a, */ = 6. 

9. x=2if y=7A- 18- y*=5,z=>7. 27. x=a, y=--. 

28. x— — rTriy— — rrr m 29. x= . , . » y^ ^ , . * 

m+2n * m+2n FH-^ ^+9 

30. x= r3> y — T~\' 

ae—ba ae—oa 

31. x=A, 2/=tV 33. A=i,5 = }. 35. 9 = 1,1--}. 

32. a=--J, 6=-i 34. m = -l, n = J. 36. M = J, AT = J. 

Page 72. 

1. o-l, 6=2, c=3. 3. M=0, tf=-4H, P=- 

2. x=2, s/ = 3, 2 = 4. 4. r=7A, s=3A, '=0. 



20 



ANSWERS 



[pp. 72-79 



5. 4=2, £=0, C = 0. 

6. x= —7, y=8, 2 = 1. 

7. a=4, 6=5, c=6. 

8. x = l, y=2, 2=3, u>=4. 

9. p=2H,9«A,r=-lH,*=5lf. 



10. tf = J, G=0, ff=4, K = -2. 

11. a = i, 6=}, c = l. 

12. x=t*i, y=h 2=i. 

13. s=a+6, |/=a— 6,2=2a. 

14. See § 60 for solution. 



Page 74. 

1. a:=5, y =2. 2. All three meet at one point. 

3. By multiplication by 3 and transposition. 
4. They are identical. 6. They are parallel. 



Pages 

1. A, $2400; B, $1200. 

2. $6400 at 5%; $3600 at 8%. 

3. $15,000 in bonds; $9000 in 

stock. 

4. 30 lb. of 2ty grade; 201b*.of30i* 

grade. 

5. 12 lb. of 4ty grade; 8 lb. of 654 

grade. 

6. 35$ gal. cream; 4| gal. milk. 

7. 97Jf gal. milk; 2\\ gal. cream. 

8. 46^ qt. mixture; 13H qt. 

alcohol. 

9. 90%; 80%. 

10. Gold, 11 oz.; silver, 7 oz. 

11. Gold, 15i lb.; silver, 4 J lb. 

12. Tin, 301b.; zinc, 151b. 

13. Fahrenheit, 176°; Centigrade, 

80°. 



74-78. 

14. Fahrenheit, 662°; Centigrade, 

350°. 

15. 126 1b.; 901b. 

16. 3311b.; 26} lb. 

17. 15 mi. per hour; 30 mi. per 

hour. 

18. Passenger, 66 ft. per second; 

freight, 44 ft. per second. 

19. Man, 40 yr.; son, 10 yr. 

20. 20 hr.; 16 hr. 

21. 30 hr.; 24 hr. 

22. 9 in.; 12 in.; 15 in. 

23. 12 in.; 16 in.; 22 in. 

24. 4 in.; 8 in.; 12 in. 

25. Sides are divided into 12 in. 

and 16 in., 12 in. and 24 in., 
16 in. and 24 in. 

26. 8hr.; 9 hr.; 12 hr. 





Pages 78, 79. 




1. 26. 


4. 36. 7. 16. 


10. ad— be 


2. -35. 


5. -10. 8. 10. 


11. 2x. 


3. -1. 


6. -10. 9. -30. 


12. a 2 -l. 
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Page 80. 




1. x = l, y=2. 


5. 


#=5, r=4. 


9. p=ift,e=i T v 


2. M=2, i\T=3. 


6. 


»- «,<-!». 


It. m=4, n=4. 


3. p=3, g = l. 


7. 


*=H,y=i&. 


11. o--A, v=-i{. 


4. o-l, 6=4. 


8. 


*=J, *=if. 

Page 81. 


12. m = J, n=2|. 


1. -22. 


5. 


0. 


9. 268. 


2. -107. 


6. 


70. 


10. a-26+c. 


3. 177. 


7. 


10. 


11. s a +22/2-2x3-y. 


4. 4. 


8. 


250. 


12. 1-n 8 . 
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Page 83. 

1. x=4, y-1, 2=2. 6. r = i|, s = 1t¥ 5 , t = fft 

2. A=5,£=2, C = l. 7. x =3, y=-4i, «=5J. 

3. p = l, g = —1, r=4. 8. m = j 9 3, n = J§, /: = 

4. M = -2,iV=3, P=-l. 9. 4=6, 5=4, C=2. 

5. a = 10, 6= — 6, c = l. 10. Indeterminate. 



Pages 83, 84. 

1. a = li§i, &=7W. 4. a=5, 6 = 7. 7. 3=2, y = l, * = 1. 

P ab 

2. m = l, n = J. 5. m = J, n = J. 8. q-^' 

3. x=2, y=3. 6. A =7, B=9, C=6. 9. V = Ji/(£+6+ V5&). 

bdr-\-cpf—bqf pde—adr+aqf acr—cpe+bqe 

X ~ acf+bde ' acf+bd* ' acf+bde 

is. x-i, ,-t, .-2. M. *=^- c . !/=jzf+ c ' *=r^6+? 



).> 
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1. 5. 

2. 9. 

3. n*. 

4. P*. 

5. 4a6*. 

6. 6FV. 



7. 10m«n«. 

8. 11AB«. 

9. 2jtqr*. 

io. acv^ 4 . 

11. 3. 

12. 4. 



Page 87. 

13. A*. 

14. 8«. 

15. 2xy« . 

16. 3PH?. 

17. 50^. 

18. 4^1™. 



19. 2x^2». 

20. 3ro*np 7 . 

21. 2. 

22. 3. 

23. o»6». 

24. 4ry*. 



25. bM*N*P. 

26. 2. 

27. 3. 

28. xj/ 8 . 

29. 2A»£*. 

30. p*gW. 



1. 4-3. 

2. 2*+3. 

3. 1-5F. 

10. 5ft , -4ft»+3. 

11. a 2 -a6+6*. 

12. 6a+6-2c. 

13. x-5y+3z. 

14. t^-2**+5tf-2. 



Pages 88, 89. 

4. 7ro*+2/. 7. n*-3n+2. 

5. 6a-45. 8. l+5Jfc+2*». 

6. $x+y. 9. J*-5t-2. 

15. l-2x-2x*-4x*. 

16. l+4y-80»+32y». 

17. l-Jo-itf-Aa 1 . 

18. x-3. 

19. m— 2n. 



1. 47. 

2. 92. 

3. 362. 

16. 80 inches. 



Pages 90, 91. 

4. 806. 7. 1.27. 

5. 1635. 8. 0.43. 

6. 8.3. 9. 0.086. 

19. 4.37+ inches. 



17. 11,49— inches. 

18. 21.95+ inches. 



20. 29.39+ inches. 

21. 10.39+ inches. 



10. 3.464. 13. 0.447. 

11. 2.645. 14. 1.268. 

12. 4.472. 15. 0.223. 

22. 94.10+ sq. in. 

23. 322.49+ sq. in. 



1. 3.2. 

2. 3.9. 



Page 92. 

3. 4.5. 5. 6.3. 7. 7.7. 

4. 5.3. 6. 7.2. 8. 2.5. 

12. 2.3; 2.7; 3.6; 4.6; 5.3. 



9. 1.5. 
10. 3.5. 
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1. 2VI 

2. 3V£ 

3. 2& 

4. 6V£ 

5. 2$2. 

6. 2^ 

7. 2{^ 

8. 5<.2! 

33. si^l&cV. 



34. ±-vs: 

35. ^xy. 

36. ^Ve^ 

37. ^-^i". 
2x 

38. ^*25a%c«. 



9. 2^2. 
It. 3& 

11. 2<£ 

12. 2 Iff. 

13. JV3. 

14. j Via 

15. }V£ 

16. *<£". 

39. 
40. 
41. 
42. 
43. 
44. 



Pages 95, 96. 

17. }*Gf. 



18. }*MK. 

19. 1V2: 

20. jifeT 

21. ab<a. 



22. m 2 V3mn. 

23. 2xtf<&y. 



24. 0^ 



2x mJ 

^V35vT. 



a-6 

m 
m-\-n 



Va*-6». 



Vmn+n*. 



1 / 

2^V£*-4AC. 



25. 2fir<5r. 

26. 2Bl2A*B. 

27. 4atyViT 

28. <ab. 

29. 6«tf£ 

30. xy^2x. 

31. tw^ST 



32. QV2PQ. 
45. |^. 

46. ^{s^; 

47. jp^K-K*. 



48. 2V1-2V3; 



49. flVl-3V5. 



^Vafy+xjf. 



50. (a-&)Va+&. 



1. 5V£ 

2. 2VJT 

3. V£ 

4. 14 VS 

5. $2. 

6. 24^3. 

7. f V2. 



Page 97. 

8. AV6. 

9. f<6. 

10. i<n. 

11. 7^ 

12. 3V£ 

13. 4ViT 

14. 20^ 



15. aila. 

16. 6mVm— n. 



17. 7mVw— n. 

18. 3A{/JTS 



19. -V5^. 



20. lOV-g*. 
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Page 98. 



1. V^~n\ Vtf, ^w 15 . 

2. VV", ^V", yv*. 

3. *£**; «s*; *&#. 
s. ^s 5 ^, ^o 5 ^ ^ss* 

11. *fl6. 12. ^ 



6. «§; «: 

7. ^266, v^216, j^SE 

8. P / 729iV l », ^S^V 15 ! 

It. ^625^, P^T^, P^ 
13. V3. 14. 448. 



1. <</36. 

2. 6. 

11. J. 

12. 1fJ2. 

13. x^i 7 . 



3. 8^ 

4. 3^ 



Pages 99, ltt. 

5. 7il3. 

6. 2$b. 



17. if ^360. 

18. 7^6487*. 

19. ^a 2 -ab. 



14. n^EoOn. 

15. ^1728K 

16. 2{rl 



7. 4§60. 9. Vi 

8. VT 10. 1. 
23. 28+17V£ 

24. -i-Via 

25. 2+2V£ 

26. 2V(T 

27. a+2b+ZJab. 



' 20. Vm 2 -n*. 

21. (x+y)1x-y. 

22. 1. 

28. mVmn— n^mn— m'4n+n'4m. 
29. x+<Jxy+y. 30. n+14+8-Jn-l. 31. a+6. 

32. p+g -fr+2V pg+2V^+2Vgr. 

34. |ffV2 + V£ 37. ^F 

35. VI£ 38. *l6. 

36. Vl75. 39. H\. _ 

44. ^_E. 



33. i/P^/2. 

40. VSbT 

41. 42*". 



43. +l± 



42. *64ro*n*. _ 
45.^. 



1. |^£ 

2. iVio. 



3. jV§". 

4. 2V2l 



11. — Vmn. 
n 

12. 5V2^. 

13. 3V5?. 



Pages 102, 103. 

5. ?V21. 

6. f V5. 

14. ^-<16i^ 

15. %c. 

16. 18V3-18. 



7. }V2. 9. 2*). 

8. §H£. 10. §*/4~ 

17. -}-iViF. 



18. 2-V2. 

19. 2+V£ 
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20. f+$VlO-fV6-lVl5. 24. V^+Vif. 

21. H^42-ff 25- H3"-i>S"-i^ 

22. (^Z^)(^+^). 26. AV7"-fiV5+tfV3+t8Vl05. 

23. ViT-V£ 27. jVio-jVS 
p^— pg— pr— p^pr— gVpr+rVpr— pVpg-h^Vpg— rVpq+2pV0r 







P 2 H-9 8 +f*-2pg- 


-2pr- 


2qr 






Pa&e 104. 




1. 3V£ 


9. 


8a 4 &*Vo6. 




17. 2. 


2. 25. 


10. 


36z*. 




18. ^ 


3. 16 V2". 


11. 


lOOOOm^n^wVi 1 . 




19. <S! 


4. 16 {/I 


12. 


243p 1 Y 4 . 




20. &. 


5. 405^ 


13. 


16 (a« -&»)*. 




21. y^S^. 


6. x$z. 


14. 
15. 


«5. 




22. 7^**^ 


7. N*W. 


23. ^/a'-fr*. 


8. r*7 


16. 


Pages 105, 


106. 


24. i^a! 


1. 6t. 




V. 2* , » 




17. 2tV 


2. 8t. 




10. it. 




18. lGi. 


3. 9i. 




11. a 2 fct. 




19. (|V6+l)t. 


4. lOi. 




12. 4mnH\ 




20. 3a 2 !. 


5. 25i. 




13. (a+6)i. 




21. 3x+yV-l. 


6. V6V-1. 




14. (3x-4#)i. 




22. 16+2i. 


7. 2V3 V-l. 




15. 7i. 




23. 2ra— 5nt. 


8. 2^5 V-l. 




16. 1ft. 




24. -4-23i. 






25. (a-c)-(6+d)i. 








Pages 107, 


108. 




1. i. 


3. - 


-i. 5. 1. 


7, 


. -i 9. -10. 


2. 1. 


4. i. 


6. -1. 


8. 


. i. 10. -12. 
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[pp. 108-111 


11. 


-42. 


16. 


-30. 


21. 420i. 


26. 1. 


12. 


-72. 


17. 


-14i. 


22. -1080. 


27. -169. 


13. 


-10. 


18. 


-18i. 


23. 3. 


28. b-a. 


14. 


-ab. 


19. 


-V70V^ 


-1. 24. -13. 


29. -7?-tf+2xy<xy. 


15. 


-2Vl5. 


20. 


—n A ^ln V 


-1. 25.3. 


30. a' +6*. 








Pages 108, 109. 




1. 


-6*. 




7. i 


13. J- 


-fl. 


2. 


-K 




8. 2. 


14. i+i^=3+lV^2-iVo. 


3. 


-6*. 




9. H 


15. i- 


-JV^S- 


4. 


-7i. 




10. fa. 


16. i- 


-}^3+£V-6+J>/-2. 


5. 


-<*m/- 


-1. 


11. ft;. 


17. J- 


-AV-5. 



6.2. 12. 2^- 18. Vl0+2Vl5+3V6+3. 



a*+2V=i-y a»-6» 2ab 

Pages 110, 111. 

1. 0.632. 9. a^y! 17. Yes. 

2. 0.654. 10. A*£. 19. V7~-V£ 

3. 0.674. 11. x*Vi7 20. V5+V6. 

4. 0.606. 12. R^ 1-3^5. 21. V5+3. 

5. 0.912. 13. {/ a* -21/ ri+i/W. 22. V12-1. 
6.0.547. 14. Yes. 23. 2+V£ 
7.0.806. 15. Yes. 24. 4-VlO. 

8. a*b\ 16. Yes. _ 25. V7~+Vll. 

_ 6+3 V^3 _ ViT-V^l _ 1-4V^3 

26. = ^/. s ^** 7 

2 o 3>P3+3V2" a; 2 -1^+2x1 / V^l 

-5 x*+y* 



31. _V-1 32. J-hH-5. 33. 114+7 V-21. 
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1. 2x*-10=0; pure. 

2. 4n*+10»-2=0; complete. 

3. 12/3-7* +21=0; complete. 

4. 37* -107+12=0; complete. 

5. 4a*— 7a +6=0; complete. 



Page 112. 

*• y a +y+l !=s 0; complete. 

7. 2r*— 5r— 3=0; complete. 

8. 5P*-3=0; pure. 

9. 2a*+l=0; pure. 
10. 7^—4=0; pure. 



11. 5T*=0; pure. 





Pages 113, 114: 




1. n = l or 4. 


8. JV = -iorlJ. 


15. y=4or —J. 


2. fc=4or8. 


9. a; =5 or -3. 


16. A--1 or -9. 


3. P=2or -8. 


10. p=5 or — 4J. 


17. Z)=*6or -1. 


4. A = -lorlJ. 


11. d=3or -If. 


18. a=ior8j. 


5. »=2 or — f. 


12. x=4 or —1. 


19. x=2or -2. 


6. f = J or -3}. 


13. n = 5 or —5}. 


20. a=4 or 5. 


7. *=-Jor3|. 


# 14. #=6 or -li. 
Pages 114, 115. 




1. y=*2. 


11. x==3. 


20. to ==6. 


2. F==5. 


12. JV==fciV&T 


21. B=^<4w. 


tf. A 3=: =«$• 


13. a ==4. 


22. x = ±2.45. 


4. ji-*f. 


14. 3==*=2Vo\ 


23. M==1.32. 


5. p=:dbjV2r 


15. 4 = = V-23. 


24. <==b0.77. 


6. T=±jV-2. 


16. n ==jVl3. 


25. *=±0.45. | 


7. n =d=jV-30. 


17. (»*1. 


26. Z)==3.06. 


8. G==*V-1. 


18. a ==3V-l. 


27. *==fcl.41. 


9. 6=^=^37 


19. K==7. 


28. i/=*=6.56\ 


10. fi==fcH-5. 
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Pages 116, 117. 

1. n=2or -12. 12. tf-A^-rVVHT 23. ro = -7or -1J. 

2. A = -3 or 1. 13. J = lior|. 24. d=5orl§. 

3. s=-4orl|. 14. # = -lorJ. 25. y = lor2£ 

4. o=8 or J. 15. 7=7 or -1J. 26. iNT-V^i^ 

5. T=-3orA. 16. m = t=V£ 27. <=4or3|. 

6. y=-2or -|. 17. G=l or -$. 28. s=-2or -lfj. 

7. # = § or -J. 18. tf-J^fV^T. 29. o= -7.46 or -0.54. 

8. fc = lJor -*. 19. x=f = lV3. * 30. 7= -4.79 or -0.21. 

9. D = $*=)<57. 20. n=2or -li 31. n = 1.28or -0.78. 
10. 8=3 or -J. 21. i;=-l=iV-10. 32. D=0.70or -1.20. 



11. 2=2Jorf. • 22. o=-15*V298. 

Pages 118, 119. 

1. Q=3or5. 15. R^^^^^Vf. 29. c=3orJ. 

2. 2=9 or -7. 16. x = j = jV7£ 30. r=3orf. 

3. a=-4or -12. 17. $=-8=8^ 31. 7=4 or -f 

4. x=-lor2J. 18. p^V^iVUf. 32. n=3or -5. 



5. t>=-6or-J. 19. n=-} = JV--3r 33. A=Jor-4$. 

6. AT = f or -3}. 20. n = J = jV^3i 34. Q=4 or -1. 

7. 6 = 1 or -4. 21. t>=0 or 2. 35. s= -13 or 4J. 

8. 2/ = lJorf 22. y=2=V5. 36. /= -5 or -1. 

9. ^Jd=jV4L 23. q = \±\<=7. 37. £ = 1.28 or -0.78. 

10. £--A*A^WL 24. i2=3or -J. 38. v=0.86or -0.46. 

11. n =3 = §V22l 25. F=3 or -6*. 39. n=0.30or -1.13. 



12. 7=^=^-1039. 26. 6=6 or -1. 40. x = 5.16or -1.16. 

13. P=2or -If 27. ff=-J = jVo\ 41. !T = 1.19or -1.69. 



14. fc = l or -4. 28. n=f=*V-7 
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Pages 119, 120. 

1. t>==fca. 6. t=2mor — n. 

2. s=2nor — n; n=}xor — s. 7. y«6or&+2. 



1 



3. x = \a±\<4a*-4b. 8. P=-lor ,. 

4. t>=— 8**=V«*— J. 9. n=2a*aV£ 

5. m—a or 6. 10. i2 = — 2m or -^ — . 

2n 



qc-te=fcV(q»-6»)(c«-d» ) 
ad— be 



12. r = 



_ — (wn 4- fnp +np) =*= Vw*n* + Wp* 4-n'p 2 — m*np — mn*p — ronp * 

m+n+p 



13. F=0 or n»-n. 16. C=*5^^- 

M.iV=^±^±^. 17. L^JL 

/ . 2n 




t5 .E=*yJ^. 1B.D-+d^ft 



tq D _ KN(R+2) =*= ^K*N*R*+±KWR+±K*N*+\KNRH+MNH 

2KN{R+2) 



20. , = -513*V263169± 4g 21 . r ^^^±A^ m ^^ 



-A 



„ _ -Hr±TJ12HV-3H*r* _ -HR± Vl2//K-3fl 2 ft* 
22. tf- 2^ ' f " 2# 



Pages 121, 124. 

1. 12i; 17J. 9. 30 rd.; 60 rd. 17. 12 in. 

2. 10 in.; 8 in. 10. 24 ft.; 18 ft. 18. 1200 sq. rd. 

3. 16in.;12in. 11. PC = 12.2-. 19. 1500 bu. 

4. 20 in.; 24 in. 12. 3 mi. 4712 ft. 20. 140 acres. 

5. 768 sq. in. 13. 5.414 in.; 2.586 in. 21. 14. 

6. 20 in. 14. 0.546 ft. 22. 100 ft. 

7. 20 in. by 40 in. 15. 7.64 rd. 23. 35 ft. 

8. 6 in.; 4 in. 16. 45 J ft. 24. 6 in.; 8 in. 
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[pp. 124-127 



25. 24 rain.; 18min. 

26. 15} min. 

27. 45 mi. per hour; 30 

mi. per hour. 



28. 2} hr. 31. 64 sq. in. 

29. 12. 32. 4 in. 

30. 1 mi. per hour; 2 mi. 33. 14 in. 

per hour. 34. 582.74— sq. rd. 35. 1 ft. 



Page 125. 

1 . Real, unequal, and free of surds. 8. Real, unequal, and free of surds. 

2. Real, unequal, and involve surds. 9. Real and equal. 

3. Imaginary. 10. Imaginary. 

4. Real, unequal, and free of surds. 11. Real, unequal, and involve surds. 



5. Imaginary. 

6. Imaginary. 

7. Imaginary. 

16. c=-2J. 

17. c=*20. 

18. c==*=16. 



12. Real and equal. 

13. Real, unequal, and involve surds. 

14. Real, unequal, and involve surds. 

19. c = §. 22. 4ron=25. 

20. c=8. 23. n» = 16m. 

21. c=5j. 24. m*=4n. 
25. m 2 =8n. 



1. x*-8x+12=0. 

2. x*-10x+9=0. 

3. x*+8x+15=0. 

4. X s -6x- 16=0. 

5. x»+x-42=0. 

6. x 2 +14x+24=0. 

7. x»-5x-50=0. 

8. x»+23x+60=0. 

9. x»+2x-99=0. 

10. 6x»-5x+l=0. 

11. 25x»-15x-4=0. 

12. 24x*-x-3=0. 

13. 24x*+26x+5=0. 

14. x s -4ax+3a*=0. 



Pages 126, 127. 

15. x*H-2nx— 5mx — 10mn=0. 

16. x*-2x-4=0. 

17. x*+8x+13=0. 

18. x*-2x+7=0. 

19. x*+6x+13=0. 

20. n=2or -3. 

21. f = I =*= J V-=37 

22. a = l|or —1. 



23. 7 = ^=^^=19. 

24. tf=4or -1. 



25. r = |*f V-7. 

26. 4 = -£=*= W^ 



27. x = |a=tHa 2 -126. 
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Pages 128, 129. 

1. x=5or7. 3. x=-6or-8. 5. x=2or-6J. 

2. s=8 or -9. 4. x=8or3§. 6. x= — 5 or 4}. 

7. Real, unequal, and free of surds. Graph meets x-axis at two distinct 

points. 

8. Same as Ex. 7. 

9. Real and equal. Graph touches x-axis at one point. 

10. Imaginary. Graph does not meet x-axis. 

11. Same as Ex. 10. 12. Same as Ex. 9. 



1. Real and free of surds. 

2. Real and free of surds. 

3. Imaginary. 

4. Imaginary. 

5. Real and free of surds. 

6. Real, involving surds. 

7. Imaginary. 

8. Real, involving surds. 

9. Imaginary. 



Pages 129, 130. 

10. Real and free of surds. 

12. 2(£-i-iV^)(£-i+iV=T5). 

13. 5(P+J-iV=i)(P+i+|V=I). 

14. 3(&-i-|Vl3)(&-i+iVl3). 

15. 9(d+J-lV-5)(d+i+iV^5). 

16. (n-ll)(n+13). 

17. (2y-l)(6y+8) : 

18. 7U-A-^V-447)U-A-hAV=447). 

19. (r+i-V^Xr+i+APIi). 



1. n = l, -J^jV^ 

2. o = l, -l,J=fci>P3; 

-J = iV^T 



3. F=3, -f =*=f V-3. 



4. *-l, -1, = V-1. 



5. y=3, -3, =3V-L 

6. 1-1, -1,2, -2. 



7. &=2, -2, =*=2V-1. 

8. JV^dbV^V^*". 



9. s = H, -J=*=jV-3. 



Pages 132, 133. 



10. A = -J,| = fV-3. 



11. ^=2, -2, =*=iV-6. 

12. iii-l, -2, l^V^, 

-1=1=^^3. 

13. #==*= J V6, = jVl£ 



14. c==*=|V-3, = jV-6. 

15. x = l, -1, -2. 

16. « = 1,2, -2. 



17. T=3, *V-T 

18. a =-5, +2, -2. 
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19. 12= -4, -l,J=*=jV-3. 

20. /k-1, * V'^-J-lV^T 

21. P=0, -2,4 = JV-119. 

22. n-0, 1,1,1. 



23. 4, -2, -2V^3". 

24. 3,-3, =3V^T. 

25. 1, -l,i*jV^-i*jV=3: 

26. 2, -2, l-V^S", -1*V=3". 



i. s^vs; =2V^ 



2. a==l>/6, = jV-15. 



Pages 134, 135. 

13. d = l = ^l=fcV£ 

14. A = =1, = V-3. 



3. F= = lV6, = jV-10. 15. c-1, -2, -J-JV-3. 

4# n =_l, _2,l = V^3,§ = jV^3.16. tf=0, 0,-3,-3. _ 

17. n «i*iVl7,|*lV23. 



5. p=2, -11, -1 = V^3, 

i*fV^3. 

6. y«l,l, -1, -1, *V-l f 

= V=T. 

7. s=2, -2,3, -3. 

8. *--l, -1,1, -3. 

9. n=-l,2, -M. 

10. P=-} = iV89, -{ = iV33. 

11. x^-J^i^-i^iVlT: 

12. m = l = H^=7;i*iV-7. 



18. »--|*jV5,l*^3. 

19. ff=i=fc|V=3;§=fcjv^7: 

20. 6=i=jV=TT,t=iVi7. 

21. 17=0,0,-5,-5. 

22. s=2,4, -}*|Vl7. 

23. n =3 = Vl4, -4=§V£ 

24. a-1,1, -t = §V£_ 

25. y-1,-1, -|=^}Vl3. 

26. D-l,l,i*iV^T 







Page 136. 


2. z=3, 5, 7. 




5. x=-2, 4, 8, -8. 


3. x=-l, 6, -5, 




6. One real; two imaginary. 


4. x =2, -2,5, -5. 




7. All real; two equal. 
Pages 140, 141. 


1. *=3. 


4. 


3 = 14. 7. t> = 14. 


2. i7 = 5. 


5. 


n=9. 8. m = 4. 


3. <=61. 


6. 


o=-5. 9. i2=7. 
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10. fc = 7. 


26. Impossible. 


42. AT =2. 


11. D = -2. 


27. p=8. 


43. r=3. 


12. x = -8,40. 


28. a=~B- 


44. x=3, -If. 


13. AT = -4. 


29. x=V = iVl3. 


45. n=0, -3. 


14. *=5,&. 


30. J=0, -1. 


46. *=3, -J. 


15. A =144. 


31. y=0, =V-1. 


47. r=5, -4|. 


16. d = 16. 


32. x=4. 


48. 0=4,20. 


17. s=9. 


33. x = U. 


49. Impossible. 


18. n = — 2^. 


34. n=6f. 


50. l=% 

ti2 


19. n=2,3. 


35. o = J. 


20. Impossible. 


36. 8=9. 


51. «=s~. 
2flr 

n*T r AT 2 I 


21. /i=4. 


37. fc = l. 


22. Impossible. 


38. 72 = 1. 


52 - *- N i> - n 2 


23. Impossible. 


39. n=f 


53. s=u*-i0* 2 . 


24. Impossible. 


40. a = 16. 




25. a = l. 


41. A=0, -12. 





33 



1. x=l. 



Page 142. . 

2. x=5. 3. a? =6. 



4. x=4. 



Pages 144, 145. 

2,8 = 1; r=-l,s = -2. 11. T = 15, 7 = 10; 



1. r = 

2. ft=4, fc=2; /i=2, fc=4. 

3. a = 5, 6 = 1; a=— 7, 6=— 5. 

4. s = l, y=3; s=2i, y = -3. 

5. w = 7, n=2; m=2, w=7. 

6. x=4, y=2; x=3|, y= -$. 

7. r = 10, 72= -1; r=-4, # = 2J. 

8. t=-i = iV^95T, 

= f=fclV-951. 

9. iV=2, P = i; iV = i, P=2. 
10. a=5, 6= -5; a=0, 6= -10. 



r=-i6i, y=-ioj. 

12. x=-4, y=-3; x = f, y=-lj. 

13. ro=2+8V z T, n = 3-8V-T; 
m=2-8V" = T, n = 3+8<*PT. 

14. fc=7, n=4; fc=-4, n=-7. 

15. x=2, j/=2; x=2, y=2. 

16. A = li,B = f; A=i,B = li. 

17. p=8, g=-H; p = ll, g=-8. 

18. * = 4, w = 12; *=-5|, w=-lf. 

19. P=4, 6=5; P=5, 6=4. 
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20. x = la+*V5a*+4&», * = l*-H* , +4* 2 , 



y = _ Ja+i V5a*+46»; y = -JA-JVtf+4**. 

s = ja--iV5 a»+4y t 23. x = }a+JV26-a*, 
y=-ia-iV5a»-h46». y = }a-$V26-a»; 

21. x = |m-|-|n, y — \m— Jn; x = Ja— 4V26- a 8 , 

s = $to— in, y = }m+in. y = Ja+jV26— a*. 



22. * = l*+lVtf+4P, 24. c«=4ir,S. 

V=-J/i4-iV^+4<»; 



Pages 146, 147. 

1. x=4,A;=l; x=4,fc=— 1; x — — 4,fc = l; x=— 4, fc=—l. 

2. A = <2, £=V3; A = J2, £ = -^3; A = -^£=V3; 4 = -^ 

£=-V3. 

3. r=4, 8=3; r=4, 8 = — 3; r = — 4,8=3; r=— 4, 8 = — 3. 

4. m=fVi05, n=f<\P5; ro=$Vl05, n^-fV^fl; ro= -f VlO^ n= 

5. TT=AV65, F=AV9T; Tr=AV65^=-AV9T; TT=-A^65;y = 

A VST; TT=-AV65; V=-AV91. 

6. x=5, y=3; x=5, y=— 3; z= — 5, y=3; s = — 5, y=— 3. 

7. w =6, J = l; v=6, J=-l; »=-6, * = 1; t;=-6, J=-l. 

8. 72=5, D=2; 72 = 5, D = -2; 72= -5, D=2;*72 = -5, D = -2. 

9. a = *V2; fe=jV2"; a = \<2, 6=-iV2; a=-l^ 6 = J>&"; a=-iV£, 

10. P=2, Q=3; P=2, Q=-3; P=-2, Q=3; P=-2, Q=-3. 

11. x=§, y=5; x = f, y=-5; x=-f, y=5; x=-|, y=-5. 

12. tf=6, 72=*; ^=6, 72= -J; #«= -6, 72=£; #=-6, 72 = -J. 

13. C=6, y=9; C=6, j/=-9; C=-6, y=9; C=-6, y=-9. 

14. r=4, r'=2; r=4, r' = -2; r=-4, r'=2; r=-4, r' = -2. 

15. s = i, y = i; x==i| y=-\) x ._ fc ^j. ^..^ y=s _ }# 
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Page* 148, 149. 

1. x=2,y = l; x=-2,y=-l; x=\<&,y=\J2\ x=-}>6i y=-J^". 

2. a=6, 6=3; a=-6, 6=-3; a = f V6", 6 = fVif; a=-jV6i b^-fVST 

3. m=2, n=-6; m=-lj, n=5J; m= -1 + ^33, n=-l + ^33~; 

ro=-l--J33, n=-l-<>§3. 

4. *=-5+V91~, <=|-*V9T; »=-5-V9l", *=i+jV9l"; »= 

-V+iVSooT, *=H-AV30oT; »=-¥-i>§oor, *-it+A^S»f. 

5. af=4, y=4; x = -4, y=-4; a;=4^y=-4V3; x=-4V3", y=4V3. 

6. F=0, 0=Vl9; 7=0,0= -VST: 7=3, 0=-2; 7= -3, 0=2. 

7. P=V5, Q=0; P=-V5, Q=0; P=5, Q=-3; P=-5, Q=3. 

8. a=0, 6=3^3; a=0, 6=-3V3~; a=3, 6= -3; a = -3, 6=3. 

Page 150. 

1. z=3, y=4; x=-3, y=-4; x=jV3, y = |^; x=-}V§] y=-|^ 

2. ro=2, n=4; m=-2, n = -4; ro = V2Jn=3V2; ro = -V^ n=-3^~. 

3. A = l, B=2; A--1, fl=-2; .4 = ^5=0; -4 = -V3, fl=0. 

4. A=3, fc = l; A=-3, *--l; A=jVlO, * = — f VlO; A=-}VlO, 

*=|Vl0. 

5. v=2, w=— 2; t>= — 2, u>=2; v = ^^7 f «?=— fV7; »=— fVT, i£7 = f V7T 

6. J2=5, *=-2; i2=-5,*=2; i2 = yV^5, *=$V^5; /2=-yV^5, 

7. s-1, y=5; x=-l, y=-5; z = 14, y=-8; z=-14, y=8. 

8. Jf=2, tf=5; Jf = -2, tf=-5; Af =4V3, AT = -^fcT; M=-4Va; 

tf=V£ 

9. a=2, 6 = 5; a=-2, 6 = -5; o=4^ 6=3V2; a=-4^6=-3V£ 

10. p=8, 9= —5; p= -3, q= -5; p=3, g = 5; p = -8, (7 = 5. 

11. F=5, C=4; F=-5, C=-4; F=V3, C=3^3; F=- V3J C=-3V3~. 



12. * = 1, 17=5; *=-l, 0=-5; t>=fV-10, g = — fV— 10; t; = -|V-10, 
f-flPlO. 
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[pp. 152-145 



1. x»-l,y«2; x=2 f y=-l. 2. p=-2,*=5; p=5,«=-2. 

3. a=6, 6 = 1; a=-6, 6--1; a=l, 6-6; a=-l, 6= -6. 

4. m = l, n=6; m=6, »=1. 

5. P=3,Q=2; P=2,<?=3; P=-2,g=-3; P=-3,<?*-2. 

6. tc=6 t r=2; 10= —2, » = —6. 7. x=5, y= —3; x=3. y = —5. 
S. x=5, y= — 1; x=— 5, y = l; x=l, y=— 5; x=— 1, y=5. 

9. 4=l,B=-3; A = -1,B=3; A=3,B=-1; A = -3,B=1. 
It. m=3 f n=2; m=-2, n=-3. 11. *=3, / = 1; * = 1, t=3. 

12. x = |V5+§ 1 y = |Tfe-|; X-H5-J, y-iV5+|; x=-W5~+§, 

y=-|^5-J; x=-J<J5-J,y = -iW5+i. 

13. a=4, 6=5; a=5, 6=4; a = ^-14-5, 6 = - V-14-5; . 

a= - ^PIT-5, 6 = V^14-5. 

14. 1F=6, F=9; IF=-9, 7= -6. 

1$. r-l.r'-S; r=-l, r'=-5; r=-5, ^=-1; r=5, r'-l. 
16. x=5, y=3; x= — 5, y= — 3; x=3, y =.5; x= — 3, y = — 5. 



Page 154. 

1. m=2,n=3; ro=3,n=2. 5. P = l, Q=3; P=3, Q = l. 

2. t>=3, *=0; t>=0, *=-3. 6. a = l, 6=3; a=3, 6 = 1. 

3. a=5, 6=— 2; a=2, 6=— 5. 7. u>=4, r=2; 10=— 2, v=— 4. 

4. x=4, y-1; x = l, y=4. 8. Jf=3, iV=2; Jf = -2, i\T= -3. 
9. x=3, y=3; x=-3, y=-3; x=3, y=3; x = -3, y=-3. 

10. r=3, * = 1; r = —3, 8 = — 1; r = l, 8=3; r= — 1, «= —3. 

11. a=2, 6=3; a=3, 6=2. 

12. m=0,n=0; ro = H^n = -i>/6; w= -lV6^n = fV6T 

13. »=0, t = l; t; = l, t=0; »=-2, *=3. 

14. x= -7, j/=7; x=3, j/=2; x = l, y=3. 

15. m=0, n=0; m=5, n = l; m= —5, n= — 1. 

16. (1=2,6=7; a = },6 = li; a= -i+}V^3>=0; a=-J-jV :: 3;6=0. 
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156,154. 

1. m=l, n=2; m=2, n=l; m=|+jV-55, »=i-jV-55; 

m=l-jV-55, »=|+jV^5SL 

2. u;=4,» = l; u>=-l,»=-4; w=f+H-79,r=-i+lV^79; 

3. A=l, B=3; A -3, B-l; A=2+5V^1, B=2-5V^T; 

A=2-5V^T, B=2+5V i: r. 

4. x=f+J V-75+4^^ y=|- J V-75+4^353; 
x={4^V-75-4^^y = i-jV-75-4V353; 
x=f-J V-75+4^553, y=f +1 V-75+4V353! 

x=}-} V-75-4V3of, y=i+l V-75-4V35JT 

5. n=3, m=2; n=2, m=3; »=6, m= —1; »= — 1, m=6; 

»*=l+*^9[ m=}-J<teT; »=i-J^9; m=i+jV29] 

6. a = l,6 = l; o=-l,6 = -l; a^V^ 6=jV^3; a=-jV^3, 

6--lV^3[ 

7. fc=2, Jfe=2; A=-6, *=6; A=2V^3, Jfc=3-V^3; A=-2V^* = 

3+vp3; *-v-i v=3; *-^+fV^3; *-v+»v^3; *=v- 

H-3. 

8. 3=3, y=3; :r=-3, y=-3; x=3^£ ys =-3V^3T x = -3V^ 

y =3V— 3; and eight other complicated imaginary solutions. 

9. p=0, g=0. 

Page* 161, 162. 

1. x=6, y=3; x=-ll, y=6f. 2. x=9.1,y=4.1; x=-4.1,y=-9.1. 

3. x=5.7, y =4.7; x=5.7, y = -4.7; x= -7.9, y =2.8; x= -7.9, y = -2.8. 

4. x=4.5, y=4.1; x=4^, y = -4.1; x= -3.5, y=2.9; x= -3.5, y = -2.9. 

5. x=5.4, y =5.4; x=5.4, y= -5.4; x= -5.4, y=5.4; x= -5.4, y = -5.4. 

6. x=6.96, y=5.70; x«6.96, y=-5.70; x=-6.96, y=5.70; x=-6.96> 

y=-5.70. 
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7. x =4.5, y =4; x = —4.5, y =4;z «3.6, y -» — 3; x = —3.6, y = — 3. 

8. x=7.5, y=6.6; x=7.5, y = -6.6; x= -7.5, y =6.6; x = -7.5, y = -6.6. 

Pages 162, 165. 

1. 4; 9. 3. 50 id.; 40 id. 5. 20 yd.; 30 yd. 

2. 12.8+ ft.; 7.8+ ft. 4. 30 ft.; 40 ft. 6. 18 ft.; 24 ft. 

7. 12 in.; 16 in.; 20 in. 9. 6 in. by 6 in., or 9 in. by 4 in. 

8. 16ft.; 20ft. 10. 2 in. and 1 in., or 3 in. and 2 in. 

11. 6; 8. 13. 40 ft.; 50 ft. 15. 10 da.; $3.25. 

12. $96. 14. 25 ft.; 40 ft. 16. 6 men; 8 da. 

17. Apples $32, potatoes $22; or apples $31.05, potatoes $22.95. 

18. $250; 6%. 19. 8.4-. 20. 9f; 96. 

21. 24, $200; 25, $192. 24. 48 id.; 32 id. 

22. 130 mi.; 117 mi. 25. 20; 40. 

23. A, 2} mi. per hour; B, 3 mi. per hour. 26. 4 yd. ; 5 yd. 

Pages 165, 166. 

1. m=5,n=— 1; m= — 1, n=5; m—— l,n= — 4; m=— 4,n= — 1. 

2. £=0, y=0; x=5, y=-5; x=5, y=4; x = lj, y = J. 

3. A =3, B = l; A = -l, £=-3; A = l, £=3; A = -3, fl=-l. 

4. p=-i, tf=796. 



5. z=3, y=6; x=6, y=3; x = — V+JV513, y = — ¥-*V513; 

x =-Y-iV513, y=-V+iV513. 

6. r=5, 8 — — 1; r = l, 8 = —5; r = l, 8=4; r=— 4, 8= — 1. 



7. Jf=4, iV=5; M=5,JV=4; Af = -f-lVl61, AT= -l+iVIoT; 

M=-f+iVl6%tf=-S-iVl6T 

8. s=0, y=0; x=4, y = l; x = l, y=-2; x=-J, y=-|. ' 

9. u>=2, t> = l; ii; = l, t>=2; w=-l, y=-2; it? =-2, v=-l; 
uj-iV^+jVll^-iV^l-iVir; w; = iV :: l-lVTli 
t^jV^l+iVlT; M;=-iV :: l+iVlT;t'=-iV :r l-Hli"; 

w =-}V z l-iVii7y=-iV :i i+jVir 
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10. d = 13, * = i<j33; d=-13, t = i>§3; d = 13, *=-l<\£3; d=-13, 

<=-1^3. 

11. P=2, Q=3. The other three solutions may be obtained approxi- 

mately graphically. 

12. a=0, 6=0; a=-J, 6= -J. 

13. A=0, *=0; A = 14, Ar = 14; A = l- Vl3, fc = l + Vl3; *=1+Vl3^ 

* = 1-Vl3. 

14. z=25; y=9; rr=9, y=25; s=-81+8V^97, y=-81-8V-97; 

x= -81-8V^97, y= -81+8V^97. 

15. to =27, n=8; m=— 8, n=— 27. 16. Impossible. 17. x=10,y=6. 
18. w=8, r=2; tc=2, i/=8. 19. x = i,y = }; x=— }, y=— }. 

Pages 167, 168. 

1. i. 2. T fo; 0.03. 3. nhwl 0.00004. 

4. 3.1416, approx.; no; it cannot be expressed by two whole numbers. 

5. V; 7.2. 7. J. 9. Ratio=||. 

6. — r ; — z. o. —.. 12. Yes. 

m*— mn+n* U 

13. Ratio =VZ 14. f. 15. $960; $1440. 









Pages 169, 172. 






1. 3. 

2. }. 




2/ 


15. 8. 

16. 2f. 




23. *V. 

24. tiw*. 


3. 3f. 

4. 13J. 




10 2T 
11. *». 


17. 10. 

18. j5« 




25. £ 

V 

26. (a+6)(a*-&*) 


5. 21. 




12 £ 


19. 2x». 




27. =4. 


6. 10). 




be 
13. 0. 


20. to*— n*. 




28. =15. 


7. 3f. 




u »* 


21. 48. 




29. =18. 


8. 110i. 




14. -. — . 
r —r 


22. i 




30. .= ^S5. 


31. ±4ab. 




33. 


7. 


35. 


. 4§ inches. 


32. *(F- 


V*). 


34. 


15,000. 


36 


. 26§in.; 33iin. 
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[pp. 172-189 



37. 42tV ft. 

38. lOf in.; 7* in. 

39. 8} in.; 5) in. 

40. 9.9- in.; 6.1 + in. 



1 -?-*• * — *- 

t- 9 v~ r 



41. 11.1 + ft.; 6.9 

42. 5i ft. 

43. 58 ft. 

44. 80 lb. 

Pages 178, 181. 



- ft. 45. 42 A lb. 

46. 2401b. 

47. 54 lb. 

48. 901b. 



3. 45. 4. A. 5. 900. 

9. 157ilb.; 901b.; 451b. 
It. 96 lb.; 37} lb.; 12}J lb. 

11. 256 ft.; 1600 ft.; 57,600 ft. 

12. 2400 lb. 

13. 4320 lb. 

14. J candle-power. 

15. 4 candle-power. 



2. vcc—; vp=k; v'p'^v'p*. 

6. 56 lb. 7. 90. 8. 72. 

16. 75 candle-power. 

17. 2 ft. 

18. A s^'J i 8ec «J i Bec ' 

19. 400 cm.; 1600 cm.; 10,000 cm. 

20. 355£ gal. 

21. 88 days. 

22. 4333 days. 



Page 183. 
1. Circumference. 2. 1. 3. $. 4. 0; 0; 6. 5. 0. 6. 0. 





Page 187. 




1. J. 


2. -j^. 3. — 4. 


4. f. 


5. Inconsistent. 


7. Inconsistent. 


9. Indeterminate 


6. Inconsistent. 


8. Indeterminate. 
Pages 187, 189. 


10. Indeterminate 


5. ±(wi»-n 8 ). 


13. 0. 


22. 2. 


6. 2V3". 


14. 0. 


X<5. 2» 


7. F =kw. 


15. 8. 


24. J. 


8. fJ*?'. 


16. 8. 


25. 1. 


9. F=-!j-. 


17. 1. 


26. J. 


10. Hd*=k. . 


18. 0. 


27. 1. 


11. rJ^. 


19. i. 


28. 6. 



12. 0. 



21. 1. 
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Page 190. 

1. 5, 6, 7, 8. 5. A, ,h. tIv, *At- 9. 41, 122, 365, 1094. 

2. 10, 12, 14, 16. 6. 25, 36, 49, 64. 10. 16n«, 32n», 64n«, 128n 7 . 

3. ll,8,5 r 2. 7. -12, -17, -22, -27. 11. Vl4, Vl7, V20J V23". 

4. 16, 32, 64, 128. 8. {, ?, }, |. 12. -32a»/ 10 , 16a** 8 , -8aV, 4aV. 







Pages 192, 193. 




1. 146. 


8. 31st. 


15. -71; 3|. 


22. 1+45*. 


2. 61. 


9. 37th. 


16. 49; 81. 


23.' a+(n-2)d. 


3. 61. 


10. 3. 


17. 14}; 26}. 


24. a+(n-4)d. 


4. -102. 


11. 5. 


18. 200. 


25. 624 ft.; 1904 ft 


5. 15J. 


12. 8. 


19. 199. 


26. at-ia. 


6. 257. 


13. 57. 


20. 496. 


27. 14 sec. 


7. 16th. 


14. 2; 3. 


21. 73n. 





Pages 194, 195. 

1. 5, 9, 13, 17, 21, 25. 3. 3, 7, 11, 15, 19, 23, 27. 

2. 12, 8}, 5, 1}, -2. 4. -6, -1, 4, 9, 14, 19, 24, 29. 

5. }, -1, -2}, -4, -51, -7, -8}, -10. 

6. 1, 1A, 1 A, 1}*, 2A, 2A, 2H, 3A, 3A, etc. 

7. 3, 5f, 7?, 9f, 11$, 13?, 15?, 18, 20 j, etc. 

8. }, I, A» i- 9. n, Jin, }|n, A™, Jn, }iw, }n. 

10. 12; 40; 25; 2; -2; }J; A; 1^5; *• 11- <**+&*. 

12. 48 ft. per second. 13. 176 ft. per second. 14. 32 mi. per hour; f hr. 

15. 12 1 in.; 23f in.; 34 f in.; 45 J in. 

16. 3 oz.; 5 oz.; 7 oz.; 9 oz.; 11 oz.; 13 oz. 17. 4°. 





Pages 197, 


199. 




1. 1575. 


6. -2385. 




11. 7350. 


2. 608. 


7. 5050. 




12. 7500. 


3. 231. 


8. 10,100. 




14. n*+n. 


4. -945. 


9. 10,000. 




15. 80. 


5. 117}. 


10. 2475. 




16. 5 or 6. 
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[pp. 199-206 



17. 24. 

IS. 20. 

19. * -13; 5-286. 

29. tt-24; 1 = 117. 

21. a=42; {=-26. 

22. -8, -4, 0, 4, 8. 

23. 156. 



24. 900. 

25. 2550 yd. 
2*. 150 in. 

27. 590 ft.; 30 sec. 

28. 576 ft.; 1600 ft.; 

57,600 ft. 

29. 16,896 ft. 



39. 10 

31. $10,600; $7300. 

32. $12,250. 

33. 144; 121^ 100; 650. 

34. 4994- in. 

35. 2, 6, 10. 

36. 1,5,9. 



1. 128. 

2. 100,000,000. 

3. if. 



Pages 291, 292. 

4. 1458. 7. 16,384. 

5. 1024. 8. 2. 

6. -|. 9. 6. 
13. 9, 18, 36, 72, 144; or -9, 18, -36, 72, -144. 

M. xh, A, i, J, 2, 8. 15. 16. 16. ^T 17. 5? ± 

18. $11,809.80. 19. $119.41. 29. $579.64. 

21. 259,374. 22. T *Y«* ft. 



18- nftn« 

11. = 12^£ 

12. V- 

m' n? 



1. 7, 14, 28, 56. 

2. 2, 6, 18, 54. 

3. 16, 8^", 4^54, 242916, 

4. 1, 4, 16, 64, 256, 1024. 

5. 80, 40, 20, 10, 5. 

11. = (o*-a&). 12. 15;4<& 



Pages 293, 294. 

6. 24, 16, V, V, VA W- 

7. -9, -18, -36, -72, -144. 
54. 8. 1, ft, Vi, 2. 

9. m, ifmHi, Hmn* t n. 
19. -2; ±12; = 10; =2-\£; =4. 
13. 4; 16. 14. 10; 18. 15. 11.088; 23.068. 



1. 6138. 
6. 5555. 

1-*" 

8. 49}J|. 
6n-384n* 
'• l+2n ' 
19. 24+26 ^g; 

11. 2/ft. 

12. 3. 



2. 364. 



13. 

14. 
15. 
16. 

17. 

18. 



Pages 295, 296. 

3. 86. 

8. 

6. 

149f! ft. 

152m cu. in. 
4 yr. 



4. 1513- 
19. H. 



5. 63$}. 



29. $1.125509-. 

21. $1159.27+. 

22. $119.41-. 

23. $3736.29. 

24. $18,681.45. 
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Pages 208, 209. 
1. 16. 2. 18. 3. 22*. 4. 3A- 5. 4*. 6. |. 7. 1J. 8. 4+2^ 

13. i i, A, t*», ***; or J, |, A, AV, ifa- 14. A or 4#. 

15. }. 17. H- 19. AV- 21. 4A- 

16. &. 18. A- 20. li 22. 3HJ. 

23. rffo. 24. 12* in. 25. ¥* sq. in. 

Pages 209, 210. 

2« Tl« 3. A* 4. A* 5. A* 6. jfy. 

7. -}, -2, 2, i |. 10. i, Jf f A, A, A, if, 3. 

8. i; 3. 13. *12. 

9. -f, -2, -6, 6, 2, f. 14. 0.1 and 159.9, approx. 



1. n 10 . 

2. F*. 

3. fc». 

4. #». 

5. 2«. 

6. 5 7 . 

7. 3». 

8. (-D 6 . 

9. (-2)'. 

10. (-a) 8 . 

11. 3*\ 

12. !»+». 

13. P*». 

14. a 7 . 

15. y*. 

16. Z>*. 





Page 213. 


> 




17. r. 

18. ww 8 . 


33. 
34. 


m*n 4 . 


45 ?? 


19. 2t. 


35. 


iY 


46 8m ' 


20. 2*. 


36. 


w. 


21. 3*. 


37. 


2»X5». 


47 *** 


22. (-1) 2 . 


38. 


7»X3*. 


32a»°a 10 " 


23. (-n) 4 . 


39. 


o 8n 6 10 ». 


48. a 8 . 


24. s*°. 

25. AT 18 . 


40. 


3* 
4>' 


49. n». 

so. xy. 


26. s 48 . 

27. k 100 . 

28. 2«. 


41. 
42. 


2* 
3 4 * 

4^ 


51. 2r«. 

52. a*6». 


29. 3 8 . 

30. (-1) 18 . 


43. 


5 4 

+ 1 - 


53. a*. 

54. P. 


31. (-6)*°. 




2 s 


55. m*. 


32. x* 1 -*. 


44. 


mi 

~~3»* 


56. 1024a*°6 



44 ANSWERS [pp. 214-217 

Page 214. 

1. 1. 3. 1. 5. 1. 7. n*. 

2. 1. 4. 1. 6. 81. 8. 1. 

Pages 215, 216. 

2. A- U. uti* ~*V ^ +1 

3. ^ "• 324. 24. -!^. 32. 2=g. 

j -6f* a+b 

4. *. 17 . _J 33 ^ 8 

6 * L 18 ' 6 s ' *• ji" 35. \xy-i. 

8. 1,000,000. 19 ' IT' ^ 365".- * B *" * 

9. 4. _ n* 



I 37. tr*J*. 



10. I. vri 



2°- ~r 28 ' 5F* * 38. a^+t/" 1 . 



11. 125. 21. a^. 29. 2+5- 39. a6-*+«r*6. 

12. V- „ 1 M 6+a 40 - 2wm - 

13. W- ^*" fr^V «• (a 8 +«^+^)" 1 . 

Page 217. 

1- 2. 18. MS- 2Vm» ■ 41. uM 



2. 3. 19. tf. 

3. 9. 20. W- 9 ^ 



42. a*6*m*n*. 



4. 8. 21. *V 32 ' "^f 43. 3*xV 

5. 125. 22. ^15. z 44. bM. 

6. 8 23. I. 33. ^ ^ 



7. 27. 24. 24. 



*/pV 



8 - 25 ' 25. i. ^^ -^-V 46. x^. 
9 8 1 

lo! 32. *' ^ 35. *5W. «• <«-» * 

11. 243. 27. -& 4fo :r 6) i 48. (l+z 1 )*. 

12. 256. * "^P 36. fe-fc. ,„ ± = 

13. J. 28. 37. \mn. , 

14. i. ^M'^' 38> ,| 50. (1 -«)-*. 



16. A- 

9 



17. * 



30. -9«fe*. 40. J. 52. (a+6)*(a-&r* 
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Page 219. 

1. A*. 14. N*. 27. lp«*. 40. n*. 

2. 4n. 15. K*. 28. Jr*~A 4^ x -|. 

3. 1. 16. ab. 29. a*. 42. a:— y. 

4. 12*. 17. aT*^""*. 3f. ft. 43. JP-F- 1 . 

5. o. 18. 2P~~*F~*. 31. ni 44. m*-n*. 

6. 15p~*. 19. ofV. 32. *. 45. J^-JlM+i* 

7. A***- 20. x~V- 33. rfr. 46. x^+xV+y*- 
8- F" A r A 21. -~*/2-». 34. a*. 47. x+x*-2. 
9. jf****. 22. m-*-*. 35. w~™v~K 48. 9m"^-16i»». 

23. 2 J £T*n" J . 36. iAiT 1 . 49. «*+26* 

24. T bJ#*.4-». 37. Jk-i n ~*. 50. *-*+*-*+l. 

25. |ryV. 38. a~^6«. 51. l-y~*-|_ y -i. 

26. 3-*o-«6M. 39. f - W 52 . n-i-^-i+g. 

53. *-*+*-»+*-i+l. 63. A— -2A"*'+1. 

54. »*— **«*+»»**-*=*»+/*. 64. a-b. 

55. M*+2Af J A^ J +^" 1 . 65. **+*ly*+ y *. 

56. a-2aV i +6-\ 66. **-l. 

57. 1 -2x~ *+x~ *. 67. n« - 1 +«-*. 

58. E- i +2E-iF-l+F-*. 68. p*+4pV+16g*. 

59. e**+#-**+6-4e*-4e-*. 69. nfi-n*. 

60. l-2r- 1 +x-*+2x-»-2x-*+:r-«. 70. E+F. 

61. n*+2n*+3+27i~i+n~*. 71. x*+i+*-*. 

62. **+****+****+**. 72 . 4^_ 3 




46 ANSWERS [pp. 220-224 

Pages 220, 221. 
1. a-**+a— +1. 2. 3-+1T. 

3. *-*»-2*-»»+3r-*»-4<-»+5-4r+3* 1 »--2J 8 »+( 4 ». 

4. m*+n*. 9. 3x*-2+x"" i . 

5. (4+n-i)(4-n~ l ). 10. m-SmK^+sJ. 

•. (fi-f/?- 1 ) 1 . 11. A+4-2A- 1 . 

7. (3-tf- l )(9+3J\r-»+iV-*). 12. *»+*-»*+**-*. 

8. (Jk- 1 -3)(ik- l +2). 13. r*+2r*+r~* 

14. a" J -o~M+6 J . 

Page 224. 

1. a 7 +7^6+21oV+36a 4 6»+35a*ft 4 +21o*6 B 4-7a^+b 7 . 

2. o 7 -7a«64-21a B ^-35a 4 6»+35a»fr*-21a l & 6 4-7a6»-6 7 . 

3 . m 8 +8m 7 n +28ro 8 n 2 +5ero 6 n 8 +70ro 4 n 4 +56™^* +28m*n 8 +8mn 7 +» 8 . 

4. m 8 -8m 7 n+28w«n , -56m 6 n»+70m 4 n 4 -56m 8 n B +28in 2 n 8 --8mn 7 +n 8 . 

5 . x 9 +9x*y +36* V +84*Y + 126aV + 126*V +84zty» +36xV +9xy* 

+V 9 . 

6 . u 10 - Hkft +45t>V - 12O0V +21CW - 252tft* +210^ - 12QpV +4$i** 8 

-1(M 8 +* 10 . 

7 . h* + 12A»ik +66Zi I0 A; 1 +220^ +495A 8 * 4 +792/1 7 * 6 +924/i 8 fc 8 +792/i B fc 7 

+495Mb 8 +220ZM 9 +66Mb 10 + 12M 11 +& 12 . 

8. P» - ^P^O +78P»Q* -286P 10 Q S +715P 9 Q* - 1287P 8 Q B + 1716P 7 Q 8 

-1716P 8 7 +1287P*0 8 -715P*Q»+286P^ 10 ~78P s Q u -i-13P0 ls --OM. 

9. l+4x+6x»+4x 8 +x 4 . ' 

10. l-5n+10n*-10n 8 +5n 4 -n 6 . 

11. a 8 +6a 8 +15a 4 +20a > +15a*+6a+l. 

12. 32a*+8(hty+80aV+40xY+l(h^4V. 

13. a ,8 -8a M 6 f +28a"^-^6a 10 6 8 -f70a 8 6 8 --56a 8 6 I0 +28a«6"-8a l b 14 +t 16 . 

14. M 8 -18M*i\^+135MW 4 -540M 8 iV 8 +1215M 2 iV 8 -1458AfAr i0 +729i\r u . 

15 . 64F 8 +576VH +2160F 4 * 2 +4320yV +4860F** 4 +2916 W +729*. 

16. l-8x 8 +24x 8 -32:r»+16a:» 
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17. 128p» 4 +448p^+672p»V+560pV+280pV+84pV+14pV+g 7 . 

18. 1-15V , +90V«-270F»+4057 U -243F 11 . 

19. y»°+l<yV+45i^+120^2»+21^ 

+4V«*+ 101^+2* 

20. 1+16*+1126 8 +448& U +1120& U +1792P°+^^ 

21. l-3n+yn«-jn»+tfn<-A» 8 +A» 8 . 

22. A^+^^o^ +A ^s^ +A ^^^ T4TJB 4 J p 8+tlr£!F io +Tij ^u # 

23. ^*o_j^i.+j^i2_Ya 8 +Ya*.-l. 

24. 1296/2 8 +432/2 8 +54#+3JP+t 1 *. 

25. a 18 +18a 17 6+153a M &*+816a 1 *&»+ 

26. a™-20a 1 »&+190a 18 6*-1140a 17 &»+ 

27. l+40iV+780iV 2 +9880Ar»+ 

28. f M -3(K w +435*"-406(W I7 + 

29. x M +4az»+76Qx 18 +9120x 17 + 

30. M«-48M«W+1104Jlf«JV»-16192M«W 8 + 

31. UT«-66ttW+2O79t0 4 V-4158OuW+ 

32. (ix)»°+30(ix) M (2j/)+435(ix)"(2y) l +4060(lx)»(2y)»+ 

33. n 40 -80» M +3120n*-79040n»*+ 

_ 65536a 1 * 131072a 18 122880a 10 71680a 7 

**• fri« + &u + [>io + 57 + 



4K . . a, n(n— 1) . ,., n(n — l)(n— 2) „ ... 

35. a n —na m - 1 b-\ — ^ — -a*-*?* 1 ^ -a"- 8 ^ 

, n(n-l)(n-2)(n-3) llu 

+ 24 ° *~ 

36. 3.14-. 37. 6.19+. 38. 1.37-. 39. 0.00+. 40. 59604.64+. 

41. 1 

12 1 

13 3 1 

14 6 4 1 

1 5 10 10 5 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 82856 70 56 28 8 1 

1 9 36 84 126 126 84 36 9 1 

1 10 45 120 210 252 210 120 45 10 1 
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[pp. 226-228 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 

11. 

12. 

13. 

14. 

15. 



Page 22b. 

l-n+n*-n»+n*- 

l+3*+6**+l(tf+15t 4 + 

i+l*-l**+As»- T i I z«+ 

l-ifi-tlP-AiF- ,%#- 

l+la- 1 »,a»+ T £ 1 a'- I ii I a«+ 

l+*»+x«+x»+x u + 

l-2Jfc*+3* 4 -4Jfc«+5*«- 

1 -hP*+lP*-T\I»+tf s P i - 

l-2a*+6a«-20a«+70a»- 

l+30»+18if+126y»+945y»+ 

a"*-f ia _i V+A«" V+A^^V+A^a" V ft»+ 

**+§x"*y*- i*~ WA*"~V"-tS**"~ V+ 

m*+§m*n*+iro*n- 1 + 1 Vm*n~*+ 1 j y i 1 m*n-- , + 

2*i;*+|X2" i i;"¥-JX2"^"*^+AX2"" i r"^ i - s JyX2" V p"^V 
+ 

3"*p*+iX3"*pr- 1 +iX3"*pV t +Vi x X3" V p l g-» 

+i»xar 



P^q- A +. 



1. 
2. 
3. 
4. 



1.968 -. 
3.037 -. 
4.041 +. 
2.924+. 



Page 227. 

5. 5.066-. 9. 2.993-. 

6. 6.028-. 10. 2.015+. 

7. 2.080+. 11. 4.998+. 

8. 4.019+. 12. 3.001 -. 



13. 3.036+. 

14. 1.961 -. 

15. 2.030+. 



1. 20aW. 

2. 35x*. 



9. ilMkarVyi 

10. MfAfR^r". 



11. 



V2q~V 
128 * 



Page 228. 

3. -77520*". 

4. -658008ro"n 5 . 



12 17X35X29X37X41X53X57 -V 

2X4 20 a 



5. 220a*V. 7. -fix 18 . 

6. A-t'B 1 *. 8. A fiF^- u . 
13. ,%*». 

33V2n M 



14. 



15. 



33554432 
27170 -H* 



4782969 
16. 5e~K 
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Page 229. 

2. a*-f6a^+15aM+20a*6»+15aV+6o*6^+M. 

3. m tt +10m*V+45ro%i»+120m^n*+21^ 

+120ro*n^+45m^ u +10ro*n ¥ +n». 

4. e* 7 -12e** +666^ 5 -220e* 4l +495c 1 •-792e^^-924c^ ^ -792e^+495e• 

- 220e^ T +666* - 12e* + 1. 

5. a 5 6- 1 »+10oV^V45o«6- 7 +120a*6" J21 >210a~ 1 6- 4 +252a" *&"* 

+210a- 4 6- 1 + 120a" ^b^ +45a~ 7 6* + 10a" ^6* -f a- 10 6». 

6. 81m 4 n-»+108m^n- 6 -f54m»n- , -| : -12m^n+m*n 4 . 

7. x»jr- 4 -6a*y"^ 7 +15xy"»-20y~*+15x- 1 y*-6x-*y J ^+x-»y». 

8. a 1 '6- 1 +2a»6" i * + ia*6" llff +§a"V 7ff +Aa" 4 ^- 

9. l+4x+2a*-82*-5x 4 +8x i +2z«-4x 7 +x«. 

11. 16-32m+24ro , -8m*+w 4 +32n-48ron+24mVi+4ffi*n+24n*-24mn* 

+6m*»*+8n» -4iiw»+n«. 

12. a 4 +^+c < +a M +6aV+6aV+6aV+6fcV+6W»+6cV-4a»6+4a»c 

-4a*d--12a t 6c-f-12a J 6d-12a 1 a/--4a6 s +12a6 1 c~12afc 2 d-46*c 
+46*d - 126*cd - 1206c 2 +4ac* - 12ac*d - 46c» + 126c*d - 4c*d - 12a6d* 
+ 12acd* - 4ad» - 126cd» +46d» - 4cd* +24a6cd. 

13. l-a+o^-Htf+l^-^+Htf-tt 7 +&»-*•. 

14. 16a 4 +6 4 +81c»+24aV+216aV+64fcV-32a*6+96a I c*-144a«6c« 

-8a6»-h72a6*c* - 126»c* -216a6c< +216ac« - 1086c 6 . 

15. n-»+4n^+10n^+16n-*+19+16n*+10n 4 +4n 6 +n«. 

n(n — l)(n— 2) to r factors n _ r j- 

1.2.3 to r factors 

,_ n(n— l)(n— 2) to r— 2 factors , .„ . 

17. — — «■— (»*— ttfcr— 1 

1.2.3 to r-2 factors ° " 

18. -56^%^. 19. 210a~*6~ ¥ . 20. 6.0368+. 
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ANSWERS 



Ipp. 230-237 



Pane 230. 



2. log*64=6. 

3. log*25=2. 

4. log,81=4. 

5. log 4 64=3. 

6. log5l25=3. 

7. log 7 343=3. 

8. log 10 10000 = 4. 

9. log*15625=6. 

10. log«A=-2. 

11. log4A = — 3. 

12. logie2 = i. 



13. log 8 }=-i 

15. 2* = 16. 

16. 4* = 16. 

17. 3»=27. 

18. 10» = 1000. 

19. 6" =216. 

20. 4«=256. 

21. 8* =4. 

22. 27* =81. 

23. 7- 2 = A- 

24. 3- 6 = jh. 



25. 10-* =0.001. 

26. 100~* =0.001. 

27. 4. 

28. 3. 

29. 2. 

30. -4. 

31. 3. 

32. -1. 

33. -2. 

34. -2. 

35. 3. 



36. -3. 

37. 0. 

38. 0. 

39. 4. 

40. 64. 

41. 1024. 

42. A- 

43. *J*. 

44. 2. 

45. J. 

46. h 



1. 1. 

2. 2. 



1. 2.3324. 

2. 2.8280. 

3. 2.9731. 

4. 2.8555. 

5. 0.6646. 

6. 1.2989. 



Page 233. 

3. -2. 5. 0. 7. 0. 

4. -4. 6. 4. 8. 0. 



7. 2.9191. 

8. 1.2041. 

9. 1.4624. 

10. 0.9294. 

11. 2. 

12. 2.9542. 



Page 236. 

13. 0. 

14. 0.3010. 

15. 3.2263. 

16. 1.5349. 

17. 2.0022. 

18. 2.9670. 



9. -1. 
10. 3. 



19. 1.9361. 

20. 3.4983. 

21. 2.8353. 

22. 3.6302. 

23. 0.0398. 

24. 4.0792. 



11. 1. 

12. -3. 



25. 1.9999. 

26. 3.3079. 

27. 3.9208. 

28. T.7025. 

29. 4.8363. 

30. 2.8739. 



1. 472. 

2. o4.o. 

3. 1210. 

4. 6.18. 

5. 0.0789. 

6. 0.0095. 

7. 0.415. 



8. 1.69. 

9. 57.3. 

10. 7270. 

11. 1.53. 

12. 0.289. 

13. 0.0427. 

14. 488333. 



Page 237. 

15. 300.8. 

16. 4007. 

17. 0.005315. 

18. 790.67. 

19. 10223.8. 

20. 29.53. 

21. 0.09474. 



22. 7.015. 

23. 0.25641. 

24. 0.00001052. 

25. 1094.5. 

26. 0.00029893. 

27. 7.4733. 

28. 37.445. 
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1. lo*>r+lo & y+log*+Io*>ir. 3. lo & 2+log fc x+2logajf+31o & ^ 

2. 21oK*E+2)og*y. 4. 2loe*r+loft>y-3lQ&?. 

5- log^+log»x- loft>y— log^r-log^c. 
6. lo & 8+2k>g^+2lo & y-3lo^-log.tr. 

7. 2(log^r+lo & y-lo & ?-lo & ic). 9. Ikg^+Uo&y-ilog*. 

8. ikgbX-ilog*. li- Jfc&x-iteMf. 

12. Jlo & x+ik)gi^-Jlog^-ilo & iF. 

13. J10&? +110^-110^. 

14. Jlop»x-ilo&y+ik>g^- ilog.tr. 

15. Ate&r-x'ilogtf. 17. llog2+llog9. 

16. ilogl728. " 18. }log98-)log56. 



1. 23.41. 

2. 93.8. 

3. 0.00117. 

4. 248.43. 

5. 25.635. 

6. 0.1469. 

7. 160.9. 

8. 5428.7. 

9. 0.08935. 

10. 18.279. 

11. 0.005164. 

12. 9.8825. 

13. 7.98. 

14. 24JJ83. 

15. 0.0060487. 

16. 0.0030085. 

17. 2.9538. 

18. 0.9764. 



Pages 241, 243. 

19. 1.09325. 
29. 18.175. 

21. 0.00000000682. 

22. 4.018. 
2J. 1.6727. 

24. 4.537. 

25. 1.5608. 

26. 0.68114. 
27- 4.116. 

28. 0.001205. 

29. 132.848. 
39. 3025.71. 

31. 428. 

32. 5.00375. 

33. 5.51. 

34. 0.05639. 

35. 0.6488. 

36. 1.602. 



37. 0.71016. 

38. 0.063485. 

39. 229.33 in. 
4t. 169.24 sq. in. 

41. 19156.9 cu. in. 

42. 5.411 ft. 

43. 2.455 ft. 

44. 22.805 in. 

45. 103.92 sq. in. 

46. 3827.5 sq. ft. 

47. 0.5176. 

48. 0.2610. 

49. 67,500,000 mi. 
59. 7.363. 

51. 5.305 sq. ft. 

52. $7590. 

53. $7238.33. 

54. $269.13. 
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ANSWERS 



[pp. 244-251 



1. x =4. 

2. s«2. 

3. 3=3. 

4. 3=2.47 



Page 244. 

5. 3=1.55-. 9. 3=3. 

6. 3=8.63+. li. «=13. 

7. 3=2.16+. 11. 3=5. 

8. 3=3.39-. 12. 3=7.84+. 



13. 17.7+ yr. 

14. 23.5+ yr. 

15. 17.5 yr. 

16. 20 yr. 



4. 14.53. 

5. 85.68. 

6. 3=2.24-, 



Pages 244, 245. 

7. 3 = 1.63+. 10. $8937.50. 

8. x = l. 11. $1897.39. 

9. 3 = }. 12. $2120. 



Pages 245, 251. 

1. (9n-o*+o)(9n-o f -o). 7. 2(5#+6r)(3#+2r). 



8. (p*+3p<z-<?)(j*-3p< z -g»). 

9. (4tf+l)(3tf-2). 
10. (t*+2)(2t*-7). 

11. (3*+l)(3* + l)(3+l)(3-l). 

12. afc(a J +P)(a+6)(a-6). 



2. (3a+6)(a-36). 

3. (23+2a-0(23-2a+0. 

4. (AP+3tf+9)(AP-3tf+9). 

5. 7(V*-5)(V*-6). 

6. 2(2Jfc+l)(A;+l). 

13. (V*+T*)(V*+T*)(V*+T*)(V+T)(V-T). 

14. (ro*+n«)(ro»-ro«n«+n 8 ). 

15. (l+2a 8 )(l-2a»+4a«). 17. (*+l)(f-l)». 

16. (o+l)(a-6-l). 18. fo+2)fo-2)(3y+l)(3y-l). 

19. (n+l)(n-2)(n*-2n*+3n»-2n+4). 
20. (#-l)(i/+l) J . 21. (v-l)(t;-2)(i>-4). 22. (a+l)(a-l)(6+l)(6-l). 

23. (a+6+c)(a+6-c)(a-6+c)(a-6-c). 

24. (tfi+v-Qw)(v*-v+&w). 27. (n-l)(n-2)(n-3). 

25. (R+N)(&-RN+N*+1). 28. U+5)(A*-5A-2). 

26. (ft+0(A-*-l). 29. (m-2n*)(m 4 +2m*n 2 +4m*n«+8mn 8 +16r» 8 ). 

30. 3(3-l)(3»-3-l). 32. (G+a)(3G+6). 

31. (e"+l)(e*»+l). 33. (o+6)(a+c)(6+c). 

34. (5n-2+2a+36)(5n-2-2a-36). 

35. (63» +8 -2T- 1 )(3 B+3 -42r- 1 ). 
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36. 
37. 
40. 

43. 
44. 
45. 
46. 

47. 
48. 



(x+y)(x-z)(y+z)(y-z-x). 38. (a+x+b+c)(a+x-b-c). 
(n+a)(7i+&+c). 39. ( m +n)(f+a)(f+6)(f-6). 

-3n 3 +10w*+2n+l. 41. 3a-l. 42. a+26-5c. 



49. n = 



l^n |- WT n_j-» jf» j>li»-r -Lp«» # 

t+2. 

YlbwWix— m)*(x +m)*(x +2m) . 

x+y; (s'+jfXs'+^Xs 8 -^). 
Yes; No; Use rem. theorem. 

(p+D(p-5)(2p+3)(3p»+2). 
4a-4 



mn(n — m) (m* — n 1 ) 
(m +n) (m* -hw*) (w* -f w»n +n") 
l-x 

y 

m 



50. 
51. 
52. 

53. 
54. 

55. 

56. 
73. 
74. 
75. 



2o-l 
3-n-5n*+2n 3 . 

l-^+W-v 1 . 

n+2 
n+l" 

2fc 2 -2 



4A; 2 +4A;+1 
r 4 +r 2 -2r-|-l 



57. 
58. 

59. t 
1— n 

60. 1. 

61 mM-em^-fw* 
4m*n+4mn* 

62. 1. 

64. n=2ii 

65. W^yV 

66. g-1.239-, 0.162-. 

67. x =0.910-. 

68. x 2 -ftr+4=0. 

69. Imaginary. 

70. Impossible. 

71. n = 5. 

72. r=7. 



76. n = 



r 7_ r 

(x-y)(y-z)(z-x). 

t;=2,*=5; t;=-2,*=-5; *; = S>/2~,*= -iV2~; t;=-f^f = jV£ 

x=5,y=3; x=— 3,y=-5; x=3,y=5; s=-5,y=— 3. 

a= —3, 6=3, c = }. 

d-2a = VeP-4ad+4a 2 +8<i£ 



2d 



82. cV. 

83. fam *n. 



77. 
78. 

79. 

80. 
81. 



^§"-1. 
4-V15; 

a— Vafc+ft 
a*+afe+6 2 

0.726. 

}^S88. 



84. a h *. 

85. x*y l *zr\ 
a 



86.^^: 

87. x=V3. 

92. 154. 

93. 6, 7, 8, 9, 10. 



m ' a -<[i a 4 a 4> b - 
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M tMn " t " Wi " 102. 154.9681956 cu. in. 

96. 18th. 103 ' 6 A- 

97. 24. lw - 784 ft. 

98. MH 105. i 

99. 6, 18, 54, 162, 486. 117572a^VS 

Wo. • 

59049 

107. 4.946+. 
108. l+in~*+|n-»+An~*+AV»- , + 

109. a*6*" , C J ». 1 QQQ1 ip 

110. -2; J; -1. U8 - *-W»»^; 0-*^- 

in. T^iS^s lw c ,^ EC 

112. o-l. ^"t? r 

113. 4»i*+n*. 120. , = ^^-^> > 

114. 2n*-8ro. * 

116. s = 15.05+. 121. t* = -2±??. 

117. T.9112. 122. t; = 7.64+. 



